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Precalculus and Advanced Topics ® Module 1
Complex Numbers and Transformations

OVERVIEW

Module 1 sets the stage for expanding students’ understanding of transformations by first exploring the
notion of linearity in an algebraic context (“Which familiar algebraic functions are linear?”). This quickly leads
to a return to the study of complex numbers and a study of linear transformations in the complex plane.
Thus, Module 1 builds on standards N-CN.A.1 and N-CN.A.2 introduced in the Algebra Il course and standards
G-CO.A.2, G-CO.A.4, and G-CO.A.5 introduced in the Geometry course.

Topic A opens with a study of common misconceptions by asking questions such as “For which numbers a and
b does (a + b)? = a? + b? happen to hold?”; “Are there numbers a and b for which ﬁ = %+ %?"; and so

on. This second equation has only complex solutions, which launches a study of quotients of complex
numbers and the use of conjugates to find moduli and quotients (N-CN.A.3). The topic ends by classifying
real and complex functions that satisfy linearity conditions. (A function L is linear if, and only if, there is a real
or complex value w such that L(z) = wz for all real or complex z.) Complex number multiplication is
emphasized in the last lesson.

In Topic B, students develop an understanding that when complex numbers are considered points in the
Cartesian plane, complex number multiplication has the geometric effect of a rotation followed by a dilation
in the complex plan. This is a concept that has been developed since Algebra Il and builds upon standards
N-CN.A.1 and N-CN.A.2, which, when introduced, were accompanied with the observation that multiplication
by i has the geometric effect of rotating a given complex number 90° about the origin in a counterclockwise
direction. The algebraic inverse of a complex number (its reciprocal) provides the inverse geometric
operation. Analysis of the angle of rotation and the scale of the dilation brings a return to topics in
trigonometry first introduced in Geometry (G-SRT.C.6, G-SRT.C.7, G-SRT.C.8) and expanded on in Algebra Il
(F-TF.A.1, F-TF.A.2, F-TF.C.8). It also reinforces the geometric interpretation of the modulus of a complex
number and introduces the notion of the argument of a complex number.

The theme of Topic C is to highlight the effectiveness of changing notations and the power provided by
certain notations such as matrices. By exploiting the connection to trigonometry, students see how much
complex arithmetic is simplified. By regarding complex numbers as points in the Cartesian plane, students
can begin to write analytic formulas for translations, rotations, and dilations in the plane and revisit the ideas
of high school Geometry (G-CO.A.2, G-CO.A.4, G-CO.A.5) in this light. Taking this work one step further,
students develop the 2 X 2 matrix notation for planar transformations represented by complex number
arithmetic. This work sheds light on how geometry software and video games efficiently perform rigid
motion calculations. Finally, the flexibility implied by 2 X 2 matrix notation allows students to study
additional matrix transformations (shears, for example) that do not necessarily arise from our original
complex number thinking context.

In Topic C, the study of vectors and matrices is introduced through a coherent connection to transformations
and complex numbers. Students learn to see matrices as representing transformations in the plane and
develop understanding of multiplication of a matrix by a vector as a transformation acting on a point in the
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plane (N-VM.C.11, N-VM.C.12). While more formal study of multiplication of matrices will occur in Module 2,
in Topic C, students are exposed to initial ideas of multiplying 2 X 2 matrices including a geometric
interpretation of matrix invertibility and the meaning of the zero and identity matrices (N-VM.C.8,
N-VM.C.10). N-VM.C.8 is introduced in a strictly geometric context and is expanded upon more formally in
Module 2. N-VM.C.8 will be assessed secondarily, in the context of other standards but not directly, in the
Mid- and End-of-Module Assessments until Module 2.

The Mid-Module Assessment follows Topic B. The End-of-Module Assessment follows Topic C.

Focus Standards

Perform arithmetic operations with complex numbers.

N-CN.A.3  (+) Find the conjugate of a complex number; use conjugates to find moduli and quotients of
complex numbers.

Represent complex numbers and their operations on the complex plane.

N-CN.B.4  (+) Represent complex numbers on the complex plane in rectangular and polar form
(including real and imaginary numbers), and explain why the rectangular and polar forms of
a given complex number represent the same number.

N-CN.B.5 (+) Represent addition, subtraction, multiplication, and conjugation of complex numbers
geometrically on the complex plane; use properties of this representation for computation.

For example, (—1 + \/§i)3 = 8 because (—1 + \/§i) has modulus 2 and argument 120°.

N-CN.B.6  (+) Calculate the distance between numbers in the complex plane as the modulus of the
difference, and the midpoint of a segment as the average of the numbers at its endpoints.

Perform operations on matrices and use matrices in applications.

N-VM.C.8 (+) Add, subtract, and multiply matrices of appropriate dimensions.

N-VM.C.10? (+) Understand that the zero and identity matrices play a role in matrix addition and
multiplication similar to the role of 0 and 1 in the real numbers. The determinant of a
square matrix is nonzero if and only if the matrix has a multiplicative inverse.

N-VM.C.11 (+) Multiply a vector (regarded as a matrix with one column) by a matrix of suitable
dimensions to produce another vector. Work with matrices as transformations of vectors.

N-VM.C.12 (+) Work with 2 X 2 matrices as transformations of the plane, and interpret the absolute
value of the determinant in terms of area.

2N.VM and G.CO standards are included in the context of defining transformations of the plane rigorously using complex numbers
and 2 X 2 matrices and linking rotations and reflections to multiplication by complex number and/or by 2 X 2 matrices to show how
geometry software and video games work.
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Foundational Standards

Reason quantitatively and use units to solve problems.

N-Q.A.2 Define appropriate quantities for the purpose of descriptive modeling.*

Perform arithmetic operations with complex numbers.

N-CN.A.1  Know there is a complex number i such that i> = —1, and every complex number has the

form a + bi with a and b real.
N-CN.A.2  Use the relation i? = —1 and the commutative, associative, and distributive properties to
add, subtract, and multiply complex numbers.

Use complex numbers in polynomial identities and equations.

N-CN.C.7  Solve quadratic equations with real coefficients that have complex solutions.
N-CN.C.8  (+) Extend polynomial identities to the complex numbers. For example, rewrite x? + 4 as
(x + 20)(x — 20).
Interpret the structure of expressions.

A-SSE.A.1 Interpret expressions that represent a quantity in terms of its context.*
a. Interpret parts of an expression, such as terms, factors, and coefficients.

b. Interpret complicated expressions by viewing one or more of their parts as a single
entity. For example, interpret P(1 + r)™ as the product of P and a factor not depending
onP.

Write expressions in equivalent forms to solve problems.
A-SSE.B.3  Choose and produce an equivalent form of an expression to reveal and explain properties of
the quantity represented by the expression.*
a. Factor a quadratic expression to reveal the zeros of the function it defines.

b. Complete the square in a quadratic expression to reveal the maximum or minimum
value of the function it defines.
c. Use the properties of exponents to transform expressions for exponential functions.

12t
For example the expression 1.15¢ can be rewritten as (1.15Y/12)""" ~ 1.012%¢ to
reveal the approximate equivalent monthly interest rate if the annual rate is 15%.

Create equations that describe numbers or relationships.*

A-CED.A.1 Create equations and inequalities in one variable and use them to solve problems. Include
equations arising from linear and quadratic functions, and simple rational and exponential
functions.
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A-CED.A.2 Create equations in two or more variables to represent relationships between quantities;
graph equations on coordinate axes with labels and scales.

A-CED.A.3 Represent constraints by equations or inequalities, and by systems of equations and/or
inequalities, and interpret solutions as viable or non-viable options in a modeling context.
For example, represent inequalities describing nutritional and cost constraints on
combinations of different foods.

A-CED.A.4 Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving
equations. For example, rearrange Ohm’s law V = IR to highlight resistance R.

Understand solving equations as a process of reasoning and explain the reasoning.

A-REILA.1  Explain each step in solving a simple equation as following from the equality of numbers
asserted at the previous step, starting from the assumption that the original equation has a
solution. Construct a viable argument to justify a solution method.

Solve equations and inequalities in one variable.

A-REI.B.3  Solve linear equations and inequalities in one variable, including equations with coefficients
represented by letters.

Solve systems of equations.

A-REI.C.6  Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on
pairs of linear equations in two variables.

Experiment with transformations in the plane.

G-CO.A.2  Represent transformations in the plane using, e.g., transparencies and geometry software;
describe transformations as functions that take points in the plane as inputs and give other
points as outputs. Compare transformations that preserve distance and angle to those that
do not (e.g., translation versus horizontal stretch).

G-CO.A.4  Develop definitions of rotations, reflections, and translations in terms of angles, circles,
perpendicular lines, parallel lines, and line segments.

G-CO.A.5 Given a geometric figure and a rotation, reflection, or translation, draw the transformed
figure using, e.g., graph paper, tracing paper, or geometry software. Specify a sequence of
transformations that will carry a given figure onto another.

Extend the domain of trigonometric functions using the unit circle.
F-TF.A.1 Understand radian measure of an angle as the length of the arc on the unit circle subtended
by the angle.

F-TF.A.2 Explain how the unit circle in the coordinate plane enables the extension of trigonometric
functions to all real numbers, interpreted as radian measures of angles traversed
counterclockwise around the unit circle.
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(+) Use special triangles to determine geometrically the values of sine, cosine, tangent for
/3, /4 and /6, and use the unit circle to express the values of sine, cosine, and tangent
form — x, m 4+ x, and 2m — x in terms of their values for x, where x is any real number.

Prove and apply trigonometric identities.

F-TF.C.8

Prove the Pythagorean identity sin?(8) + cos?(0) = 1 and use it to find sin(8), cos(H), or
tan(6) given sin(@), cos(0), or tan(f) and the quadrant of the angle.

Focus Standards for Mathematical Practice

MP.2

MP.3

MP.4

COMMON

CORE

Reason abstractly and quantitatively. Students come to recognize that multiplication by a
complex number corresponds to the geometric action of a rotation and dilation from the
origin in the complex plane. Students apply this knowledge to understand that
multiplication by the reciprocal provides the inverse geometric operation to a rotation and
dilation. Much of the module is dedicated to helping students quantify the rotations and
dilations in increasingly abstract ways so they do not depend on the ability to visualize the
transformation. That is, they reach a point where they do not need a specific geometric
model in mind to think about a rotation or dilation. Instead, they can make generalizations
about the rotation or dilation based on the problems they have previously solved.

Construct viable arguments and critique the reasoning of others. Throughout the module,
students study examples of work by algebra students. This work includes a number of
common mistakes that algebra students make, but it is up to the student to decide about
the validity of the argument. Deciding on the validity of the argument focuses the students
on justification and argumentation as they work to decide when purported algebraic
identities do or do not hold. In cases where they decide that the given student work is
incorrect, the students work to develop the correct general algebraic results and justify
them by reflecting on what they perceived as incorrect about the original student solution.

Model with mathematics. As students work through the module, they become attuned to
the geometric effect that occurs in the context of complex multiplication. However, initially
it is unclear to them why multiplication by complex numbers entails specific geometric
effects. In the module, the students create a model of computer animation in the plane.
The focus of the mathematics in the computer animation is such that the students come to
see rotating and translating as dependent on matrix operations and the addition of 2 X 1
vectors. Thus, their understanding becomes more formal with the notion of complex
numbers.

Module 1: Complex Numbers and Transformations
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Terminology

New or Recently Introduced Terms

= Argument (The argument of the complex number z is the radian (or degree) measure of the
counterclockwise rotation of the complex plane about the origin that maps the initial ray (i.e., the
ray corresponding to the positive real axis) to the ray from the origin through the complex number z
in the complex plane. The argument of z is denoted arg(z).)

=  Bound Vector (A bound vector is a directed line segment (an arrow). For example, the directed line
segment AB is a bound vector whose initial point (or tail) is A and terminal point (or tip) is B.

Bound vectors are bound to a particular location in space. A bound vector AB has a magnitude given
by the length of AB and direction given by the ray AB. Many times only the magnitude and
direction of a bound vector matters, not its position in space. In that case, we consider any
translation of that bound vector to represent the same free vector.)

=  Complex Number (A complex number is a number that can be represented by a point in the complex
plane. A complex number can be expressed in two forms:

1. The rectangular form of a complex number z is a + bi where z corresponds to the point
(a, b) in the complex plane, and i is the imaginary unit. The number a is called the real part
of a + bi and the number b is called the imaginary part of a + bi. Note that both the real
and imaginary parts of a complex number are themselves real numbers.

2. Forz # 0, the polar form of a complex number z is r(cos(6) + i sin(6)) where r = |z| and
0 = arg(z), and i is the imaginary unit.)

=  Complex Plane (The complex plane is a Cartesian plane equipped with addition and multiplication
operators defined on ordered pairs by the following:

s Addition: (a,b) + (c,d) = (a+c¢,b+d).
When expressed in rectangular form, if z = a + bi and w = ¢ + di, then
z+w=(a+c)+ (b+d)i.
& Multiplication: (a,b) - (c,d) = (ac — bd, ad + bc).
When expressed in rectangular form, if z = a + bi and w = ¢ + di, then
z-w = (ac — bd) + (ad + bc)i. The horizontal axis corresponding to points of the form

(x,0) is called the real axis, and a vertical axis corresponding to points of the form (0, y) is
called the imaginary axis.)

= Conjugate (The conjugate of a complex number of the form a + bi is a — bi. The conjugate of z is
denoted z.)

