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Lesson 1:  Integer Exponents 

Exit Ticket 

The following formulas for paper folding were discovered by Britney Gallivan in 2001 when she was a high school junior.  
The first formula determines the minimum width, 𝑊𝑊, of a square piece of paper of thickness 𝑇𝑇 needed to fold it in half 𝑛𝑛 
times, alternating horizontal and vertical folds.  The second formula determines the minimum length, 𝐿𝐿, of a long 
rectangular piece of paper of thickness 𝑇𝑇 needed to fold it in half 𝑛𝑛 times, always folding perpendicular to the long side. 

𝑊𝑊 = 𝜋𝜋 ∙ 𝑇𝑇 ∙ 2
3(𝑛𝑛−1)

2      𝐿𝐿 = 𝜋𝜋𝜋𝜋
6

(2𝑛𝑛 + 4)(2𝑛𝑛 − 1) 

1. Notebook paper is approximately 0.004 in. thick.  Using the formula for the width 𝑊𝑊, determine how wide a square
piece of notebook paper would need to be to successfully fold it in half 13 times, alternating horizontal and vertical
folds.

2. Toilet paper is approximately 0.002 in. thick.  Using the formula for the length 𝐿𝐿, how long would a continuous
sheet of toilet paper have to be to fold it in half 12 times, folding perpendicular to the long edge each time?

3. Use the properties of exponents to rewrite each expression in the form 𝑘𝑘𝑥𝑥𝑛𝑛.  Then evaluate the expression for the
given value of 𝑥𝑥.

a. 2𝑥𝑥3 ∙ 5
4
𝑥𝑥−1;  𝑥𝑥 = 2 

b. 9
(2𝑥𝑥)−3

;  𝑥𝑥 = −1
3
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Lesson 2:  Base 10 and Scientific Notation 

Exit Ticket 

1. A sheet of gold foil is 0.28 millionths of a meter thick.  Write the thickness of a gold foil sheet measured in
centimeters using scientific notation.

2. Without performing the calculation, estimate which expression is larger.  Explain how you know.

(4 × 1010)(2 × 105)   and   
4 × 1012

2 × 10−4

Lesson 2: Base 10 and Scientific Notation 
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Lesson 3:  Rational Exponents—What Are 𝟐𝟐
𝟏𝟏
𝟐𝟐 and 𝟐𝟐

𝟏𝟏
𝟑𝟑?

Exit Ticket 

1. Write the following exponential expressions as equivalent radical expressions.

a. 2
1
2

b. 2
3
4

c. 3−
2
3

2. Rewrite the following radical expressions as equivalent exponential expressions.

a. √5

b. 2√34

c. 1

√163  

3. Provide a written explanation for each question below.

a. Is it true that �4
1
2�

3
= (43)

1
2 ?  Explain how you know.

b. Is it true that �1000
1
3�

3
= (10003)

1
3 ?  Explain how you know.

c. Suppose that 𝑚𝑚 and 𝑛𝑛 are positive integers and 𝑏𝑏 is a real number so that the principal 𝑛𝑛th root of 𝑏𝑏 exists.  In

general does �𝑏𝑏
1
𝑛𝑛�

𝑚𝑚
= (𝑏𝑏𝑚𝑚)

1
𝑛𝑛 ?  Provide at least one example to support your claim.

Lesson 3: Rational Exponents—What are 221 and 231?
Date: 9/21/14 

© 2014 Common Core, Inc. Some rights reserved. commoncore.org This work is licensed under a  
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.  

http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US


   NYS COMMON CORE MATHEMATICS CURRICULUM M3 Lesson 4 
ALGEBRA II 

Name Date 

Lesson 4:  Properties of Exponents and Radicals 

Exit Ticket 

1. Find the exact value of 9
11
10 ∙ 9

2
5 without using a calculator. 

2. Justify that √83 ∙ √83 = √16 using the properties of exponents in at least two different ways. 

Lesson 4: Properties of Exponents and Radicals 
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Lesson 5:  Irrational Exponents—What Are 𝟐𝟐√𝟐𝟐 and 𝟐𝟐𝝅𝝅? 

Exit Ticket 

Use the process outlined in the lesson to approximate the number 2√3.  Use the approximation √3 ≈ 1.7320508. 

a. Find a sequence of five intervals that contain √3 whose endpoints get successively closer to √3.

b. Find a sequence of five intervals that contain 2√3 whose endpoints get successively closer to 2√3.  Write your
intervals in the form 2𝑟𝑟 < 2√3 < 2𝑠𝑠 for rational numbers 𝑟𝑟 and 𝑠𝑠.

c. Use your calculator to find approximations to four decimal places of the endpoints of the intervals in part (b).

d. Based on your work in part (c) what is your best estimate of the value of 2√3?

Lesson 5: Irrational Exponents—What Are 2√2 and 2π? 
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Lesson 6:  Euler’s Number, 𝒆𝒆 

Exit Ticket 

1. Suppose that water is entering a cylindrical water tank so that the initial height of the water is 3 cm and the height
of the water doubles every 30 seconds.  Write an equation of the height of the water at time 𝑡𝑡 seconds.