= Determinant of 2 X 2 Matrix (The determinant of the 2 X 2 matrix [Ccl Z] is the number computed

by evaluating ad — bc, and is denoted by det([ccl b ).)
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ai; Q12 Q413

Determinant of 3 X 3 Matrix (The determinant of the 3 X 3 matrix [a21 azz azs] is the number
az1 dzz dass

computed by evaluating the expression,

Ayy  Ayz ay1 0y az1 Az
aiy det([a32 a33]) ~ det([a31 a33]) + a3 det([a31 asz])'

a1 Q12 Q13
and is denoted by det| (@21 a2z azs3| |.)

asz; dzz dass

Directed Graph (A directed graph is an ordered pair D = (V, E) with
oV aset whose elements are called vertices or nodes, and
o E asetof ordered pairs of vertices, called arcs or directed edges.)

Directed Segment (A directed segmentﬁ’) is the line segment AB together with a direction given by
connecting an initial point A4 to a terminal point B.)

Free Vector (A free vector is the equivalence class of all directed line segments (arrows) that are
equivalent to each other by translation. For example, scientists often use free vectors to describe
physical quantities that have magnitude and direction only, freely placing an arrow with the given
magnitude and direction anywhere in a diagram where it is needed. For any directed line segment in
the equivalence class defining a free vector, the directed line segment is said to be

a representation of the free vector or is said to represent the free vector.)

Identity Matrix (The n X n identity matrix is the matrix whose entry in row i and column i for
1 <i<nisl, and whose entries in row i and column j for1 < i,j <nandi # j are all zero. The
identity matrix is denoted by I.)

Imaginary Axis (See complex plane.)

Imaginary Number (An imaginary number is a complex number that can be expressed in the form bi
where b is a real number.)

Imaginary Part (See complex number.)

Imaginary Unit (The imaginary unit, denoted by i, is the number corresponding to the point (0,1) in
the complex plane.)

Incidence Matrix (The incidence matrix of a network diagram is the n X n matrix such that the entry
in row { and column j is the number of edges that start at node i and end at node j.)

Inverse Matrix (An n X n matrix A is invertible if there exists an n X n matrix B so that AB = BA =1,
where [ is the n X n identity matrix. The matrix B, when it exists, is unique and is called the inverse
of A and is denoted by A~ 1))

Linear Function (A function f: R = R is called a linear function if it is a polynomial function of
degree one; that is, a function with real number domain and range that can be put into the form
f(x) = mx + b for real numbers m and b. A linear function of the form f(x) = mx + b is a linear
transformation only if b = 0.)

MM N Module 1: Complex Numbers and Transformations n
ggRE"‘ o Date: 1/5/15 engage y

© 2014 Common Core, Inc. Some rights reserved. commoncoreorg Icc) BY-NC-SA Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.

This work is licensed under a



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Module Overview m

PRECALCULUS AND ADVANCED TOPICS

= Linear Transformation (A function L: R™ — R" for a positive integer n is a linear transformation if
the following two properties hold:

s L(x+y)=LX) +L(y) forallx,y € R"*, and
s L(kx) =k-L(x)forallx e R"and k € R,
where X € R™ means that X is a point in R™.)
= Linear Transformation Induced by Matrix 4 (Given a 2 X 2 matrix A, the linear transformation

X X
induced by matrix A is the linear transformation L given by the formula L ([y]) =A- [y] Given a

3 X 3 matrix A, the linear transformation induced by matrix A is the linear transformation L given by

X X
the formula L <[y]> =A- [y].)
z z

= Matrix (An m X n matrix is an ordered list of nm real numbers,

A11, 12y o A1y A21, A2, - Aopy o) A1 Amzs - Amn, Organized in a rectangular array of m rows and

A1 A1z 't Qn

Qz1 Az ** U2n . . , ,
n columns: | . . : |- The number a;; is called the entry in row i and column j.)

Am1 Am2  ° Qmn

* Matrix Difference (Let A be an m X n matrix whose entry in row i and column j is a;; and let B be
an m X n matrix whose entry in row i and column j is b;;. Then the matrix difference A — B is the
m X n matrix whose entry in row i and column j is a;; — b;;.)

*  Matrix Product (Let A be an m X n matrix whose entry in row i and column j is a;; and let B be an
n X p matrix whose entry in row i and column j is b;;. Then the matrix product AB is the m X p
matrix whose entry in row i and column j is a;; by j + @jpb,j + -+ + Qi byj.)

= Matrix Scalar Multiplication (Let k be a real number and let A be an m X n matrix whose entry in
row i and column j is a;;. Then the scalar product k - A is the m X n matrix whose entry in row i and
columnjisk - a;;.)

*  Matrix Sum (Let A be an m X n matrix whose entry in row i and column j is a;; and let B be an m X
n matrix whose entry in row i and column j is b;;. Then the matrix sum A + B is the m X n matrix
whose entry in row i and column j is a;; + b;;.)

= Modulus (The modulus of a complex number z, denoted |z|, is the distance from the origin to the
point corresponding to z in the complex plane. If z = a + bi, then |z| = Va? + b2.)

= Network Diagram (A network diagram is a graphical representation of a directed graph where the
n vertices are drawn as circles with each circle labeled by a number 1 through n, and the directed
edges are drawn as segments or arcs with arrow pointing from the tail vertex to the head vertex.)
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=  Opposite Vector (For a vector ¥ represented by the directed line segment Zﬁ, the opposite vector,

V1
> . . . e - v .
denoted —v, is the vector represented by the directed line segment BA. If v = :2 in R™, then
UTL

-
—5=.2)
-

= Polar Form of a Complex Number (The polar form of a complex number z is r(cos(8) + i sin(6))
wherer = |z| and 8 = arg(z).)
U1
v
*  Position Vector (For a point P(vy, v, ..., ) in R™, the position vector v, denoted by :2 or
vn
(v1, V5, ..., Up), is a free vector ¥ that is represented by the directed line segment OP from the origin

0(0,0,0, ...,0) to the point P. The real number v; is called the i component of the vector ¥.)

= Real Coordinate Space (For a positive integer n, the n-dimensional real coordinate space, denoted
R™, is the set of all n-tuple of real numbers equipped with a distance function d that satisfies
A[(x1, %2, s X0, V1, V2s o V)] =V 1 = 2002 + (72 — 21)% + -+ + (9 — Xp,)?

for any two points in the space. One-dimensional real coordinate space is called a number line and
the two-dimensional real coordinate space is called the Cartesian plane.)

= Rectangular Form of a Complex Number (The rectangular form of a complex number z is a + bi
where z corresponds to the point (a, b) in the complex plane, and i is the imaginary unit. The
number a is called the real part of a + bi and the number b is called the imaginary part of a + bi.)

= Translation by a Vector in Real Coordinate Space (A translation by a vector ¥ in R™ is the translation

U1
- - - - . - v .
transformation T3: R™ — R" given by the map that takes X —» X + v forall X in R™. If v = :2 in
UTL

X1 X1 + V1
X Xy, + v 5.
R", then T3 2= . % forall % in R™)
Xn Xn + Uy
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=  Vector Addition (For vectors ¥ and w in R", the sum ¥ + W is the vector whose i*" component is the
41 Wy
.th - —_— . 4 vz e W2 . n
sum of the i"" componentsof vandw for1 <i<n. Ifv=| ., |andw =] .”|in R", then
vn Wn

v+ wq

Vy + W
vHw=| 2.2

)

Vp + Wy

=  Vector Subtraction (For vectors ¥ and w, the difference v — w is the sum of ¥ and the opposite of
W1 Vg —wq

Wal. Uy — Wy
in R™, then? — W = .

U1
— . - — - — - 1‘72 —
w;thatis,v—w=v+ (—w). fv=| . |andw = J)
Un Wn | Un —Wn
=  Vector Magnitude (The magnitude or length of a vector v, denoted || or || 7], is the length of any
v,

Uy

directed line segment that represents the vector. If ¥ = in R™, then |5| = /v + v + - + V2,

| Un
which is the distance from the origin to the associated point P(vq, vy, ..., Vy,).)

=  Vector Scalar Multiplication (For a vector ¥ in R™ and a real number k, the scalar product k - ¥ is

the vector whose i*" component is the product of k and the i"" componentof v for1 <i <n. Ifkis

171 kvl

S U2 |. S kv

areal numberand v = :2 in R", thenk - v = :2 .
Un kvn

=  Vector Representation of a Complex Number (The vector representation of a complex number z is

the position vector Z associated to the point z in the complex plane. If z = a + bi for two real

numbers a and b, then Z = [Z].)

= Zero Matrix (The m X n zero matrix is the m X n matrix in which all entries are equal to zero. For

0 0 O
example, the 2 X 2 zero matrix is [8 8] and the 3 X 3 zero matrix is [0 0 0].)

0 0 O
= Zero Vector (The zero vector in R™ is the vector in which each component is equal to zero. For
0 0
example, the zero vector in R? is [ ] and the zero vectorin R%is [0].)
0 0
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Familiar Terms and Symbols3

= Dilation

= Rectangular Form
= Rotation

=  Translation

Suggested Tools and Representations

= Geometer’s Sketchpad software
= Graphing calculator
= Wolfram Alpha software

Assessment Summary

Assessment Type Administered Format Standards Addressed

Mid-Module . . . N-CN.A.3, N-CN.B.4,
Assessment Task After Topic B Constructed response with rubric N-CN.B.5, N-CN.B.6

N-CN.B.4, N-CN.B.5,
After Topic C Constructed response with rubric N-VM.C.8, N-VM.C.10,
N-VM.C.11, N-VM.C.12

End-of-Module
Assessment Task

3 These are terms and symbols students have seen previously.
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4, Mathematics Curriculum

PRECALCULUS AND ADVANCED TOPICS e MODULE 1

Topic A:
A Question of Linearity

N-CN.A.3, N-CN.B.4

Focus Standards: N-CN.A.3 (+) Find the conjugate of a complex number; use conjugates to find moduli and
quotients of complex numbers.

N-CN.B.4 (+) Represent complex numbers on the complex plane in rectangular and polar form
(including real and imaginary numbers), and explain why the rectangular and polar
forms of a given complex number represent the same number.

Instructional Days: 8
Lessons 1-2:  Wishful Thinking—Does Linearity Hold? (E, E)?®
Lesson 3: Which Real Number Functions Define a Linear Transformation? (S)
Lessons 4-5: An Appearance of Complex Numbers (P, P)

Lesson 6: Complex Numbers as Vectors (P)

Lessons 7-8: Complex Number Division (P, P)

Linear transformations are a unifying theme of Module 1, Topic A. In Lesson 1, students are introduced to the
term “linear transformation” and its definition. A function is a linear transformation if it satisfies the
conditions f(x +y) = f(x) + f(y) and kf (x) = f(kx). Students contrast this to their previous
understanding of a linear transformation which was likely a function whose graph is a straight line. This idea
of linearity is revisited as students study complex numbers and their transformations in Topic B and matrices
in Topic C. Lesson 1 begins as students look at common mistakes made in Algebra and asks questions such as
“For which numbers a and b does (a + b)? = a? + b? happen to hold?” Students discover that these
statements are usually false by substituting real number values for the variables and then exploring values
that make the statements true. Lesson 2 continues this exploration asking, “Are there numbers a and b for

which 1 =1
atb a
numbers. Lesson 3 concludes this study of misconceptions by defining a linear function (a function whose
graph is a line) and explaining the difference between a linear function and a linear transformation. The
concept of a linear transformation is developed in the first three lessons and is revisited throughout the

module. Linear transformations are important because they help students link complex numbers and their

1 . . . .
+ 3?” and so on. This exercise has only complex solutions, which launches a study of complex

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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transformations to matrices as this module progresses. Linear transformations are also essential in college
mathematics as they are a foundational concept in linear algebra. Lessons 4 and 5 begin the study of complex
numbers defining i geometrically by rotating the number line 90° and thus giving a “number” i with the
property i> = —1. Students then add, subtract, and multiply complex numbers (N-CN.A.2). Lesson 6
explores complex numbers as vectors. Lessons 7 and 8 conclude Topic A with the study of quotients of
complex numbers and the use of conjugates to find moduli and quotients (N-CN.A.3). Linearity is revisited
when students classify real and complex functions that satisfy linearity conditions. (A function L is linear if
and only if there is a real or complex value w such that L(z) = wz for all real or complex z.) Complex number
multiplication is again emphasized in Lesson 8. This topic focuses on MP.3 as students study common
mistakes that algebra students make and determine the validity of the statements.
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[91 Lesson 1: Wishful Thinking—Does Linearity Hold?

Student Outcomes

= Students learn when ideal linearity properties do and do not hold for classes of functions studied in previous
years.

= Students develop familiarity with linearity conditions.

Lesson Notes

This is a two-day lesson in which we introduce a new definition of a linear transformation and look at common mistakes
that students make when assuming that all linear functions meet the requirements for this new definition. A linear
transformation is not equivalent to a linear function, which is a function whose graph is a line and can be written as

y = mx + b. In this sequence of lessons, a linear transformation is defined as it is in linear algebra courses, which is that
a function is linear if it satisfies two conditions:

fx+y)=f(x)+ f(y)and f(kx) = kf(x). This definition leads to surprising results when students study the
function f(x) = 3x + 1. Students apply this new definition of linear transformation to classes of functions learned in
previous years and explore why the conditions for linearity sometimes produce false statements. Students then solve to
find specific solutions when the conditions for linearity produce true statements, giving the appearance that a linear
function is a linear transformation when it is not. In Lesson 1, students explore polynomials and radical equations.
Lesson 2 extends this exploration to trigonometric, rational, and logarithmic functions. Lessons 1 and 2 focus on linearity
for real-numbered inputs but lead to the discovery of complex solutions and launch the study of complex numbers. This
study includes operations on complex numbers as well as the use of conjugates to find moduli and quotients.