2. Explain how the number 𝑒𝑒 arose in our exploration of the average rate of change of the height of the water in the
water tank.

Lesson 6: Euler’s Number, e 
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Lesson 7:  Bacteria and Exponential Growth 

Exit Ticket 

Loggerhead turtles reproduce every 2–4 years, laying approximately 120 eggs in a clutch.  Using this information, we can 
derive an approximate equation to model the turtle population.  As is often the case in biological studies, we will count 
only the female turtles.  If we start with a population of one female turtle in a protected area, and assume that all turtles 
survive, we can roughly approximate the population of female turtles by 𝑇𝑇(𝑡𝑡) = 5𝑡𝑡 .   Use the methods of the Example to 
find the number of years, 𝑌𝑌, it will take for this model to predict that there will be 300 female turtles.  

Lesson 7: Bacteria and Exponential Growth 
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Lesson 8:  The “WhatPower” Function 

Exit Ticket 

1. Explain why we need to specify 0 < 𝑏𝑏 < 1 and 𝑏𝑏 > 1 as valid values for the base 𝑏𝑏 in the expression log𝑏𝑏(𝑥𝑥).

2. Calculate the following logarithms.
a. log5(25)

b. log10 �
1
100
� 

c. log9(3)

Lesson 8: The “WhatPower” Function 
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Lesson 9:  Logarithms—How Many Digits Do You Need? 

Exit Ticket 

A brand new school district needs to generate ID numbers for its student body.  The district anticipates a total 
enrollment of 75,000 students within the next ten years.  Will a five-digit ID number comprising the symbols 0, 1, … , 9 
be enough?  Explain your reasoning. 

Lesson 9: Logarithms—How Many Digits Do You Need? 
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Lesson 10:  Building Logarithmic Tables 

Exit Ticket 

1. Use the log table below to approximate the following logarithms to four decimal places.  Do not use a calculator.

𝑥𝑥 log(𝑥𝑥) 𝑥𝑥 log(𝑥𝑥) 
1 0.0000 6 0.7782 
2 0.3010 7 0.8451 
3 0.4771 8 0.9031 
4 0.6021 9 0.9542 
5 0.6990 10 1.0000 

a. log(500)

b. log(0.0005)

2. Suppose that 𝐴𝐴 is a number with log(𝐴𝐴) = 1.352.
a. What is the value of log(1000𝐴𝐴)?

b. Which of the following is true?  Explain how you know.
i. 𝐴𝐴 < 0
ii. 0 < 𝐴𝐴 < 10
iii. 10 < 𝐴𝐴 < 100
iv. 100 < 𝐴𝐴 < 1000
v. 𝐴𝐴 > 1000

Lesson 10: Building Logarithmic Tables 
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Lesson 11:  The Most Important Property of Logarithms 

Exit Ticket 

1. Use the table below to approximate the following logarithms to 4 decimal places.  Do not use a calculator.

a. log (9)

b. log � 1
15
� 

c. log (45,000)

2. Suppose that 𝑘𝑘 is an integer, 𝑎𝑎 is a positive real number, and you know the value of log(𝑎𝑎).  Explain how to find the
value of log(10𝑘𝑘 ∙ 𝑎𝑎2).

𝑥𝑥 log(𝑥𝑥) 

2 0.3010 

3 0.4771 

5 0.6990 

7 0.8451 

Lesson 11: The Most Important Property of Logarithms 
Date: 9/20/14 

© 2014 Common Core, Inc. Some rights reserved. commoncore.org This work is licensed under a  
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.  

http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US


   NYS COMMON CORE MATHEMATICS CURRICULUM M3 Lesson 12 
ALGEBRA II 

Name Date 

Lesson 12:  Properties of Logarithms 

Exit Ticket 

1. State as many of the six properties of logarithms as you can.

2. Use the properties of logarithms to show that log �1
𝑥𝑥
� = −log(𝑥𝑥) for all 𝑥𝑥 > 0. 

3. Use the properties of logarithms to show that log �𝑥𝑥
𝑦𝑦
� = log(𝑥𝑥) − log(𝑥𝑥) for 𝑥𝑥 > 0 and 𝑥𝑥 > 0.

Lesson 12: Properties of Logarithms 
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Lesson 13:  Changing the Base 

Exit Ticket 

1. Are there any properties that hold for base 10 logarithms that would not be valid for the logarithm base 𝑒𝑒?  Why?
Are there any properties that hold for base 10 logarithms that would not be valid for some positive base 𝑏𝑏, such
that 𝑏𝑏 ≠ 1?

2. Write each logarithm as an equivalent expression involving only logarithms base 10.
a. log3(25)

b. log100(𝑥𝑥2)

3. Rewrite each expression as an equivalent expression containing only one logarithm.
a. 3 ln(𝑝𝑝 + 𝑞𝑞) − 2 ln(𝑞𝑞) − 7 ln(𝑝𝑝)

b. ln(𝑥𝑥𝑦𝑦) − ln �𝑥𝑥
𝑦𝑦
�

Lesson 13: Changing the Base 
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Lesson 14:  Solving Logarithmic Equations 

Exit Ticket 

Find all solutions to the following equations.  Remember to check for extraneous solutions. 