Classwork
Exploratory Challenge (13 minutes)

In this Exploratory Challenge, students work individually while discussing the steps as a class. Students complete the
exercises in pairs with the class coming together at the end to present their findings and to watch a video.

=  Wouldn’t it be great if functions were sensible and behaved the way we expected them to do?

= Lletf(x) =2xand g(x) =3x + 1.

=  Write down three facts that you know about f(x) and g(x).

o Answers will vary. Both graphs are straight lines. f(x) has a y-intercept of 0. g(x) has a y-intercept
of 1. The slope of f(x) is 2. The slope of g(x) is 3.

= Which of these functions is linear?

o Students will probably say both because they are applying a prior definition of a linear function:
y = mx + b. Introduce the following definition.

= Afunction is a linear transformation if f(x + y) = f(x) + f(¥) and f(kx) = kf (x).

MM N Lesson 1: Wishful Thinking—Does Linearity Hold? n

CORE"' Date: 1/5/15
This work is licensed under a

© 2014 Common Core, Inc. Some rights reserved. commoncoreorg Icc BY-NC-SA Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 1 m o

PRECALCULUS AND ADVANCED TOPICS

=  Based on this definition, which function is a linear transformation? Explain how you know.
o f(x) = 2x is alinear transformation because 2(x + y) = 2x + 2y and 2(kx) = k(2x).

s g(x) =3x+ 1lisnota linear transformation because 3(x + y) +1 # 3x + 1) + 3y + 1) and
3(kx) +1 # k(3x + 1).
= s h(x) = 2x — 3 alinear transformation? Explain.
o h(x) = 2x — 3is not a linear transformation because 2(x +y) —3 # (2x —3) + (2y — 3) and
2(kx) —3 # k(2x — 3).

= Isp(x) = %x a linear transformation? Explain.
1. . 1 1 1 1 1
= plx) = SXxisa linear transformation because > x+y) = SX+sy and; (kx) =k (E x).

= Lletg(x) = x2.
= Is g(x) alinear transformation?
o No. (x +y)* #x%+y? and (ax)? # a(x)%

= A common mistake made by many math students is saying

(a + b)? = a? + b%. How many of you have made this mistake Scaffolding:
before? * Remind students that (a + b)* means

*  Does (a+ b)? =a?+ b?? Justify your claim. (a+b)(a+b).

*  Substitute some values of a and b into this equation to show that * Have students complete the following
this statement is not generally true. chart for different values of a and b and

o Answers will vary, but students could choose a = 1 and the expressions.

b = 1. Inthis case, (1 + 1)* = 1% + 1% leads to 4 = 2, alb | (@+b)? [a®[b?] a®+ b2
which we know is not true. There are many other choices. 2 9 1] 4 5

=  Did anyone find values of a and b that made this statement true? 2|3 25 419 13

=

@ Answers will vary but could includea =0, b =0o0ra =1,
b=0ora=0,b=1.
=  Wecan find all values of a and b for which this statement is true by solving for one of the variables. | want half
the class to solve this equation for a and the other half to solve for b.

o Expanding the left side and then combining like terms gives
a® + 2ab + b? = a* + b?
2ab = 0.
This leads to a = 0 if students are solving for a and b = 0 if students are solving for b.
=  We have solutions for two different variables. Can you explain this to your neighbor?
o Ifa = 0and/orb = 0, the statement (a + b)?> = a? + b? is true.

=  Take a moment and discuss with your neighbor what we have just shown. What statement is true for all real
values of a and b?

o (a+ b)? = a? + b?is true for only certain values of a and b, namely if either or both variables equal 0.
The statement that is true for all real numbers is (a + b)? = a® + 2ab + b2

= Afunction is a linear transformation when the following are true: f(kx) = kf(x) and
fx+vy) = f(x)+ f(y). We call this function a linear transformation.
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=  Repeat what | have just said to your neighbor.
o Students repeat.
*  Look at the functions f(x) = 2x and g(x) = x? listed above. Which is a linear transformation? Explain.
°  f(x) = 2x s alinear transformation because f(ax) = af (x) and f(x +y) = f(x) + f(y).
g(x) = x?% is not a linear transformation g(ax) # ag(x) and g(x +y) # g(x) + g(v).
We are just introducing linear transformations in Lessons 1 and 2. This will lead to our discussion in Lesson 3 on when

functions are linear transformations. In Lesson 3, students discover that a function whose graph is a line may or may not
be a linear transformation.

Exercises 1-2 (10 minutes)

In the exercises below, instruct students to work in pairs and to go through the same steps

that they went through in the Exploratory Challenge. Call the class back together, and Scaffolding:

have groups present their results. You can assign all groups both examples or assign half ® Foradvanced learners,
the class Exercise 1 and the other half Exercise 2. Exercise 2 is slightly more difficult than assign Exercises 1 and 2
Exercise 1. with no leading question.

=  Monitor group work and
Exercises 1-2 target some groups with
more specific questions to
help them with the
algebra needed. For
example, remind them

Look at these common mistakes that students make, and answer the questions that follow.

1. If f(x) =+/x,does f(a + b) = f(a) + f(b), when a and b are not negative?

a.  Can we find a counterexample to refute the claim that f(a + b) = f(a) + f(b) for
all nonnegative values of a and b?

2
Answers will vary, but students could choose a = 1 and b = 1. In this case, that (\/E + \/F) =
VI+1=+1++/1,o0rv2 = 2, which we know is not true. There are many other (\/a + \/F) (\/E + \/E)
choices. = Also remind them how to
MP.3 multiply binomials.
& b. Find some nonnegative values for a and b for which the statement, by coincidence,
MP.8 happens to be true.

Answers will vary but could includea = 0,b =0ora=4,b=00ra=0,b=16.

c. Find all values of a and b for which the statement is true. Explain your work and the results.
Va+b=+a+vb

2
(Va+b)2 =+a" +Vb
a+2Vab+b=a+b

2vab =0
ab =0,

which leads to a = 0 if students are solving for a and b = 0 if students are solving for b.

Anytime a = 0 and/or b = 0, then\/a + b = \a + Vb, and the equation is true.

d. Why was it necessary for us to consider only nonnegative values of a and b?

If either variable is negative, then we would be taking the square root of a negative number, which is not a
real number, and we are only addressing real-numbered inputs and outputs here.
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e. Does f(x) = v/x display ideal linear properties? Explain.

No, because \/a + b # /a + /b for all real values of the variables.

2. Iff(x) =3, does f(a+ b) = f(a) + f(b)?

a. Substitute in some values of a and b to show this statement is not true in general.

Answers will vary, but students could choose a = 1 and b = 1. In this case, (1+ 1)3 = 13 + 130r8 = 2,
which we know is not true. There are many other choices.

b. Find some values for a and b for which the statement, by coincidence, happens to work.

Answers will vary but could includea = 0,b =0ora=2,b=00ra=0,b = 3.

c. Find all values of a and b for which the statement is true. Explain your work and the results.

(a+ b =a+b3
a® +3a?b + 3ab? + b® = a® + b®
MP.8 3a?b + 3ab? =0
3ab(a+b) =0,

MP.3

which leadstoa = 0, b = 0, and a = —b.

Anytime a = 0 and/or b = 0 or a = —b, then (a + b)3® = a® + b3, and the equation is true.

d. Is this true for all positive and negative values of a and b? Explain and prove by choosing positive and
negative values for the variables.

Yes, since a = —b , if ais positive, the equation would be true if b was negative. Likewise, if a is negative,
the equation would be true if b was positive. Answers willvary. Ifa =2 and b = -2,

2+ (=2))® = (2)3 + (—2)® meaning 0> =8 + (—8) or0 = 0. Ifa=—2andb = 2,

((=2) + 2)% = (-2)% + (2)® meaning 0° = (—8) + 8, or 0 = 0. Therefore, this statement is true for all
positive and negative values of a and b.

e. Does f(x) = x2 display ideal linear properties? Explain.

No, because (a + b)® # a® + b® for all real values of the variables.

Extension Discussion (14 minutes, optional)

As a class, watch this video (7 minutes) that shows another way to justify Exercise 1
(http://www.jamestanton.com/?p=677). Discuss what groups discovered in the exercises and what was shown in the
video. If time allows, let groups present findings and discuss similarities and differences.

Closing (3 minutes)
Ask students to perform a 30-second Quick Write explaining what we learned today using these questions as a guide.

=  Whendoes (a + b)? = a? + b?? How do you know?
o Whena = 0and/orb = 0.
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*  Whendoesva + b =+a+Vb? How do you know?
o Whena = 0and/orb = 0.
= Area = 0and/or b = 0 always the values when functions display ideal linear properties?

o No, it depends on the function. Sometimes these values work, and other times they do not. Sometimes
there are additional values that work such as with the function f(x) = x3, when a = —b also works.

=  When does a function display ideal linear properties?
@ Whenf(x+y)=fx)+f()and f(kx) = kf (x).

Exit Ticket (5 minutes)
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Name Date

Lesson 1: Wishful Thinking—Does Linearity Hold?

Exit Ticket

1. Xavier says that (a + b)? # a? + b? but that (a + b)3 = a® + b3. He says that he can prove it by using the values
a = 2 and b = —2. Shaundra says that both (a + b)? = a? + b? and (a + b)® = a® + b3 are true and that she can
prove it by using the valuesof a = 7and b = 0 and alsoa = 0 and b = 3. Who is correct? Explain.

2. Does f(x) = 3x + 1 display ideal linear properties? Explain.
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Exit Ticket Sample Solutions

1. Xavier says that (a + b)? # a? + b? but that (a + b)® = a® + b%. He says that he can prove it by using the values
a = 2 and b = —2. Shaundra says that both (a + b)? = a? + b* and (a + b)® = a® + b? are true and that she can
prove it by using the values of a = 7 and b = 0 and also @ = 0 and b = 3. Analyze their respective claims.

Neither is correct. Both have chosen values that just happen to work in one or both of the equations. In the first
equation, anytime a = 0 and/or b = 0, the statement is true. In the second equation, anytime a = 0 and/or b = 0
and also when a = —b, the statement is true. If they tried other values such as a = 1 and b = 1, neither statement
would be true.

2. Does f(x) = 3x + 1 display ideal linear properties? Explain.

No, f(ax) = 3ax + 1, but af (x) = 3ax + a. These are not equivalent.
Also, f(x+y)=3(x+y)+1=3x+3y+Lbut f(x)+f(y) =3x+1+3y+1=3x+3y+2.
They are not equivalent, so the function does not display ideal linear properties.

Problem Set Sample Solutions

Assign students some or all of the functions to investigate. All students should attempt Problem 4 to set up the next
lesson. We hope students may give some examples that we will study in Lesson 2.

Study the statements given in Problems 1-3. Prove that each statement is false, and then find all values of a and b for
which the statement is true. Explain your work and the results.

1. If f(x) = x?% does f(a+ b) = f(a) + f(b)?
Answers that prove the statement false will vary but could include a = 2 and b = —2.

This statement is true when a = 0 and/or b = 0.

1
2. Iff(x) = x3, does f(a+ b) = f(a) + f(b)?
Answers that prove the statement false will vary but could include a = 1 and b = 1.

This statement is true when a = 0 and/or b = 0 and when a = —b.

3. If f(x) =+V4x,does f(a+ b) = f(a) + f(b)?
Answers that prove the statement false will vary but could include a = —1 and b = 1.

This statement is true when a = 0 and/or b = 0.

4.  Think back to some mistakes that you have made in the past simplifying or expanding functions. Write the
statement that you assumed was correct that was not, and find numbers that prove your assumption was false.

Answers will vary but could include sin(x + y) = sin(x) + sin(y), which is false when x and y equal 45°
log(2a) = 2log(a), which is false fora = 1
1

1 1
10%+% = 102 + 10® which is false for a, b = 1, ~3-a2'3 which is false for a, b = 1.
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[91 Lesson 2: Wishful Thinking—Does Linearity Hold?

Student Outcomes

= Students learn when ideal linearity properties do and do not hold for classes of functions studied in previous
years.

= Students develop familiarity with linearity conditions.

Lesson Notes

This is second day of a two-day lesson in which we look at common mistakes that students make, all based on assuming
linearity holds for all functions. In Lesson 1, students were introduced to a new definition of linearity. f(x) is a linear
transformation if f(x + y) = f(x) + f(y) and f(kx) = kf (x). Students continue to explore linearity by looking at
common student mistakes. In Lesson 1, students explored polynomials and radical equations. Lesson 2 extends this
exploration to trigonometric, rational, and logarithmic functions. The last exercise in this lesson, Exercise 4, has no real
solutions, leading to the discovery of complex solutions, and this launches the study of complex numbers. This study will
include operations on complex numbers as well as using the conjugates to find moduli and quotients.

Classwork

In this Exploratory Challenge, students will work individually while discussing the steps as a class. The exercises will be
completed in pairs with the class coming together at the end to present their findings and to watch a video.

Opening Exercise (8 minutes)

In the last problem of the Problem Set from Lesson 1, students were asked to use what they had learned in Lesson 1 and
then to think back to some mistakes that they had made in the past simplifying or expanding functions and to show that
the mistakes were based on false assumptions. In this Opening Exercise, we want students to give us examples of some
of their misconceptions. Have students put the examples on the board. We will study some of these directly in Lesson 2,
and others you can assign as part of classwork, homework, or as extensions.

= In the last problem of the Problem Set from Lesson 1, you were asked to think back to some mistakes that you
had made in the past simplifying or expanding functions. Show me some examples that you wrote down, and |
will ask some of you to put your work on the board.