1. 5 log2(3𝑥𝑥 + 7) = 0

2. log(𝑥𝑥 − 1) + log(𝑥𝑥 − 4) = 1

Lesson 14: Solving Logarithmic Equations 
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Lesson 15:  Why Were Logarithms Developed? 

Exit Ticket 

The surface area of Jupiter is 6.14 × 1010 km2, and the surface area of Earth is 5.10 × 108 km².  Without using a 
calculator but using the table of logarithms, find how many times greater the surface area of Jupiter is than the surface 
area of Earth. 

Lesson 15: Why Were Logarithms Developed? 
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1. Use properties of exponents to explain why it makes sense to define 16
1
4 as √164 . 

2. Use properties of exponents to rewrite each expression as either an integer or as a quotient of integers 𝑝𝑝
𝑞𝑞

to show the expression is a rational number. 

a. √24 √84

b. √543

√23

c. 16
3
2 ∙ � 1

27
�

2
3

Module 3: Exponential and Logarithmic Functions 
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3. Use properties of exponents to rewrite each expression with only positive, rational exponents.  Then find
the numerical value of each expression when 𝑥𝑥 = 9, 𝑦𝑦 = 8, and 𝑧𝑧 = 16.  In each case, the expression
evaluates to a rational number.

a. �
𝑥𝑥𝑦𝑦2

�𝑥𝑥3𝑧𝑧�
1
2

b. �𝑦𝑦2𝑧𝑧411  

c. 𝑥𝑥− 3
2𝑦𝑦

4
3𝑧𝑧− 3

4

Module 3: Exponential and Logarithmic Functions 
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4. We can use finite approximations of the decimal expansion of 𝜋𝜋 = 3.141519 … to find an approximate
value of the number 3𝜋𝜋.

a. Fill in the missing exponents in the following sequence of inequalities that represents the recursive
process of finding the value of 3𝜋𝜋.

33 < 3𝜋𝜋 < 34 

33.1 < 3𝜋𝜋 < 33.2 

33.14 < 3𝜋𝜋 < 33.15 

3(        ) < 3𝜋𝜋 < 3(        ) 

3( ) < 3𝜋𝜋 <  3(   )

b. Explain how this recursive process leads to better and better approximations of the number 3𝜋𝜋.

5. A scientist is studying the growth of a population of bacteria.  At the beginning of her study, she has 800
bacteria.  She notices that the population is quadrupling every hour.

a. What quantities, including units, need to be identified to further investigate the growth of this
bacteria population?

Module 3: Exponential and Logarithmic Functions 
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b. The scientist recorded the following information in her notebook, but she forgot to label each row.
Label each row to show what quantities, including appropriate units, are represented by the
numbers in the table, and then complete the table.

0 1 2 3 4 

8 32 128 

c. Write an explicit formula for the number of bacteria present after 𝑡𝑡 hours.

d. Another scientist studying the same population notices that the population is doubling every half an
hour.  Complete the table, and write an explicit formula for the number of bacteria present after 𝑥𝑥
half hours.

Time, 𝑡𝑡 
(hours) 0 

1
2

1 
3
2

2 
5
2

3 

Time, 𝑥𝑥 
(half-hours) 0 1 2 3 4 5 6 

Bacteria 
(hundreds) 8 16 32 

e. Find the time, in hours, when there will be 5,120,000 bacteria.  Express your answer as a logarithmic
expression.

f. A scientist calculated the average rate of change for the bacteria in the first three hours to be 168.
Which units should the scientist use when reporting this number?

Module 3: Exponential and Logarithmic Functions 
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6. Solve each equation.  Express your answer as a logarithm, and then approximate the solution to the
nearest thousandth.

a. 3(10)−𝑥𝑥 = 1
9

b. 362 �10
𝑡𝑡

12� = 500 

c. (2)3𝑥𝑥 = 9

d. 300𝑒𝑒0.4𝑡𝑡 = 900

Module 3: Exponential and Logarithmic Functions 
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7. Because atoms and molecules are very small, they are counted in units of moles, where
1 mole = 6.022 × 1023.  Concentration of molecules in a liquid is measured in units of moles per liter.
The measure of the acidity of a liquid is called the pH of the liquid and is given by the formula

pH = −log(𝐻𝐻), 

where 𝐻𝐻 is the concentration of hydrogen ions in units of moles per liter. 

a. Water has a pH value of 7.0.  How many hydrogen ions are in one liter of water?

b. If a liquid has a pH value larger than 7.0, does one liter of that liquid contain more or less hydrogen
ions than one liter of water?  Explain.

c. Suppose that liquid A is more acidic than liquid B, and their pH values differ by 1.2.  What is the ratio
of the concentration of hydrogen ions in liquid A to the concentration of hydrogen ions in liquid B?
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   NYS COMMON CORE MATHEMATICS CURRICULUM M3 Mid-Module Assessment Task 
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8. A social media site is experiencing rapid growth.  The table below shows values of 𝑉𝑉, the total number of
unique visitors in each month, 𝑡𝑡, for a 6-month period of time.  The graph shows the average minutes per
visit to the site, 𝑀𝑀, in each month, 𝑡𝑡, for the same 6-month period of time.