= Answers will vary but could include mistakes such as sin(x + y) = sin(x) + sin(y),

log(2a) = 2log(a), 104> = 102 + 10, a—ib = i+ %, and many others.

Note: Emphasize that these examples are errors, not true mathematical statements.
Pick a couple of the simpler examples of mistakes that will not be covered in class, and talk about those, going through
the steps of Lesson 1. For each example of a mistake, have students verify with numbers that the equation is not true

for all real numbers, and then find a solution that is true for all real numbers. Indicate to students the statements that
will be reviewed in class. List other statements that may be reviewed later.
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Exploratory Challenge (14 minutes)

= In Lesson 1, we discovered that not all functions are linear transformations.

) . . Scaffolding:
Today, we will study some different functions.

Students may need a reminder

of how to convert between
radians and degrees and critical

= Let’s start by looking at a trigonometric function. Is f(x) = sinx a linear
transformation? Explain why or why not.

@ Answers may vary, and students may be unsure. Proceed to the next trigonometric function values.
question. No, sin(x +y) # sin(x) + sin(y) and sin(ax) # asinx. Create a chart for students to
*  Does sin(x + y) = sin(x) + sin(y) for all real values of x and y? complete that lists degrees,

radian measure, sin x, and

cos x. A copy of a table follows
this lesson in the Student
Some students may use degrees and others radians. Allow students to choose. Materials.

Alternatively, assign half of the students to use degrees and the other half to use radians.
Compare answers.

®  Answers may vary.

=  Substitute some values of x and y in to this equation.

=  Did anyone find values of x and y that produced a true statement?

o Answers will vary but could include x = 0°,y = 0° or x = 180°,y = 180° or x = 0°,y = 90° or the

equivalent in radiansx = 0,y =0orx =m,y=morx =0,y = %

=  [fyou used degrees, compare your answers to a neighbor who used radians. What do you notice?

o The answers will be the same but a different measure. For example, x = 180°,y = 180° is the same as
x =m,y = 1w because 180° = 1 rad.

= Did anyone find values of x and y that produced a false statement? Explain.
= Answers will vary but could include x = 45°,y = 45° or x = 30°,y = 30°r x = 30° y = 60° or the
. . . Y T Y T T s
equivalent in radians x = DY =Lorx=oy=corx =y =< For example,

sin G + %) = sin (g) =1, but sin G) + sin (%) = g + g = /2, so the statement is false.
= Is this function a linear transformation? Explain this to your neighbor.

©  This function is not a linear transformation because sin(x + y) # sin(x) + sin(y) for all real numbers.

Exercises 1-5 (15 minutes)

In the exercises below, allow students to work through the problems in pairs. Circulate and give students help as
needed. Call the class back together, and have groups present their results. You can assign all groups Exercises 1-4. For
advanced groups, ask students to find the imaginary solutions to Exercise 4, and/or assign some of the more complicated
examples that students brought to class from the Lesson 1 Problem Set and presented in the Opening Exercise.
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1
E ises 1-5 .
xercises Scaffolding:
=si = ? Isi
1. Let f(x) =sinx. .Do?s f(2x) = 2f(x) for all values of x? Is it true for any values of = For advanced learners, have
x? Show work to justify your answer. R
students determine the
No. ifx =7, sin (2 (g)) = sin(m) = 0, but 2sin (§) = 2(1) = 2, so the statement general solution that will work
does not hold for every value of x. It is true anytime sin(x) = 0, so forx = 0,x = for all real numbers.
tm x = +2m. = Monitor group work, and
target some groups with more
2. Let f(x) = log(x). Find a value for a such that f(2a) = 2f(a). Is there one? Show specific questions to help them
work to justify your answer. with the algebra needed.
log(2a) = 2log(a) Students may need a reminder
log(2a) = log(a?) of the properties of logarithms
2a = a? such as alog(x) = log(x%).
a*—-2a=0 = Some groups may need to
a(a—2)=0 complete the trigonometry
Thus, a = 2 or a = 0. Because 0 is not in the domain of the logarithmic function, the Value_table before starting the
only solution is a = 2. exercises.
3. Let f(x) = 10*. Show that f(a + b) = f(a) + f(b) is true fora = b = log(2) and that it is not true fora = b = 2.
Fora = b =log(2)
f(a+ b) = 100loe@ +108) — 102108 = 10108(2*) = 22 = 4
f(a)+ f(b) = 1082 + 1082 =2 + 2 = 4
Therefore, f(a + b) = f(a) + f(b).
Fora=b=2
f(a+b) =10%*2 = 10* = 10,000
f(a) + f(b) = 10%> + 10? = 100 + 100 = 200
Therefore, f(a + b) # f(a) + f(b)
4. letf(x)= % Are there any real numbers a and b so that f(a + b) = f(a) + f(b)? Explain.
Neither a nor b can equal zero since they are in the denominator of the rational expressions.
1 1 . 1
at+tb a b
L b+b—1b +b+1b +b
—5ab(a+b)=—ab(a+b)+ ab(a+b)
ab = a(a+ b)+ b(a+b)
ab = a* + ab + ab + b?
ab = a® + 2ab + b?
ab = (a + b)?
This means that ab must be a positive number. Simplifying further, we get 0 = a*> + ab + b?.
The sum of three positive numbers will never equal zero, so there are no real solutions for a and b.
5. What do your findings from these Exercises illustrate about the linearity of these functions? Explain.
Answers will vary but should address that in each case, the function is not a linear transformation because it does
not hold to the conditions f(a + b) = f(a) + f(b) and f(cx) = c( f (x)) for all real-numbered inputs.
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Closing (3 minutes)
As a class, have a discussion using the following questions.

=  What did you notice about the solutions of trigonometric functions? Why?
o There are more solutions that work for trigonometric functions because they are cyclical.
= Which functions were hardest to find solutions that worked? Why?
o Answers will vary, but many students may say logarithmic or exponential functions.
= Area = 0and/or b = 0 always solutions? Explain.
o No, it depends on the function.
o Forexample, cos(0 + 0) # cos(0) + cos(0). 10°*% = 10° + 10°.
= Are trigonometric, exponential, and logarithmic functions linear transformations? Explain.

o No, they do not meet the conditions required for linearity:
fla+b)=f(a)+ f(b)and f(cx) = c(f(x))for all real-numbered inputs.

Exit Ticket (5 minutes)
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Lesson 2: Wishful Thinking—Does Linearity Hold?

Exit Ticket

1. Koshi says that he knows that sin(x + y) = sin(x) + sin(y) because he has plugged in multiple values for x and y
and they all work. He has tried x = 0° and y = 0°, but he says that usually works, so he also tried x = 45° and
y = 180° x = 90° and y = 270°, and several others. Is Koshi correct? Explain your answer.

2. Is f(x) = sinx a linear transformation? Why or why not?
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Exit Ticket Sample Solutions

1.  Koshi says that he knows that sin(x + y) = sin(x) + sin(y) because he has plugged in multiple values for x and y
and they all work. He has tried x = 0° and y = 0°, but he says that usually works, so he also tried x = 45° and
y = 180° x = 90° and y = 270°, and several others. Is Koshi correct? Explain your answer.

Koshi is not correct. He happened to pick values that worked, most giving at least one value of sin(x) = 0. If he
had chosen other values such as x = 30° and y = 60°, sin(30° + 60°) = sin(90°) = 1, but

sin(30°) + sin(60°) = % + g, so the statement that sin(30° + 60°) = sin(30°) + sin(60°) is false.
2. Is f(x) = sinx a linear transformation? Why or why not?

No. sin(x + y) # sin(x) + sin(y) and sin(ax) # asinx.

Problem Set Sample Solutions

Assign students some or all of the functions to investigate. Problems 1-4 are all trigonometric functions, Problem 5 is a
rational function, and Problems 6 and 7 are logarithmic functions. These can be divided up. Problem 8 sets up Lesson 3
but is quite challenging.

Examine the equations given in Problems 1-4, and show that the functions f(x) = cos x and f(x) = tan x are not linear
transformations by demonstrating that they do not satisfy the conditions indicated for all real numbers. Then, find values
of x and/or y for which the statement holds true.

1. cos(x+y) = cos(x) + cos(y)
Answers that prove the statement false will vary but could include x = 0 and y = 0.

This statement is true when x = 1.9455, 0r 111.47°, and y = 1.9455, or 111.47°. This will be difficult for
students to find without technology.

2.  cos(2x) = 2cos(x)
Answers that prove the statement false will vary, but could include x = 0 or x = %

This statement is true when x = 1.9455, or 111.47°. This will be difficult for students to find without technology.

3. tan(x +y) = tan(x) + tan(y)

Answers that prove the statement false will vary, but could include x = % andy = %

This statement is true when x = 0 and y = 0.

4. tan(2x) = 2tan(x)

Answers that prove the statement false will vary, but could include x = % andy = %

This statement is true when x = 0 and y = 0.
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5. Letf(x)= xlz' are there any real numbers a and b so that f(a + b) = f(a) + f(b)? Explain.

Neither a nor b can equal zero since they are in the denominator of the fractions.

1 1 1
If fla+b) = f(a) + f(b), thenm_'_—b)2 =z + Bz

Multiplying each term by a*b?(a + b)?, we get

1 1
a’b?*(a + b)? azbz(a+b)zﬁ+azb2(a+b)zﬁ

(@a+b? "

a’b* = b*(a + b)? + a*(a + b)?

a’b? = (a® + b*)(a + b)?

a’b? = a* + 2a3b + 2a*b? + 2ab® + b*

a’b? = a* + 2ab(a? + b?) + 2a*b? + b*

0 = a* + 2ab(a? + b?) + a?b? + b*

The terms a*, a®b?, and b* are positive because they are even-numbered powers of nonzero numbers. We
established in the lesson that ab = (a + b)zand, therefore, is also positive.

The product 2ab(a? + b%) must then also be positive.

The sum of four positive numbers will never equal zero, so there are no real solutions for a and b.

6. Let f(x) = logux, find values of a such that f(3a) = 3f(a).
log(3a) = 3log(a)
log(3a) = log(a)?
elog(3a) = elog(a)®

3a=a?
3=a?
a=+3

This is true for the value of a when 3a = a3 that is in the domain, which is a = V3.

7. Llet f(x) = logux, find values of a such that f(ka) = kf (a).

This is true for the values of a when ka = a* that are in the domain of the function.

8.  Based on your results from the previous two problems, form a conjecture about whether f(x) = logx represents a
linear transformation.

The function is not an example of a linear transformation. The condition f(ka) = kf (a) does not hold for all values
of a, for example, nonzero values of cand a = 1.

MMON Lesson 2: Wishful Thinking—Does Linearity Hold? n
COMMON | = Do engage™

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; Ec BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 2 m 0

PRECALCULUS AND ADVANCED TOPICS

9. Letf(x) =ax?+bx+c.

a. Describe the set of all values for a, b, and ¢ that make f(x + y) = f(x) + f(y) valid for all real numbers x
and y.

This will be challenging for students but we want them to realize that a = 0, ¢ = 0, and any real number b.
They may understand that a = 0, but ¢ = 0 could be more challenging. The point is that it is unusual for
functions to satisfy this condition for all real values of x and y. This will be discussed in detail in Lesson 3.

fx+y)=a(x+y)?+b(x+y)+c=ax?+2axy+ay’+bx+by+c

fO+fy)=ax*+bx+c+ay*+by+c

fx+y)=fx)+f)
ax? +2axy+ay*+bx+by+c=ax’*+bx+c+ay*+by+c
2axy+c=c+c
2axy=c

Therefore, the set of values that will satisfy this equation for all real numbers x and y is a = 0, any real
number b, and c = 0.

b. What does your result indicate about the linearity of quadratic functions?

Answers will vary but should address that quadratic functions are not linear transformations, since they only
meet the condition f(x +y) = f(x) + f(y) whena = 0.

Trigonometry Table

Angles Measure Angle Measure sin(x) cos(x)
(x Degrees) (x Radians)
0 0 0 1
n
30 = 1 E
6 2 2
m
45 n \/_E \/_E
4 2 2
n
60 2 E 1
3 2 2
90 = 1 0
2
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E Lesson 3: Which Real Number Functions Define a Linear

Transformation?

Student Outcomes
=  Students develop facility with the properties that characterize linear transformations.

= Students learn that a mapping L: R — R is a linear transformation if and only if L(x) = ax for some real
number a.

Lesson Notes

This lesson begins with two examples of functions that were explored in Lessons 1-2, neither of which is a linear
transformation. Next, students explore the function f(x) = 5x, followed by the more general f(x) = ax, proving that
these functions satisfy the requirements for linear transformations. The rest of the lesson is devoted to proving that
functions of the form f(x) = ax are, in fact, the only linear transformations from R to R.

Classwork

Opening Exercises (4 minutes)

Opening Exercises

Recall from the previous two lessons that a linear transformation is a function f that satisfies two conditions:

(1) f(x+y) = f(x) + f(¥) and (2) f(kx) = kf(x). Here, k refers to any real number, and x and y represent arbitrary
elements in the domain of f.

1. Let f(x) = x2. Is f a linear transformation? Explain why or why not.

Let xbe2andy be3. f(2+3) = f(5) = 52 = 25, but f(2) + f(3) = 22 + 32 = 4 + 9 = 13. Since these two
values are different, we can conclude that f is not a linear transformation.

2. letg(x) = Vx. Is g alinear transformation? Explain why or why not.

Let xbe2 and y be 3. g(2 + 3) = g(5) = V5, but g(2) + g(3) = V2 + /3, which is not equal to \/5. This means
that g is not a linear transformation.

COMMON Lesson 3: Which Real Number Functions Define a Linear Transformation?