𝑡𝑡, Month 1 2 3 4 5 6 
𝑉𝑉(𝑡𝑡), Number of 
Unique Visitors 418,000 608,000 1,031,000 1,270,000 2,023,000 3,295,000 

a. Between which two months did the site experience the most growth in total unique visitors?  What
is the average rate of change over this time interval?

b. Compute the value of  𝑉𝑉(6)−𝑉𝑉(1)
6−1

, and explain its meaning in this situation. 
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   NYS COMMON CORE MATHEMATICS CURRICULUM M3 Mid-Module Assessment Task 
ALGEBRA II 

c. Between which two months did the average length of a visit change by the least amount?  Estimate
the average rate of change over this time interval.

d. Estimate the value of 𝑀𝑀(3)−𝑀𝑀(2)
3−2

 from the graph of 𝑀𝑀, and explain its meaning in this situation. 

e. Based on the patterns they see in the table, the company predicts that the number of unique visitors
will double each month after the sixth month.  If growth continues at this pace, when will the
number of unique visitors reach 1 billion?
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Name Date 

Lesson 16:  Rational and Irrational Numbers 

Exit Ticket 

The decimal expansion of 𝑒𝑒 and √5 are given below. 

𝑒𝑒 ≈ 2.71828182 … 

√5 ≈ 2.23606797 …

a. Find an approximation of √5 + 𝑒𝑒 to three decimal places.  Do not use a calculator.

b. Explain how you can locate √5 + 𝑒𝑒 on the number line.  How is this different from locating 2.6 + 2.7 on the
number line?
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Lesson 17:  Graphing the Logarithm Function 

Exit Ticket 

Graph the function 𝑓𝑓(𝑥𝑥) = log3(𝑥𝑥) without using a calculator, and identify its key features. 

Lesson 17: Graphing the Logarithm Function 
Date: 9/20/14 

© 2014 Common Core, Inc. Some rights reserved. commoncore.org This work is licensed under a  
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.  

http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US


   NYS COMMON CORE MATHEMATICS CURRICULUM M3 Lesson 18 
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Lesson 18:  Graphs of Exponential Functions and Logarithmic 

Functions 

Exit Ticket 

The graph of a logarithmic function 𝑔𝑔(𝑥𝑥) = log𝑏𝑏(𝑥𝑥) is shown below.  

a. Explain how to find points on the graph of the function 𝑓𝑓(𝑥𝑥) = 𝑏𝑏𝑥𝑥.

b. Sketch the graph of the function 𝑓𝑓(𝑥𝑥) = 𝑏𝑏𝑥𝑥 on the same axes.
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Lesson 19:  The Inverse Relationship Between Logarithmic and 

Exponential Functions 

Exit Ticket 

1. The graph of a function 𝑓𝑓 is shown below.  Sketch the graph of its inverse function 𝑔𝑔 on the same axes.

2. Explain how you made your sketch.

3. The function 𝑓𝑓 graphed above is the function 𝑓𝑓(𝑥𝑥) = log2(𝑥𝑥) + 2 for 𝑥𝑥 > 0.  Find a formula for the inverse of this
function.
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ALGEBRA II 

Name Date 

Lesson 20:  Transformations of the Graphs of Logarithmic and 

Exponential Functions 

Exit Ticket 

1. Express 𝑔𝑔(𝑥𝑥) = − log4(2𝑥𝑥) in the general form of a logarithmic function, 𝑓𝑓(𝑥𝑥) = 𝑘𝑘 + 𝑎𝑎 log𝑏𝑏(𝑥𝑥 − ℎ).  Identify 𝑎𝑎, 𝑏𝑏,
ℎ, and 𝑘𝑘.

2. Use the structure of 𝑔𝑔 when written in general from to describe the graph of 𝑔𝑔 as a transformation of the graph of
ℎ(𝑥𝑥) = log4(𝑥𝑥).

3. Graph 𝑔𝑔 anad ℎ on the same coordinate axes.
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Name Date 

Lesson 21:  The Graph of the Natural Logarithm Function 

Exit Ticket 

1. Describe the graph of 𝑔𝑔(𝑥𝑥) = 2 − ln(𝑥𝑥 + 3) as a transformation of the graph of 𝑓𝑓(𝑥𝑥) = ln(𝑥𝑥).

2. Sketch the graphs of 𝑓𝑓 and 𝑔𝑔 by hand.

3. Explain where the graph of 𝑔𝑔(𝑥𝑥) = log3(2𝑥𝑥) would sit in relation to the graph of 𝑓𝑓(𝑥𝑥) = ln(𝑥𝑥).  Justify your answer
using properties of logarithms and your knowledge of transformations of graph of functions.
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ALGEBRA II 