COMN Leso weh engage™

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; Ec BY-NC-SA This work is licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 3 m o

PRECALCULUS AND ADVANCED TOPICS

Discussion (9 minutes): A Linear Transformation
*  The exercises you just did show that neither f(x) = x2 nor g(x) = v/x is a linear transformation. Let’s look at
a third function together.

= Let h(x) = 5x. Does h satisfy the requirements for a linear transformation? Take a minute to explore this
question on your own, and then explain your thinking with a partner.

©  First, we need to check the addition requirement: h(x +vy) = 5(x + y) = 5x + 5y.

m ®  h(x) + h(y) = 5x + 5y. Thus, we do indeed have h(x + y) = h(x) + h(y): so far, so good.
@ Now, we need to check the multiplication requirement: h(kx) = 5(kx) = 5kx.

o kh(x) = k-5x = 5kx. Thus, we also have h(kx) = kh(x).

L o Therefore, h satisfies both of the requirements for a linear transformation.

= So, now we know that h(x) = 5x is a linear transformation. Can you generate your own example of a linear
transformation? Write down a conjecture, and share it with another student.

o Answers will vary.

= Do you think that every function of the form h(x) = ax is a linear transformation? Let’s check to make sure
that the requirements are satisfied.

o h(x+y)=alx+y) =ax+ay

©  h(x)+h(y) =ax +ay

8 Thus, h(x +y) = h(x) + h(y), as required.

o h(kx) = a(kx) = akx

o kh(x) = k-ax = akx

©  Thus, h(kx) = kh(x), as required.

o This proves that h(x) = ax, with a any real number, is indeed a linear transformation.

=  What about f(x) = 5x + 3? Since the graph of this equation is a straight line, we know that it represents a
linear function. Does that mean that it automatically meets the technical requirements for a linear
transformation? Write down a conjecture, and then take a minute to see if you are correct.

o If fis a linear transformation, then it must have the addition property.

m o f(x+y)=5&+y)+3=5x+5y+3

o f)+f)=Gx+3)+GBy+3)=5x+5y+6

o (learly, these two expressions are not the same for all values of x and y, so f fails the requirements for
a linear transformation.

= Abit surprising, isn’t it? The graph is a straight line, and it is 100% correct to say that f is a linear function.
But at the same time, it does not meet the technical requirements for a linear transformation. It looks as
though some linear functions are considered linear transformations, but not all of them are. Let’s try to
understand what is going on here.

= Does anything strike you about the graph of f(x) = 5x as compared to the graph of f(x) = 5x + 3?
o The first graph passes through the origin; the second one does not.

= Do you think it is necessary for a graph to pass through the origin in order to be considered a linear
transformation? Let’s explore this question together. We have shown that every function of the form
f(x) = ax is alinear transformation. Are there other functions that map real numbers to real numbers that
are linear in this sense, or are these the only kind that do? Let’s see what we can learn about these questions.
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Discussion (6 minutes): The Addition Property
= Suppose we have a linear transformation L that takes a real number as an input and produces a real number as
an output. We can write L: R — R to denote this.
=  Now, suppose that L takes 2 to 8 and 3 to 12; that is, L(2) = 8 and L(3) = 12.
=  Where does L take 5? Can you calculate the value of L(5)?

o Since5 = 2+ 3, we know that L(5) = L(2 + 3). Since L is a linear transformation, this must be the
same as L(2) + L(3), which is 8 + 12 = 20. So, L(5) must be 20.

= For practice, find out where L takes 7 and 8. That s, find L(7) and L(8).
o L(7)=LG5G+2)=LG)+L(2)=20+8=28
s LB =LG+3)=LG)+LB)=20+12=132
=  What can we learn about linear transformations through these examples? Let’s dig a little deeper.

=  We used the facts that L(2) = 8 and L(3) = 12 to figure out that L(5) = 20. What is the relationship
between the three inputs here? What is the relationship between the three outputs?
o 5 =24 3, sothe third input is the sum of the first two inputs.
o 20 = 8+ 12, so the third output is the sum of the first two outputs.
= Do these examples give you a better understanding of the property L(x + y) = L(x) + L(y)? This statement
is saying that if you know what a linear transformation does to any two inputs x and y, then you know for sure

what it does to their sum x + y. In particular, to get the output for x + y, you just have to add the outputs
L(x) and L(y), just as we did in the example above, where we figured out that L(5) must be 20.

= What do you suppose all of this means in terms of the graph of L? Let’s plot each of the input-output pairs we
have generated so far and then see what we can learn.

y

L(5+3)

L(5+2)

L(Q2+3)

L3)

LQ2)

2 3 2+3 542 543 x

=  What do you notice about this graph?
o [t looks as though the points lie on a line through the origin.

= Can we be absolutely sure of this? Let’s keep exploring to find out if this is really true.
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Discussion (4 minutes): The Multiplication Property

= Let’s again suppose that L(2) = 8.
= Canyou figure out where L takes 6?
@ Since 6 = 3 -2, we know that L(6) = L(3 - 2). Since L is a linear transformation, this must be the
same as 3 - L(2), which is 3 - 8 = 24. So, L(6) must be 24.
= For practice, find out where L takes 4 and 8. That is, find L(4) and L(8).
o L(4)=L12-2)=2-L(2)=2-8=16
o LB)=L(4-2)=4-L(12)=4-8=32
= We computed L(8) earlier using the addition property, and now we have computed it again using the
multiplication property. Are the results the same?
o Yes, in both cases we have L(8) = 32.

= Does this work give you a feel for what the multiplication property is all about? Let’s summarize our work in
the last few examples. Suppose you know that, for a certain input x, L produces output y, so that L(x) = y.
The multiplication property is saying that if you triple the input from x to 3x, you will also triple the output
from y to 3y. This is the meaning of the statement L(3x) = 3 - L(x), or more generally, L(kx) = kL(x).

= Once again, let’s see what all of this means in terms of the graph of L. We will plot the input-output pairs we
generated.

4*1(2)

3*L(2)

2*L(2)

LQ)

= Does this graph look like you expected it to?

o Yes, itis a straight line through the origin, just like before.
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Discussion (4 minutes): Opposites

= So, we used the fact that L(2) = 8 to figure out that L(4) = 16, L(6) = 24, and
L(8) = 32.

=  What about the negative multiples of 2? Can you figure out L(—2)?
o L(-2)=L(-1-2)=-1-L(2)=-1-8=-8

Scaffolding:

If students are struggling to
compute L(—2), point out that
—2 = —1"-2, and then ask

= For practice, find L(—4), L(—6), and L(—8). them to apply the
o L(-4)=L(-1-4)=-1-L(4)=-1-16=-16 multiplication property for
o L(—-6)=L(-1-6)=—-1-L(6)=—1-24=—24 linear transformations.

o L(-8)=L(-1-8)=-1-L(8)=-1-32=-32
= Look carefully at what L does to a number and its opposite. For instance, compare the outputs for 2 and —2,
for 4 and —4, etc. What do you notice?

o We see that L(2) = 8 and L(—2) = —8. We also see that L(4) = 16 and L(—4) = —16.
=  Can you take your observation and formulate a general conjecture?
© [t looks as though L(—x) = —L(x).

= This says that if you know what L does to a particular input x, then you know for sure that L takes the opposite
input —x to the opposite output, —L(x).

= Now, prove that your conjecture is true in all cases.
o L(—x)=L(-1-x)=-1-L(x) =—-L(x)
= Once again, let’s collect all of this information in graphical form.

y
32

24

= Allsigns point to a straight-line graph that passes through the origin. But we have not yet shown that the
graph actually contains the origin. Let’s turn our attention to that question now.
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Discussion (5 minutes): Zero

= [fthe graph of L contains the origin, then L must take 0 to 0. Does this really have to be the case?

= How can we use the addition property to our advantage here? Can you form the number 0 from the inputs we
already have information about?

o We know that 2 + —2 = 0, so maybe that can help. Since L(2) = 8 and L(—2) = —8, we can now
figure out L(0). L(0) = L(2 +—2) = L(2) + L(-2) =8 + —8 = 0.
= So,itreallyis true that L(0) = 0. What does this tell us about the graph of L?
©  The graph contains the point (0,0), which is the origin.

= In summary, if you give the number 0 as an input to a linear transformation L(x), then the output is sure to be
0.

= Quickly: Is f(x) = x + 1 a linear transformation? Why or why not?

@ No, it cannot be a linear transformation because f(0) = 0 + 1 = 1, and a linear transformation cannot
transform 0 into 1.

= For practice, use the fact that L(6) = 24 to show that L(0) = 0.
o We already showed that L(—6) = —24, so L(0) = L(6 + —6) = L(6) + L(—6) = 24 — 24 = 0.
=  We have used the addition property to show that L(0) = 0. Do you think it is possible to use the
multiplication property to reach the same conclusion?
o Yes. 0isamultiple of 2, so we can write L(0) = L(0-2)=0-L(2)=0-8=0.
=  So now, we have two pieces of evidence that corroborate our hypothesis that the graph of L passes through
the origin. We can now officially add (0,0) to our graph.

32

24

=  We originally said that the graph looks like a line through the origin. What is the equation of that line?

= The equation of the line that contains all of these points is y = 4x.
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Discussion (3 minutes): The Complete Graph of L

How can we be sure that the graph of L(x) is identical to the graph of y = 4x? In theory, S idina:
there could be points on L(x) that are not on y = 4x, or vice versa. Are these graphsin caffolding:

fact identical? Perhaps we can show once and for all that L(x) = 4x. Advanced students could be
challenged to pursue this

guestion without specific

s L) =L 1.2)= l-L(z) =l.g=24 guidance. In other words, ask
2 2 2

students if the graph of y = 4x

is identical to the graph of

=  We know that L(2) = 8. Whatis L(1)?

=  How might we use the multiplication property to compute L(x) for an arbitrary

input x? L(x), and then let them
o Sincex =x-1,wehaveL(x) =L(x-1)=x-L(1) =x"4 investigate on their own and
=  We have shown that, for any input x, L(x) = 4x is a formula that gives the justify their response.
output under the linear transformation L. So, the complete graph of L looks like
this:

32

24

Discussion (2 minutes): General Linear Transformations R - R

= All of the work we did to reach the conclusion that L(x) = 4x was based on just one assumption: We took
L(2) = 8 as a given, and the rest of our conclusions were worked out from the properties of linear
transformations. Now, let’s show that every linear transformation L: R — R has the form L(x) = ax.

= Showthat L(x) = x - L(1).
o Sincex =x-1, we have L(x) = L(x-1) = x - L(1).
= Since L produces real numbers as outputs, there is some number a corresponding to L(1). So let’s define
a = L(1). Now, we have that L(x) = x - L(1) = x - a, which means that every linear transformation looks like

L(x) = ax. There are no other functions R — R that can possibly satisfy the requirements for a linear
transformation.
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Closing (2 minutes)

=  Write down a summary of what you learned in the lesson today, and then share your summary with a partner.
@ Every function of the form L(x) = ax is a linear transformation.
o Every linear transformation L: R — R corresponds to a formula L(x) = ax.
®  Linear transformations take the origin to the origin, that is, L(0) = 0.
©  Linear transformations are odd functions, thatis, L(—x) = —L(x).

o The graph of a linear transformation L: R — R is a straight line.

Exit Ticket (6 minutes)
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Name Date

Lesson 3: Which Real Number Functions Define a Linear

Transformation?

Exit Ticket

Suppose you have a linear transformation f: R — R, where f(3) = 9 and f(5) = 15.
1. Use the addition property to compute f(8) and f(13).

2. Find f(12) and f(10). Show your work.

3. Find f(—=3) and f(=5). Show your work.

4. Find f(0). Show your work.

5. Find a formula for f(x).

6. Draw the graph of the function y = f(x).
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Exit Ticket Sample Solutions

Suppose you have a linear transformation f: R — R, where f(3) = 9 and f(5) = 15.
1.  Use the addition property to compute f(8) and f(13).

8 =f3+5) =f3)+f(5)=9+15=124

f(13) = f(8+5) = f(8) + f(5) = 24 + 15 = 39

2. Find f(12) and f(10). Show your work.
f(12)=f(4-3)=4-f3)=4-9=36
f(10)=f(2-5)=2-f(5)=2-15=30

3.  Find f(—=3) and f(—5). Show your work.
f(=3)=—-fB)=-9
f(=5)=—-f(5)=-15

4.  Find f(0). Show your work.
fO=fB+-3)=fB)+f(-3)=9+-9=0

5.  Find a formula for f(x).

We know that there is some number a such that f(x) = ax, and since f(3) = 9, the value of a = 3. In other words,
f(x) = 3x. We can also check to see if f(5) = 15 is consistent with a = 3, which it is.

6. Draw the graph of the function y = f(x).

61

—124

_18 1
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Problem Set Sample Solutions

The first problem provides students with practice in the core skills for this lesson. The second problem is a series of
exercises in which students explore concepts of linearity in the context of integer-valued functions as opposed to real-
valued functions. The third problem plays with the relation f(x + y) = f(x) + f(y), exchanging addition for
multiplication in one or both expressions.

1. Suppose you have a linear transformation f: R — R, where f(2) = 1 and f(4) = 2.
a. Use the addition property to compute f(6), f(8), f(10), and f(12).

fO=f2+H)=f2)+f4)=1+2=3
f@®=f2+6)=f2)+f(6)=1+3=4
fA0)=f(4+6)=f(4)+f(6)=2+3=5
fA2)=f(10+2)=f(10)+ f(2)=5+1=6

b.  Find f(20), f(24), and f(30). Show your work.
£(20)=f(10-2)=10-f(2) =10-1=10
fH)=f6-4)=6-fA)=6-2=12
f(30)=f(15-2)=15-f(2) =15-1=15

c. Find f(—2), f(—4), and f(—8). Show your work.
fCED)=f(-1-2)=-1-f2)=-1-1=-1
fH=f1H=-1-f@=-1-2=-2
B =f(-2-H)=-2-fWH=-2-2=—-4

d.  Find a formula for f(x).

We know these is some number a such that f(x) = ax, and since f(2) = 1, then the value of a = %

In other words, f(x) = % We can also check to see if f(4) = 2 is consistent with a = %, which is.

e. Draw the graph of the function f(x).

[
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2. The symbol Z represents the set of integers, and so g: Z — Z represents a function that takes integers as inputs and
produces integers as outputs. Suppose that a function g: Z — Z satisfies g(a + b) = g(a) + g(b) for all integers a
and b. Is there necessarily an integer k such that g(n) = kn for all integer inputs n?

a. Let k = g(1). Compute g(2) and g(3).
9g2)=g1+1) =g +gQ)=k+k=2k
g3)=g+1+1)=g)+g()+g(1)=k+k+k=3k

b. Let n be any positive integer. Compute g(n).

gm)=g1+--+1)=g)+-+g1)=k+-+k=nk

c. Now consider g(0). Since g(0) = g(0 + 0), what can you conclude about g(0)?

9(0) = g(0 +0) = g(0) + g(0). By subtracting g(0) from both sides of the equation, we get g(0) = 0.

d. Lastly, use the fact that g(n + —n) = g(0) to learn something about g(—n), where n is any positive integer.

g(0) = g(n+ —n) = g(n) + g(—n). Since we know that g(0) = 0, we have g(n) + g(—n) = 0. This tells
us that g(—n) = —g(n).

e. Use your work above to prove that g(n) = kn for every integer n. Be sure to consider the fact that n could
be positive, negative, or 0.

We showed that if n is a positive integer, then g(n) = kn, where k = g(1). Also, since k - 0 = 0 and we
showed that g(0) = 0, we have g(0) = k - 0. Finally, if n is a negative integer, then —n is positive, which
means g(—n) = k(—n) = —kn. But, since g(—n) = —g(n), we have g(n) = —g(—n) = —(—kn) = kn.
Thus, in all cases g(n) = kn.

3. Inthe following problems, be sure to consider all kinds of functions: polynomial, rational, trigonometric,
exponential, logarithmic, etc.

a.  Give an example of a function f: R — R that satisfies f(x - y) = f(x) + f(y).

Any logarithmic function works, for instance: f(x) = log(x).

b. Give an example of a function g: R — R that satisfies g(x +y) = g(x) - g(»).

Any exponential function works, for instance g(x) = 2*.

c. Give an example of a function h: R — R that satisfies h(x - y) = h(x) - h(y).

Any power of x works, for instance h(x) = x°.
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Lesson 4: An Appearance of Complex Numbers

Student Outcomes
=  Students solve quadratic equations with complex solutions.

=  Students understand the geometric origins of the imaginary unit i in terms of 90-degree rotations. Students
use this understanding to see why i = —1.

Lesson Notes

This lesson begins with an exploration of an equation that arose in Lesson 1 in the context of studying linear
transformations. To check the solutions to this equation, students need a variety of skills involving the arithmetic of
complex numbers. The purpose of this phase of the lesson is to point to the need to review and extend students’
knowledge of complex number arithmetic. This phase of the lesson continues with a second example of a quadratic
equation with complex solutions, which is solved by completing the square.

The second phase of the lesson involves a review of the theory surrounding complex numbers. In particular, i is
introduced as a multiplier that induces a 90-degree rotation of the coordinate plane and which satisfies the equation
2 _

i =-1.

Classwork
Opening Exercise (2 minutes) Scaffolding:
If students need help
Opening Exercise answering the question in the

Opening Exercise, ask them,
“What are the properties of a
linear transformation?” If
necessary, cue them to check
whether or not

R(a + b) = R(a) + R(b).

1 . . .
IsR(x) = %2 linear transformation? Explain how you know.

1
R(2+3)=R(5) = %, but R(2) + R(3) = %+% = g, which is not the same as 5 This means that

the reciprocal function does not preserve addition, and so it is not a linear transformation.

Example 1 (8 minutes)

= Apparently, it is not true in general that R(2 + x) = R(2) + R(x), since this statement is false when x = 3.
But, this does not mean that there are no values of x that make the equation true. Let’s see if we can produce
at least one solution.

. 1 1,1
= Solve the equation — ==+~
2+x 2 X

=  What is the first step in solving this equation?

@ We can multiply both sides by 2x(2 + x):
2x =x(2+x)+ 22 +x)
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=  How might we continue?

o We can apply the distributive property:
2x = 2x +x%+ 4+ 2x

=  Evidently, we are dealing with a quadratic equation. What are some techniques you know for solving
quadratic equations?
o We could try factoring, we could complete the square, or we could use the quadratic formula.
= Let’s solve this equation by completing the square. Work on this problem until you have a perfect square
equal to a number, and then stop.

Circulate throughout the class, monitoring students’ work and providing assistance as needed.

—4 =x?% 4+ 2x
1—4=x?>+2x+1 Scaffolding:
-3 =(x+1)? An area diagram can be used to
help students understand why
x 1 it was necessary to add 1 to
both sides of the equation to
create a perfect square.
x x? x
1 x ?

= Do you notice anything unusual about the equation at this point?
o We have a quantity whose square is equal to a negative number.
=  What does that tell you about the solutions to the equation?
o No real number can satisfy the equation, so the solutions must be complex numbers.

= Go ahead and find the solutions.

Jax+1)2=v=3
x+1=+iV3
x=-1+iV3

= Do these solutions satisfy the original equation R(2 + x) = R(2) + R(x)? How can we tell?
1 1 1
o We need to check to see whether or not e 2 + i
=  |n order to ascertain whether or not these two expressions are equal, we will need to review and extend the
things we learned about complex numbers in Algebra Il. But first, let’s do some additional work with
quadratics that have complex solutions.
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Example 2 (13 minutes)

*  Solve the equation 3x% + 5x + 7 = 1.

= Recall that we can use an area diagram to help us visualize the process of completing the square. A first
attempt might look something like this:

? ? \3x ?
5 5
? 3x? Ex \3x 3x? Ex
5 5
? Ex ? ? Ex ?

= Do you notice anything awkward about this initial diagram?
o The square roots and the fractions are a bit awkward to work with.
= How can we get around these awkward points? What would make this problem easier to handle?

o [fthe coefficient of x? were a perfect square, then we would not have a radical to contend with. If the
coefficient of x were even, then we would not have a fraction to contend with.

= We can multiply both sides of the equation by any number we choose. Let’s be strategic about this. What
multiplier could we choose that would create a perfect square for the x2-term?

o If we multiply both sides of the equation by 3, the leading coefficient becomes 9, a perfect square.

=  Go ahead and multiply by 3, and see what you get.

3x2+5x+7=1
3(3x2 +5x+7) =3(1)
9x? +15x +21 =3

= Now let’s deal with the x-term. What multiplier could we choose that would make the x-term even, without
disturbing the requirement about having a perfect square in the leading term?

o We could multiply both sides of the equation by 4, which is both even and a perfect square.
=  Go ahead and multiply by 4 and see what you get.
9x2+ 15x + 21 =3
4(9x?% + 15x + 21) = 4(3)
362 + 60x + 84 = 12
362 + 60x + 84 =12
=  Because we took the simple steps of multiplying by 3 and then by 4, the algebra will now be much easier to
handle.

=  Go ahead and complete the square now. Use an area diagram to help you do this. Then, solve the equation
completely.
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2 ? 6x 5
? 36x?2 30x 6x 36x2 30x
? 30x ? 5 30x ?

36x% + 60x + 84 = 12
36x% +60x =12 —84 = —72
36x% + 60x + 25 = —72 + 25
(6x +5)? = —47
6x + 5 = +iV47

—5+ iV47

X=—"-"
6

_ 5+,\/47

X 6_l 6

= Quickly answer the following question in your notebook:

When you want to complete the square of a quadratic expression ax? + bx + ¢, what conditions on a and b
make the process go smoothly?

o [tis desirable to convert a into a perfect square and to convert b into an even number.
= Let’s generalize the work we did with the example above.
= Take the expression ax? + bx + c, and multiply each term by 4a. What do you get?

o 4a(ax?+ bx + ¢) = 4a%x? + 4abx + 4ac
=  How does this connect to the summary point you wrote in your notebook?

o 4a? = (2a)?, soitis a perfect square. Also, 4ab = 2(2ab), so it is even.

=  You may also recognize that the expression 4ac is a component from the general quadratic formula. Using 4a
as a multiplier is useful indeed.
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Exercise 1 (4 minutes)

Exercises
1. Solve5x%—3x+17 =9.
5x2—-3x+17=9 10x -3
5x2-3x=9-17=-8
20(5x% — 3x) = 20(—8)
100x? — 60x = —160 10x 100x? —-30x
100x%> — 60x+9 = —160 + 9
(10x — 3)? = —151
_ 3+ V15t -3 -30x ?
=710
3 V151
= +i
10 10

Take about 30 seconds to write down what you have learned so far today, and then share what you wrote with
another student.

Now that we have practiced solving a few equations with complex solutions, we are going to conduct a general

review of things we know about complex numbers, starting with the definition of i.

Discussion (5 minutes): The Geometry of Multiplication by i

Recall that multiplying by —1 rotates the number line about the origin through 180 degrees.

2(-1) = -2
/” \\\
s A
£’ AY
4 A
I v
—
= 1 0 I 5
1 !
A /
i r’
\\ /}
'\\ ’f
2(-1)=2
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You may remember that the number i is the multiplier that rotates the number line through 90 degrees.

R o
“-'\-
\-‘\
- e
LU o
- 5
l\'\ kY
~ N
* 3
1-i - A y
-.\ LY \
Ay g 1
\ ! |
I ] ] I ] n 1 4 ] ]
T T T T T bl T T T T
-5 -4 -3 -2 -1 1 2 3 ) 5
u

o

If we take a point on the vertical axis and multiply it by i, what would you expect to see geometrically?
This should produce another 90-degree rotation.

Now we have performed two 90-degree rotations, which is the same as a 180-degree rotation. This means
that multiplying a number by i twice is the same as multiplying the number by —1.

Knowing that i - ix = i? - x, what do the above observations suggest must be true about the number i?
o [fx is any real number, we have i? - x = —1 - x, which means that i> = —1

Example 3 (2 minutes)

We know that multiplying by i rotates a point through 90 degrees, and multiplying by i? rotates a point
through 180 degrees. What do you suppose multiplying by i® does? What about i*?
o

It would seem as though this should produce three 90-degree rotations, which is 270 degrees. If

multiplying by i* is the same as doing four 90-degree rotations, then that would make 360 degrees.
So, i* takes a point back to where it started. In light of the fact that i? = —1, does this make sense?
o Yes, because i* = i? -

i?, which is (—1)(—1), which is just 1. Multiplying by 1 takes a point to itself, so
the 360-degree rotation does indeed make sense.
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Exercises 2—4 (3 minutes)

Ask students to work independently on these problems, and then discuss them as a whole class.

2. Use the fact that i = —1 to show that i*> = —i. Interpret this statement geometrically.

We have i = i?> - i = (—1) - i = —i. Multiplying by i rotates a point through 90 degrees, and multiplying by —1
rotates it 180 degrees further. This makes sense with our earlier conjecture that multiplying by i* would induce a
270-degree rotation.

3. Calculate i°.

=2 = (CDEDED = WED = -1

4. Calculate i°.

=22 i=-DEDEO =MW =i

Closing (3 minutes)

Ask students to write responses to the following questions, and then have them share their responses in pairs. Then
briefly discuss the responses as a whole class.
=  What is important to know about i from a geometric point of view?
o Multiplication by i rotates a point in the plane counterclockwise about the origin through 90 degrees.
=  What is important to know about i from an algebraic point of view?

o The number i satisfies the equation i*> = —1.

Exit Ticket (5 minutes)
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Lesson 4: An Appearance of Complex Numbers

Exit Ticket

1. Solve the equation below.
2x>—3x+9=4

2. What is the geometric effect of multiplying a number by i#? Explain your answer using words or pictures, and then
confirm your answer algebraically.
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1.  Solve the equation below.

confirm your answer algebraically.

the work below shows that i* = 1.

= ?=-1-1=1

2x2-3x+9=4

2x>—-3x=-5
16x% — 24x = —40
16x%2 —24x+9=-40+9
(4x—3)? =-31
4x -3 = +iV31
L3RBT

3 V31
— i i—
4 127 2

What is the geometric effect of multiplying a number by i*? Explain your answer using words or pictures, and then

If you multiply a number by i four times, you would expect to see four 90-degree rotations. This amounts to a 360-
degree rotation. In other words, each point is mapped back to itself. This makes sense algebraically as well since

Problem Set Sample Solutions

1. Solve the equation below.

5x2—7x+8=2

5x2 —7x=—6
100x% — 140x = —120
100x% — 140x + 49 = —120 + 49
(10x—7)? =-71
7+iV71 7 ANT71
X=——= +

10 1010
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2. Consider the equation x* = 8.

a. What is the first solution that comes to mind?

It is easy to see that 23 = 8, so 2 is a solution.

yourself). Find all of the solutions to this equation.

x*+2x+4=0

x%+2x=-4
X+2x+1=-4+1
(x+1)%2=-3
x=-1+iV3

The solutions to x3 — 8 = 0 are 2, —1 + i/3, and —1 — i\/3.