Name Date 

Lesson 22:  Choosing a Model 

Exit Ticket 

The amount of caffeine in a patient’s bloodstream decreases by half every 3.5 hours.  A latte contains 150 mg of 
caffeine, which is absorbed into the bloodstream almost immediately. 

a. What type of function models the caffeine level in the patient’s bloodstream at time 𝑡𝑡 hours after drinking the
latte?  Explain how you know.

b. Do you have enough information to find a model that is appropriate for this situation?  Either find a model or
explain what other information you would need to do so.
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ALGEBRA II 

Name Date 

Lesson 23:  Bean Counting 

Exit Ticket 

Suppose that you were to repeat the bean activity, but in place of beans, you were to use six-sided dice.  Starting with 
one die, each time a die is rolled with a 6 showing, you add a new die to your cup.   

a. Would the number of dice in your cup grow more quickly or more slowly than the number of beans did?
Explain how you know.

b. A sketch of one sample of data from the bean activity is shown below.  On the same axes, draw a rough sketch
of how you would expect the line of best fit from the dice activity to look.
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Name Date 

Lesson 24:  Solving Exponential Equations 

Exit Ticket 

Consider the functions 𝑓𝑓(𝑥𝑥) = 2𝑥𝑥+6 and 𝑔𝑔(𝑥𝑥) = 52𝑥𝑥. 

a. Use properties of logarithms to solve the equation 𝑓𝑓(𝑥𝑥) = 𝑔𝑔(𝑥𝑥).  Give your answer as a logarithmic
expression, and approximate it to two decimal places.

b. Verify your answer by graphing the functions 𝑦𝑦 = 𝑓𝑓(𝑥𝑥) and 𝑦𝑦 = 𝑔𝑔(𝑥𝑥) in the same window on a calculator, and
sketch your graphs below.  Explain how the graph validates your solution to part (a).
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Lesson 25:  Geometric Sequences and Exponential Growth and 

Decay 

Exit Ticket 

1. Every year, Mikhail receives a 3% raise in his annual salary.  His starting annual salary was $40,000.

a. Does a geometric or arithmetic sequence best model Mikhail’s salary in year 𝑛𝑛?  Explain how you know.

b. Find a recursive formula for a sequence, 𝑆𝑆𝑛𝑛, which represents Mikhail’s salary in year 𝑛𝑛.

2. Carmela’s annual salary in year 𝑛𝑛 can be modeled by the recursive sequence 𝐶𝐶𝑛𝑛+1 = 1.05 𝐶𝐶𝑛𝑛, where 𝐶𝐶0 = $75,000.

a. What does the number 1.05 represent in the context of this problem?

b. What does the number $75,000 represent in the context of this problem?

c. Find an explicit formula for a sequence that represents Carmela’s salary.
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Name Date 

Lesson 26:  Percent Rate of Change 

Exit Ticket 

April would like to invest $200 in the bank for one year.  Three banks all have a nominal APR of 1.5%, but compound the 
interest differently. 

a. Bank A computes interest just once at the end of the year.  What would April’s balance be after one year with
this bank?

b. Bank B compounds interest at the end of each six-month period.  What would April’s balance be after one year
with this bank?

c. Bank C compounds interest continuously.  What would April’s balance be after one year with this bank?

d. Each bank decides to double the nominal APR it offers for one year.  That is, they offer a nominal APR of 3%.
Each bank advertises, “DOUBLE THE AMOUNT YOU EARN!”  For which of the three banks, if any, is this
advertised claim correct?
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Lesson 27:  Modeling with Exponential Functions 

Exit Ticket 

1. The table below gives the average annual cost (e.g., tuition, room, and board) for four-year public colleges and
universities.  Explain why a linear model might not be appropriate for this situation.

Year 
Average 

Annual Cost 

1981 $2,550 
1991 $5,243 
2001 $8,653 
2011 $15,918 

2. Algebraically determine an exponential function to model this situation.

3. Use the properties of exponents to rewrite the function from Problem 2 to determine an annual growth rate.

4. If this trend continues, when will the average annual cost of attendance exceed $35,000?
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Name Date 

Lesson 28:  Newton’s Law of Cooling, Revisited 

Exit Ticket 

A pizza, heated to a temperature of 400°F, is taken out of an oven and placed in a 75°F room at time 𝑡𝑡 = 0 minutes.  
The temperature of the pizza is changing such that its decay constant, 𝑘𝑘, is 0.325.  At what time is the temperature of 
the pizza 150°F and, therefore, safe to eat?  Give your answer in minutes. 
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Lesson 29:  The Mathematics Behind a Structured Savings Plan 

Exit Ticket 

Martin attends a financial planning conference and creates a budget for himself, realizing that he can afford to put away 
$200 every month in savings and that he should be able to keep this up for two years.  If Martin has the choice between 
an account earning an interest rate of 2.3% yearly versus an account earning an annual interest rate of 2.125% 
compounded monthly, which account will give Martin the largest return in two years? 
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Lesson 30:  Buying a Car 

Exit Ticket 

Fran wants to purchase a new boat.  She starts looking for a boat around $6,000.  Fran creates a budget and thinks that 
she can afford $250 every month for 2 years.  Her bank charges her 5% interest per year, compounded monthly. 

1. What is the actual monthly payment for Fran’s loan?

2. If Fran can only pay $250 per month, what is the most expensive boat she can buy without a down payment?
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Lesson 31:  Credit Cards 

Exit Ticket 

Suppose that you currently have one credit card with a balance of $10,000 at an annual rate of 24.00% interest.  You 
have stopped adding any additional charges to this card and are determined to pay off the balance.  You have worked 
out the formula 𝑏𝑏𝑛𝑛 = 𝑏𝑏0𝑎𝑎𝑛𝑛 − 𝑅𝑅(1 + 𝑎𝑎 + 𝑎𝑎2 + ⋯+ 𝑎𝑎𝑛𝑛−1), where 𝑏𝑏0 is the initial balance, 𝑏𝑏𝑛𝑛 is the balance after you have 
made 𝑛𝑛 payments, 𝑎𝑎 = 1 + 𝑖𝑖, where 𝑖𝑖 is the monthly interest rate, and 𝑅𝑅 is the amount you are planning to pay each 
month. 

a. What is the monthly interest rate 𝑖𝑖?  What is the growth rate, 𝑎𝑎?

b. Explain why we can rewrite the given formula as 𝑏𝑏𝑛𝑛 = 𝑏𝑏0𝑎𝑎𝑛𝑛 − 𝑅𝑅 �1−𝑟𝑟
𝑛𝑛

1−𝑟𝑟
�. 

c. How long will it take you to pay off this debt if you can afford to pay a constant $250 per month?  Give your
answer in years and months.
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Lesson 32:  Buying a House 

Exit Ticket 

1. Recall the present value of an annuity formula, where 𝐴𝐴𝑝𝑝 is the present value, 𝑅𝑅 is the monthly payment, 𝑖𝑖 is the
monthly interest rate, and 𝑛𝑛 is the number of monthly payments:

𝐴𝐴𝑝𝑝 = 𝑅𝑅 �
1 − (1 + 𝑖𝑖)−𝑛𝑛

𝑖𝑖
� . 

Rewrite this formula to isolate 𝑅𝑅. 

2. Suppose that you want to buy a house that costs $175,000.  You can make a 10% down payment, and 1.2% of the
house’s value is paid into the escrow account each month.
a. Find the monthly payment for a 30-year mortgage on this house.

b. Find the monthly payment for a 15-year mortgage on this house.
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Lesson 33:  The Million Dollar Problem 

Exit Ticket 

1. At age 25, you begin planning for retirement at 65.  Knowing that you have 40 years to save up for retirement and
expecting an interest rate of 4% per year compounded monthly throughout the 40 years, how much do you need to
deposit every month to save up $2 million for retirement?

2. Currently, your savings for each month is capped at $400.  If you start investing all of this into a savings plan earning
1% interest annually, compounded monthly, then how long will it take to save $160,000?  (Hint:  Use logarithms.)
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Name  Date 

For parts (a) to (c), 

• Sketch the graph of each pair of functions on the same coordinate axes showing end behavior and
intercepts, and

• Describe the graph of 𝑔𝑔 as a series of transformations of the graph of 𝑓𝑓.

a. 𝑓𝑓(𝑥𝑥) = 2𝑥𝑥, and 𝑔𝑔(𝑥𝑥) = 2−𝑥𝑥 + 3

b. 𝑓𝑓(𝑥𝑥) = 3𝑥𝑥, and 𝑔𝑔(𝑥𝑥) = 9𝑥𝑥 − 2
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c. 𝑓𝑓(𝑥𝑥) = log2(𝑥𝑥), and 𝑔𝑔(𝑥𝑥) = log2(𝑥𝑥 − 1)2

Consider the graph of 𝑓𝑓(𝑥𝑥) = 8𝑥𝑥.  Let 𝑔𝑔(𝑥𝑥) = 𝑓𝑓 �1
3

𝑥𝑥 + 2
3
� and ℎ(𝑥𝑥) = 4𝑓𝑓 �𝑥𝑥

3
�.

a. Describe the graphs of 𝑔𝑔 and ℎ as transformations of the graph of 𝑓𝑓.

b. Use the properties of exponents to show why the graphs of the functions 𝑔𝑔(𝑥𝑥) = 𝑓𝑓 �1
3

𝑥𝑥 + 2
3
� and 

ℎ(𝑥𝑥) = 4𝑓𝑓 �𝑥𝑥
3

� are the same.
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The graphs of the functions 𝑓𝑓(𝑥𝑥) = ln(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) = log2(𝑥𝑥) 
are shown to the right. 

a. Which curve is the graph of 𝑓𝑓, and which curve is the
graph of 𝑔𝑔?  Explain.

b. Describe the graph of 𝑔𝑔 as a transformation of the graph of 𝑓𝑓.