1

3.  Make a drawing that shows the first 5 powers of i (i.e., i!, i?

A

b. It may not be easy to tell at first, but this equation actually has three solutions. To find all three solutions, it
is helpful to consider x* — 8 = 0, which can be rewritten as (x — 2)(x% + 2x + 4) = 0 (check this for

, ..., i), and then confirm your results algebraically.

4.  What is the value of i°?? Explain your answer using words or drawings.

three 90-degree rotation. Thus, i°° = —i.

5
[ o
’-r‘-. L‘-“'
e N
“
.
it=i /!
r
4
i?=-1 ;
i 1
B=iti=-1-i=-i YI ]
4_ 2.2 _ _q4._1_
it=1i%-i 1--1=1 2 .
. ]
B=iti=1i=i \ 4
.
\
A}
hY
A
Y
\“ -
. =
[ERN

Multiplying by i four times is equivalent to rotating through 4 - 90 = 360 degrees, which is a complete rotation.
Since 99 = 4 - 24 + 3, multiplying by i for 99 times is equivalent to performing 24 complete rotations, followed by
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explanation using words or drawings.

5.  What is the geometric effect of multiplying a number by —i? Does your answer make sense to you? Give an

If we multiply a number by i and then by —1, we get a quarter turn followed by a half turn. This is equivalent to a
three-quarters turn in the counterclockwise direction, which is the same as a quarter turn in the clockwise direction.
This makes sense because we would expect multiplication by —i to have the opposite effect as multiplication by i,
and so it feels right to say that multiplying by —i rotates a point in the opposite direction by the same amount.
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Lesson 5: An Appearance of Complex Numbers

Student Outcomes
= Students describe complex numbers and represent them as points in the complex plane.

=  Students perform arithmetic with complex numbers, including addition, subtraction, scalar multiplication, and
complex multiplication.

Lesson Notes

In this lesson, complex numbers are formally described (N-CN.A.1), and students review how to represent complex
numbers as points in the complex plane (N-CN.B.4). Students look for and make use of structure as they see similarities
between plotting ordered pairs of real numbers in the coordinate plane and plotting complex numbers in the complex
plane.

Next, students review the mechanics involved in adding complex numbers, subtracting complex numbers, multiplying a
complex number by a scalar, and multiplying a complex number by a second complex number. Students look for and
make use of structure as they see similarities between the process of multiplying two binomials and the process of
multiplying two complex numbers.

Classwork

Opening Exercise (2 minutes)

Opening Exercise
Write down two fundamental facts about i that you learned in the previous lesson.

Multiplication by i induces a 90-degree counterclockwise rotation about the origin. Also, i satisfies the equation i* =
-1.

Discussion (5 minutes): Describing Complex Numbers

=  What do you recall about the meanings of the following terms? Briefly discuss what you remember with a
partner, providing examples of each kind of number as you are able. After you have had a minute to share
with one another, we will review each term as a whole class.

o Real number
o Imaginary number
o Complex number

After students talk in pairs, bring the class together, and ask a few individual students to share an example of each kind
of number.
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o Examples of real numbers: 5, %, 0.865, —4, 0

o Examples of imaginary numbers: 3i, 5i, —2i

o Examples of complex numbers: 3 + 4i, 5 — 6i
In the previous lesson, we reviewed the definition of the imaginary unit i. We can also form multiples of i, such as
21,3i,4i,—10i. The multiples of i are called imaginary numbers. As you know, the term real number refers to numbers
like 3, —12, 0, g, V2, and so forth, none of which have an imaginary component. If we combine a real number and an

imaginary number, we get expressions like these: 5 + 2i, 4 — 3i, —6 + 10i. These numbers are called complex
numbers. In general, a complex number has the form a + bi, where a and b are both real numbers. The number a is
called the real component, and the number b is called the imaginary component.

Definition in your own words Facts/characteristics

Examples Qmjy Nonexamples

Discussion (5 minutes): Visualizing Complex Numbers

= Visualization is an extremely important tool in mathematics. How do we visually represent real numbers?
o Real numbers can be represented as points on a number line.

=  How do you suppose we could visually represent a complex number? Do you think we could use a number line
just like the one we use for real numbers?

o Since it takes two real numbers a and b to describe a complex number a + bi, we cannot just use a
single number line.

In fact, we need two number lines to represent a complex number. The standard way to represent a complex number is
to create what mathematicians call the complex plane. In the complex plane, the x-axis is used to represent the real
component of a complex number, and the y-axis is used to represent its imaginary component. For instance, the
complex number 5 + 2i has a real component of 5, so we take the point that is 5 units along the x-axis. The imaginary
component is 2, so we take the point that is 2 units along the y-axis. In this way, we can associate the complex number
5 + 2i with the point (5,2) as shown below. This seemingly simple maneuver, associating complex numbers with points
in the plane, will turn out to have profound implications for our studies in this module.
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Exercises 1-3 (2 minutes)

Allow students time to respond to the following questions and to discuss their responses with a partner. Then bring the
class together, and allow a few individual students to share their responses with the class.

Exercises

1. Give an example of a real number, an imaginary number, and a complex number. Use examples that have not
already been discussed in the lesson.

Answers will vary.

2.  Inthe complex plane, what is the horizontal axis used for? What is the vertical axis used for?

The horizontal axis is used to represent the real component of a complex number. The vertical axis is used to
represent the imaginary component.

3.  How would you represent —4 + 3i in the complex plane?

The complex number —4 + 3i corresponds to the point (—4, 3) in the coordinate plane.

Example 1 (6 minutes): Scalar Multiplication

Let’s consider what happens when we multiply a real number by a complex number.
9(—8+ 10i)
= Does this remind you of a situation that is handled by a property of real numbers?

@ This expression resembles the form a(b + c¢), which can be handled using the distributive property.

= The distributive property tells us that a(b + ¢) = ab + ac, but the ordinary version of this property only

applies when a, b, and c are real numbers. In fact, we can extend the use of the distributive property to
include cases that involve complex numbers.

9(—8 + 10i) = 9(—8) + 9(10i) = =72 + 90i
= Let’s explore this operation from a geometric point of view.

= |fw =341, what do you suppose 2w looks like in the complex plane? Compute 2w, then plot both w and
2w in the complex plane.

o 2w=23+1i)=6+2i

L = 2w
- |
R LELEn - |
LW i
1 1
: : —— ———
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=  How would you describe the relationship between w and 2w?

o The points representing w and 2w are on the same line through the origin. The distance from 0 to 2w
is twice as long as the distance from 0 to w.

= Notice that the real component of w was transformed from 3 to 2(3) = 6, and the imaginary component of w
was transformed from 1 to 2. We could say that each component got scaled up by a factor of 2. For this
reason, multiplying by a real number is referred to as scalar multiplication, and since real numbers have this
kind of scaling effect, they are sometimes called scalars.

Example 2 (7 minutes): Multiplying Complex Numbers

= Let’s look now at an example that involves multiplying a complex number by
another complex number.

(8 + 7i)(10 — 5i0)

Scaffolding:
Advanced learners may be
challenged to perform the

= What situation involving real numbers does this remind you of? multiplication without any cues
from the teacher.

o [t resembles the situation where you are multiplying two binomials:
(a+Db)(c+ad).

= Although we are working with complex numbers, the distributive property still applies. Multiply the terms
using the distributive property.

(8 4+ 7i)(10 — 5i) = 8(10 — 5i) + 7i(10 — 5i)80 — 40i + 70i — 352

= What could we do next?

o We can combine the two i-terms into a single term: Scaffolding:
The diagram below can be used

to multiply complex numbers
=  Does anything else occur to you to try here? in much the same way that it

80 — 40i + 70i — 35i% = 80 + 30i — 35i?

s We know that i® = —1, so we can write can be used to multiply two

] > ) binomials. Some students may
80 +30i — 351 = 80 + 30{ — 35(-1) find it helpful to organize their

= Summing up: We started with two complex numbers 8 + 7i and 10 — 5i, we
multiplied them together, and we produced a new complex number 115 + 30i.

8 7i
10 80 70i
—5i —40i —35i2
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Example 3 (5 minutes): Addition and Subtraction

= Do you recall the procedures for adding and subtracting complex numbers? Go ahead and give these two
problems a try.

(=10 — 3i) + (=6 + 60)
(9 — 6i) — (-3 — 100)

Give students an opportunity to try these problems. Walk around the room and monitor students’ work, and then call
on students to share what they have done.

(-10-3)+(—6+6i)) =(—-10+—-6) + (—3i + 6i) = —-16 + 3i
9—-6i)—(-3-10i)) =[9—(-3)]+[-6i — (—10i)] = 12 + 4i
= The key points to understand here are these:

e To add two complex numbers, add the real components and the imaginary components separately.

e To subtract two complex numbers, subtract the real components and the imaginary components
separately.

=  Inthe lesson today, we saw that when we multiply a complex number by a scalar, we get a new complex
number that is simply a scaled version of the original number. Now, suppose we were to take two complex
numbers z and w. How do you suppose z + w, z — w, and z - w are related geometrically? These questions
will be explored in the upcoming lessons.

Exercises 4-7 (4 minutes)

Tell students to perform the following exercises for practice and then to compare their answers with a partner. Call on
students at random to share their answers.

For Exercises 4-7,leta =1+ 3iand b =2 —i.
4. Find a + b. Then plot a, b, and a + b in the complex plane.
a+b=3+2i ] 2

5. Find a — b. Then plot a, b, and a — b in the complex plane. a—be 4l

a—b=-1+4i

6. Find 2a. Then plot a and 2a in the complex plane. 7 ® a+b

2a=2+6i 1<

7. Finda-b. Thenplota, b, and a - b in the complex plane.
a-b=1+3i)2-1)
=2—i+6i—3i
=2+4+5i+3
=5+5i
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Closing (3 minutes)

Ask students to respond to the following questions in their notebooks, and then give them a minute to share their
responses with a partner.
=  What is the complex plane used for?
o The complex plane is used to represent complex numbers visually.
=  What operations did you learn to perform on complex numbers?

o We learned how to add, subtract, and multiply two complex numbers, as well as how to perform scalar
multiplication on complex numbers.

= Which of the four fundamental operations was not discussed in this lesson? This topic will be treated in an
upcoming lesson.

o We did not discuss how to divide two complex numbers.

Exit Ticket (6 minutes)
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Name Date

Lesson 5: An Appearance of Complex Numbers

Exit Ticket

In Problems 1-4, perform the indicated operations. Write each answer as a complex number a + bi.

1. letzy =—-2+1i,z, =3 —2i,andw = z; + z,. Find w, and graph z;, z,, and w in the complex plane.
2. letzy=—-1-1i,2z, =2+ 2i,andw = z; — z,. Findw, and graph z, z,, and w in the complex plane.
3. Lletz=-2+iandw = —2z. Find w, and graph z and w in the complex plane.

4. letz; =1+ 2i,z, =2 —i,andw = z; - z,. Findw, and graph z;, z,, and w in the complex plane.
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w=4-2i

3. Lletz=-2+iandw = —2z.

4, letz;=1+2i,z.2=2—i,andw =12,

In Problems 1-4, perform the indicated operations. Report each answer as a complex number a + bi.

1. Lletz,=-2+1i,2z,=3—2i,andw = z; + z,. Find w, and graph z,, z,, and w in the complex plane.
L]
w=1-1i Z4=-24
0
2 A 0o 1 2 3
W=1-i
-1 [}
Z,=3-2i
-2 (]
2. letzy=-1-1i,z, =2+ 2i,andw = z; — z,. Find w, and graph z,z,, and w in the complex plane.
2 °
, Z,=2+2i
w=-3-3i
1
0
-3 -2 -1 0 1 2
Zy= -1
o -1
-2
W=-3-3i
° -3

Find w, and graph z and w in the complex plane.

z=-2+i
[ ) 1
0
T T T T T T
-2 -1 0 1 2 3 4 5
,1.
w=4-2
-24 [ )

Z,. Find w, and graph z4, z,, and w in the complex plane.

3 °
w=1+20)2-1i) W= 4+3i
. . 21 °
=2—-i+4i+2 Z,= 142
=4+3i N
0
0 1 2 3 4
» 22= 2-i N
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Problem Set Sample Solutions

Problems 1-4 involve the relationships between the set of real numbers, the set of imaginary numbers, and the set of
complex numbers. Problems 5-9 involve practice with the core set of arithmetic skills from this lesson. Problems 10-12
involve the complex plane. A reproducible complex plane is provided at the end of the lesson should the teacher choose
to hand out copies for the Problem Set.

1. The number 5 is a real number. Is it also a complex number? Try to find values of a and b so that 5 = a + bi.

Because 5 = 5 + 0i, 5 is a complex number.

2. The number 3i is an imaginary number and a multiple of i. Is it also a complex number? Try to find values of a and
b so that 3i = a + bi.

Because 3i = 0 + 3i, 3i is a complex number.

3. Daria says that “every real number is a complex number.” Do you agree with her? Why or why not?

For any real number a, a = a + 0i, so Daria is correct.

4.  Colby says that “every imaginary number is a complex number.” Do you agree with him? Why or why not?

An imaginary number bi = 0 + bi, so Colby is correct.

In Problems 5-9, perform the indicated operations. Report each answer as a complex number w = a + bi, and graph it
in a complex plane.

5. Givenz; = —9 + 5i,z, = —10 — 2i, find w = z; + z,, and graph z,, z,, and w.
° 5
Z,=-9+5i 4
w=-19 + 3i oW=-19+3i 3
2
1
(]
-19 -18 -17 -16 -15 -14 -13-12 -11-10 -9 8 7 6 -5 -4 -3 -2 -1 |0
2,=-10-2i -
[ ] -2
6. Givenz; = —4 +10i,z, = —7 — 6i, find w = z, — z,, and graph z,, z,, and w.
w =3 + 16i
w = (—4 +10i) — (-7 — 6i) “
=3+ 16i o
z4 = -4+10i
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7. Givenz, = 3v2 +2i,z, = V2 — i, findw = z, — z,, and graph z,, z,, and w.