c. By what factor has the graph of 𝑓𝑓 been scaled vertically to produce the graph of 𝑔𝑔?  Explain how you
know.
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Gwyneth is conducting an experiment.  She rolls 1,000 dice simultaneously and removes any that have a 
six showing.  She then rerolls all of the dice that remain and again removes any that have a six showing.  
Gwyneth does this over and over again—rerolling the remaining dice and then removing those that land 
with a six showing.  

a. Write an exponential function 𝑓𝑓 of the form 𝑓𝑓(𝑛𝑛) = 𝑎𝑎 ⋅ 𝑏𝑏𝑐𝑐𝑐𝑐 for any real number 𝑛𝑛 ≥ 0 that could be
used to model the average number of dice she could expect on the 𝑛𝑛th roll if she ran her experiment
a large number of times.

b. Gwyneth computed 𝑓𝑓(12) = 112.15… using the function 𝑓𝑓.  How should she interpret the number
112.15… in the context of the experiment?

c. Explain the meaning of the parameters in your function 𝑓𝑓 in terms of this experiment.

d. Describe in words the key features of the graph of the function 𝑓𝑓 for 𝑛𝑛 ≥ 0.  Be sure to describe
where the function is increasing or decreasing, where it has maximums and minimums (if they exist),
and the end behavior.
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e. According to the model, on which roll does Gwyneth expect, on average, to find herself with only
one die remaining?  Write and solve an equation to support your answer to this question.

f. For all of the values in the domain of 𝑓𝑓, is there any value for which 𝑓𝑓 will predict an average number
of 0 dice remaining?  Explain why or why not.  Be sure to use the domain of the function and the
graph to support your reasoning.

Suppose the table below represents the results of one trial of Gwyneth’s experiment. 

Roll Number of 
Dice Left Roll Number of 

Dice Left Roll Number of 
Dice Left 

0 1000 10 157 20 26 
1 840 11 139 21 22 
2 692 12 115 22 15 
3 581 13 90 23 13 
4 475 14 78 24 10 
5 400 15 63 25 6 
6 341 16 55 26 2 
7 282 17 43 27 1 
8 232 18 40 28 0 
9 190 19 33 
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g. Let 𝑔𝑔 be the function that is defined exactly by the data in the table, i.e., 𝑔𝑔(0) = 1000, 𝑔𝑔(1) = 840,
𝑔𝑔(2) = 692, and so forth, up to 𝑔𝑔(28) = 0.  Describe in words how the graph of 𝑔𝑔 looks different
from the graph of 𝑓𝑓.  Be sure to use the domain of 𝑔𝑔 and the domain of 𝑓𝑓 to justify your description.

h. Gwyneth runs her experiment hundreds of times, and each time she generates a table like the one
above.  How are these tables similar to the function 𝑓𝑓?  How are they different?

Find the inverse 𝑔𝑔 for each function 𝑓𝑓.  

a. 𝑓𝑓(𝑥𝑥) = 1
2

𝑥𝑥 − 3 
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b. 𝑓𝑓(𝑥𝑥) = 𝑥𝑥 + 3
𝑥𝑥 − 2

c. 𝑓𝑓(𝑥𝑥) = 23𝑥𝑥 + 1

d. 𝑓𝑓(𝑥𝑥) = 𝑒𝑒𝑥𝑥 − 3

e. 𝑓𝑓(𝑥𝑥) = log(2𝑥𝑥 + 3)
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Dani has $1,000 in an investment account that earns 3% per year, compounded monthly. 

a. Write a recursive sequence for the amount of money in her account after 𝑛𝑛 months.

b. Write an explicit formula for the amount of money in the account after 𝑛𝑛 months.

c. Write an explicit formula for the amount of money in her account after 𝑡𝑡 years.

d. Boris also has $1,000, but in an account that earns 3% per year, compounded yearly.  Write an
explicit formula for the amount of money in his account after 𝑡𝑡 years.

e. Boris claims that the equivalent monthly interest rate for his account would be the same as Dani’s.
Use the expression you wrote in part (d) and the properties of exponents to show why Boris is
incorrect.
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Show that 

� 𝑎𝑎 ∙ 𝑟𝑟𝑘𝑘  
𝑐𝑐

𝑘𝑘=0

= 𝑎𝑎 �
1 − 𝑟𝑟𝑐𝑐

1 − 𝑟𝑟 � 

where 𝑟𝑟 ≠ 1. 

Sami opens an account and deposits $100 into it at the end of each month.  The account earns 2% per 
year compounded monthly.  Let 𝑆𝑆(𝑛𝑛) denote the amount of money in her account at the end of 𝑛𝑛 months 
(just after she makes a deposit).  For example, 𝑆𝑆(1) = 100 and 𝑆𝑆(2) = 100 �1 + 0.02

12
� + 100. 

a. Write a geometric series for the amount of money in the account after 3, 4, and 5 months.

b. Find a recursive description for 𝑆𝑆(𝑛𝑛).
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c. Find an explicit function for 𝑆𝑆(𝑛𝑛), and use it to find 𝑆𝑆(12).

d. When will Sami have at least $5,000 in her account?  Show work to support your answer.

Beatrice decides to deposit $100 per month at the end of every month in a bank with an annual interest 
rate of 5.5% compounded monthly. 

a. Write a geometric series to show how much she will accumulate in her account after one year.
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b. Use the formula for the sum of a geometric series to calculate how much she will have in the bank
after five years if she keeps on investing $100 per month.

 Nina has just taken out a car loan for $12,000.  She will pay an annual interest rate of 3% through a 
series of monthly payments for 60 months, which she pays at the end of each month.  The amount of 
money she has left to pay on the loan at the end of the 𝑛𝑛th month can be modeled by the function  
𝑓𝑓(𝑛𝑛) = 86248 − 74248(1.0025)𝑐𝑐 for 0 ≤ 𝑛𝑛 ≤ 60.   

At the same time as her first payment (at the end of the first month), Nina placed $100 into a separate 
investment account that earns 6% per year compounded monthly.  She placed $100 into the account at 
the end of each month thereafter.  The amount of money in her savings account at the end of the 𝑛𝑛th 
month can be modeled by the function 𝑔𝑔(𝑛𝑛) = 20000(1.005)𝑐𝑐 − 20000 for 𝑛𝑛 ≥ 0. 

a. Use the functions 𝑓𝑓 and 𝑔𝑔 to write an equation whose solution could be used to determine when
Nina will have saved enough money to pay off the remaining balance on her car loan.

b. Use a calculator or computer to graph 𝑓𝑓 and 𝑔𝑔 on the same coordinate plane.  Sketch the graphs
below, labeling intercepts and indicating end behavior on the sketch.  Include the coordinates of any
intersection points.
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c. How would you interpret the end behavior of each function in the context of this situation?

d. What does the intersection point mean in the context of this situation?  Explain how you know.

e. After how many months will Nina have enough money saved to pay off her car loan?  Explain how
you know.
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 Each function below models the growth of three different trees of different ages over a fixed time 
interval. 

Tree A: 

𝑓𝑓(𝑡𝑡) = 15(1.69)
𝑡𝑡
2, where 𝑡𝑡 is time in years since the tree was 15 feet tall, 𝑓𝑓(𝑡𝑡) is the height of the tree in

feet, and 0 ≤ 𝑡𝑡 ≤ 4. 

Tree B: 

Years since the 
tree was 5 feet 

tall, 𝑡𝑡 

Height in feet 
after 𝑡𝑡 years, 

 𝑔𝑔(𝑡𝑡) 
0 5 
1 6.3 
2 7.6 
3 8.9 
4 10.2 

Tree C:  The graph of ℎ is shown where 𝑡𝑡 is years since the tree was 5 feet tall, and ℎ(𝑡𝑡) is the height in 
feet after 𝑡𝑡 years. 
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a. Classify each function 𝑓𝑓 and 𝑔𝑔 as representing a linear or nonlinear function.  Justify your answers.

b. Use the properties of exponents to show that Tree A has a percent rate of change of 30% per year.

c. Which tree, A or C, has the greatest percent rate of change?  Justify your answer.

d. Which function has the greatest average rate of change over the interval [0,4], and what does that
mean in terms of tree heights?

e. Write formulas for functions 𝑔𝑔 and ℎ, and use them to confirm your answer to part (c).
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f. For the exponential models, if the average rate of change of one function over the interval [0,4] is
greater than the average rate of change of another function on the same interval, is the percent rate
of change also greater?  Why or why not?

 Identify which functions are exponential.  For the exponential functions, use the properties of exponents 
to identify the percent rate of change, and classify them as representing exponential growth or decay. 

a. 𝑓𝑓(𝑥𝑥) = 3(1 − 0.4)−𝑥𝑥

b. 𝑔𝑔(𝑥𝑥) = 3
4𝑥𝑥

c. 𝑘𝑘(𝑥𝑥) = 3𝑥𝑥0.4

d. ℎ(𝑥𝑥) = 3
𝑥𝑥
4
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 A patient in a hospital needs to maintain a certain amount of a medication in her bloodstream to fight an 
infection.  Suppose the initial dosage is 10 mg, and the patient is given an additional maintenance dosage 
of 4 mg every hour.  Assume that the amount of medication in the bloodstream is reduced by 25% every 
hour. 

a. Write a function for the amount of the initial dosage that is in the bloodstream after 𝑛𝑛 hours.

b. Complete the table below to track the amount of medication from the maintenance dosage in the
patient’s bloodstream for the first five hours.

Hours since 
initial dose, 𝑛𝑛 

Amount of the medication in the bloodstream from the 
maintenance dosage at the beginning of each hour 

0 0 

1 4 

2 4(1 + 0.75) 

3 

4 

5 

c. Write a function that models the total amount of medication in the bloodstream after 𝑛𝑛 hours.
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d. Use a calculator to graph the function you wrote in part (c).  According to the graph, will there ever
be more than 16 mg of the medication present in the patient’s bloodstream after each dose is
administered?

e. Rewrite this function as the difference of two functions (one a constant function and the other an
exponential function), and use that difference to justify why the amount of medication in the
patient’s bloodstream will not exceed 16 mg after each dose is administered.
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