44
W= 2Sqr(2) + 3i
w=(3V2+2i)— (V2 i) 37 °
=2V2 +3i 21 ° _
Z1= 3Sqr(2) + 2i
T 0 T T T T T T
-1 0 1 2 3 4 5 6
-11 ® Z,=8ar(2)-i
8. Givenz, = 3,z, = —4 + 8i, findw = z, - z,, and graph z;, z,, and w.
Sw= 12 +24i 241
w=—-12 —24i 22
201
18
161
14
121
Z, =g ]
=- i
2 o ol
6]
n
21z,=3+0i
0 &
-12-10 -8 -6 -4 -2 [0 2 4
9. Givenz, = %, z, =12 — 4i, find w = z, - z,, and graph z,, z,, and w.
24
w=3-i Na=1/440i
0
0 2 4 6 8 10 2 4 16
-14 °
2] w=3—1
3
44 °
N =12 —4i
6
10. Givenz,; = —1,2z, = 3 + 4i,find w = z, - Z,, and graph z, z,, and w.
4 °
2,=3+4i
w=-3—4i 3
2
Z;= 1400
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11. Givenz, =5+ 3i,z, = —4 — 2i,find w = z, - z,, and graph z,, z,, and w.
4
L]
w = (5 + 30)(—4 — 2i) Saaa
= 20 —10i —12i — 62 5-14/-12-10' -8 -6 -.4 _2,20 246
=-20-22i—6(-1) 2o 32
=—14 - 22i -6
-8
-10
-12
-14
-16
-18
-20
o W= 14 -22i i
12. Givenzy; =1+1i,2z, =1+, findw = z, - z,, and graph z,, z,, and w.
2972
w=A+)A+1D)
=1+2i+i2 Zy=1+i
14 o
=1+2i—-1 Z=1+i
=2i
0 T
0 1 2 3
13. Givenz, = 3,2, =i,findw = z; - z,, and graph z,, z,, and w.
3
W= 3i
w=i-3
2
=3i
! Zy=i
0 z,=3
0 1 2 3 4
14. Givenz, =4 + 3i,z, = i,findw = 2, - z,, and graph z,, z,, and w.
° 4
W=-3 +4i
w = i(4+3i) s 4
= _3+4i Z,=4+3i
2
. 22:|
0
3 2 -1 0 1 2 3 4
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15. Givenz; = 22 + 2v2i, z, = —V2 + V2i, find w = z, - z,, and graph z,, z,, and w.

, 2, = 25qr(2) + 2Sqr(2)i
w = (2VZ + 2v2i)(~VZ + V2i) :
=—4+4i—4i—4 7, =-Sar(2) + Sar(2)i B
=-8 1
w=-8
16. Representw = —4 + 3i as a point in the complex plane.
5L
ol
L e *
| 2t
P I s e e +—t
ol

17. Represent 2w as a point in the complex plane. 2w = 2(—4 + 3i) = —8 + 6i

[ et

o
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18. Compare the positions of w and 2w from Problems 10 and 11. Describe what you see. (Hint: Draw a segment from
the origin to each point.)

The points 0, w, and 2w all lie on the same line. The distance from 0 to 2w is twice as great as the distance from 0
tow. The segment to 2w is a scaled version of the segment to w, with scale factor 2.
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Lesson 6: Complex Numbers as Vectors

Student Outcomes
= Students represent complex numbers as vectors.

= Students represent complex number addition and subtraction geometrically using vectors.

Lesson Notes

Students studied vectors as directed line segments in Grade 8, and in this lesson, we use vectors to represent complex
numbers in the coordinate plane. This representation presents a geometric interpretation of addition and subtraction of
complex numbers and is needed to make the case in Lesson 15 that when multiplying two complex numbers z and w,
the argument of the product is the sum of the arguments: arg(zw) = arg(z) + arg(w).

This lesson aligns with N-CN.B.5: Represent addition, subtraction, multiplication, and conjugation of complex numbers
geometrically on the complex plane; use properties of this representation for computation.

The following vocabulary terms from Grade 8 are needed in this lesson:

VECTOR: A vector associated to the directed line segmentﬁ is any directed segment that is congruent to the directed
segment AB using only translations of the plane.

DIRECTED SEGMENT: A directed segmentﬁ is the line segment AB together with a direction given by connecting an initial
point A to a terminal point B.

The study of vectors will form a vital part of this course; notation for vectors varies across different contexts and

curricula. These materials will refer to a vector as v (lowercase, bold, non-italicized) or (4, 5) or in column format, (g)

or [3)

We will use “let v = (4,5)” to establish a name for the vector (4, 5).

This curriculum will avoid stating v = (4,5) without the word let preceding the equation when naming a vector unless it
is absolutely clear from the context that we are naming a vector. However, we will continue to use the “=" to describe
vector equations, like v+ w = w + v, as we have done with equations throughout all other grades.

We will refer to the vector from A to B as “vector E”—notice, this is a ray with a full arrow. This notation is consistent
with the way vectors are introduced in Grade 8 and is also widely used in post-secondary textbooks to describe both a
ray and a vector depending on the context. To avoid confusion in this curriculum, the context will be provided or
strongly implied, so it will be clear whether the full arrow indicates a vector or a ray. For example, when referring to a
ray from A passing through B, we will say “ray AB” and when referring to a vector from A to B, we will say “vector AB.”
Students should be encouraged to think about the context of the problem and not just rely on a hasty inference based
on the symbol.

The magnitude of a vector will be signified as ||v]|| (lowercase, bold, non-italicized).
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The Opening Exercise reviews complex number arithmetic. We will revisit this example later in the lesson when we
study the geometric interpretation of complex addition and subtraction using a vector representation of complex
numbers. Students should work on these exercises either individually or in pairs.

Opening Exercise

a. z+w

z+w=-5+3i

b. zZ—w

z—-w=-3+4+7i

c. z+2w

z+2w=-6+1i

Perform the indicated arithmetic operations for complex numbers z = —4 + 5iand w = —1 — 2i.

d z—1z
z—z=0+0i
e. Explain how you add and subtract complex numbers.

Add or subtract the real components and the imaginary components separately.

Discussion (6 minutes)

= InLesson 5, we represented a complex number a + bi as the
point (a, b) in the coordinate plane. Another way we can
represent a complex number in the coordinate planeis as a
vector. Recall the definition of a vector from Grade 8, which is |
that a vector AB is a directed segment from point A in the :
plane to point B, which we draw as an arrow from point A to [
point B. Since we can represent a complex number : 21
Z = a + bi as the point (a, b) in the plane, and we can use a I
vector to represent the directed segment from the origin to the :
point (a, b), we can represent a complex number as a vector in :

tip

tail

the plane. The vector representing the complex number ¥ 3 ) Y 0 T 5 3

z = —3 + 4i is shown.

= The length of a vector AB is the distance from the tail A of the

vector to the tip B. For our purposes, the tail is the origin, and
the tip is the point z = (a + bi) in the coordinate plane.
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= Avector consists of a length and a direction. To get from point A to point B, you move a distance AB in the

direction of the vector AB. So, to move from the origin to point z = a + bi, we move the length of a + bi in
the direction of the line from the origin to (a, b). (This idea will be important later in the lesson when we use
vectors to add and subtract complex numbers.)

= What is the length of the vector that represents the complex number z; = —3 + 4i?

o Since \/(—3 —0)2 + (4 — 0)2 =+/9 + 16 = 5, the length of the vector that represents z, is 5.
= What is the length of the vector that represents the complex number z, = 2 — 7i?

o Since \/(2 —0)2 + (=7 — 0)2 = V4 + 49 = /53, the length of the vector that represents z, is \/53.
= What is the length of the vector that represents the complex number z; = a + bi?

o Since \/(a —0)2+ (b — 0)2 = Va? + b?, the length of the vector that represents z, is Va? + b2.

Exercise 1 (8 minutes)

Have students work Exercise 1 in pairs or small groups. Circulate to be sure that students are correctly plotting the
complex numbers in the plane and correctly computing the lengths of the resulting vectors.

Exercises

1. The length of the vector that represents z; = 6 — 8i is 10 because /62 + (—8)% = v/100 = 10.
a. Find at least seven other complex numbers that can be represented as vectors that

have length 10. Scaffolding:

There are an infinite number of complex numbers that meet this criteria; the most Students struggling to find
obvious are 10, 6 + 8i, 8 + 6i, 10i, —6 + 8i, —8 + 6i, —10, —8 — 6i, —6 — 8i,

—10i, and 8 — 6i. The associated vectors for these numbers are shown in the sample these values may want to work
response for part (b). with the more general formula

a? + b? = 100. Choose either
a or b to create an equation
they can solve. This also helps
1 students see the relation to a
circle in part (c).

b. Draw the vectors on the coordinate axes provided below.
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c. What do you observe about all of these vectors?

Students should observe that the tips of the vectors lie on the circle of radius 10 centered at the origin.

Discussion (10 minutes)

Proceed slowly through this discussion, drawing plenty of figures to clarify the process of adding two vectors.

Using vectors, how can we add two complex numbers? We know from the Opening Exercise that if
z=—4+5iandw = —-1—2i,z+w = =5+ 3i. How could we show this is true using vectors?

o We know that if we think of vectors as a length and a direction, the sum z + w is the distance we need
to move from the origin in the direction of the vector z + w to get to the point z + w. We can get from
the origin to point z + w by first moving from the origin to point z and then moving from point z to
pointw.

Using coordinates, this means that to find z + w, we do the following:
1. Starting at the origin, move 4 units left and 5 units up to the tip of the vector representing z.
2.  From point z, move 1 unit left and two units down.
3. The resulting pointis z + w.

Using vectors, we can locate point z + w by the tip-to-tail method: Translate the vector that represents w so
that the tip of z is at the same point as the tail of the new vector that represents w. The tip of this new
translated vector is the sum z + w. See the sequence of graphs below.

6
6 6
z z 2
4 4 4
AN ztw %
2 s 2
N 2
\
N
N
N\
T T T T y T T T
-6 -4 -2 0 2 -6 -4 N2 0 2
AN s -4 2 0 2
N
-2 -2
w w
2
-4 -4 w

T

How would we find z — w using vectors?
Scaffolding:

For advanced students, discuss
how to find z — w using the
original parallelogram; that is,
7z — w is the vector from the tip

s We could think of z — w as z + (—w) since we already know how to add
vectors.

Thinking of a vector as a length and a direction, how does —w relate to w?

o The vector —w would have the same length as w but the opposite
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= Yes. So, we needtoadd —w to z. To find —w, we reverse its direction. See the sequence of graphs below.

T

8 8 84
zZ—w
6 \\\ 64 \\\ 6
B R N
4 S \‘e-
—w N —w N —w
24 24 N
T T 5 5 PR ' 6 4 2 o 2 ' 6 4 2 o 2
J -2 -2
w -2 w w
= |nthe Opening Exercise, we found that z — w = —3 + 7i. Does that agree with our calculation using vectors?
@ Yes.
Exercises 2—6 (8 minutes)
Have students work on these exercises in pairs or small groups. .
Scaffolding:
Model an example such as
2.  Inthe Opening Exercise, we computed z + 2w. Calculate this sum using vectors. .
pening ’ P € 2z + w for struggling students
s before asking them to work on
2 . these exercises.
3
2
A 1
z+ 2w Te— _ z—2
7 % 5 4 5 205 0 1
1
-2
w
3. Inthe Opening Exercise, we also computed z — z. Calculate this sum using vectors.

w
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4.  For the vectors u and v pictured below, draw the specified sum or difference on the coordinate axes provided.

a. u+v
b. v—u
c. 2u—v utv 2u-v
u
d. —u-3v v
v-
-u- 3v
5.  Find the sum of 4 + i and —3 + 2i geometrically.
1+ 3i 1+3i
3-
-3+ 2i
2-
1-
4+i
0
1 0 1 2 3 4 4
,1-

6. Show that (7 + 2i) — (4 — i) = 3 + 3i by representing the complex numbers as vectors.

4
3+3i
3- .
-(4-1)
2-
14
7+2i
0
-1 0 1 2 3 4 5 6 7 8
,1-

Closing (4 minutes)

Ask students to write in their journal or notebook to explain the process of representing a complex number by a vector
and the processes for adding and subtracting two vectors. Key points are summarized in the box below.

Exit Ticket (5 minutes)

Complex Numbers as Vectors
12/30/14
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Exit Ticket
Letz = —1+ 2i andw = 2 + i. Find the following, and verify each geometrically by graphing z, w, and each result.
a. z+w
4-
3-
2-
b. z—w
1-
T T T T T 0' T T T T T
5 -4 3 -2 -1 0 1 2 3 4 5
,1-
c. 2z—w
_2-
,3-
,4-
d w-z 1
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Letz = —1 4+ 2iand w = 2 + i. Find the following, and verify geometrically by graphing z, w, and each result.
a. z+w
2z-w
1+ 3i
b. z—w
-3+i
c. 2z—w
-4+ 3i
d. w—z
3-1i

Problem Set Sample Solutions

a. z+w

1+i+1-3i=2-2i

b. zZ—w

1+i-(1-3))=1+i—-1+3i
=0+4i

c. 4w

4(1-3i) =4-12i

d. 3z+w

31+ +1-3i=3+3i+1-3i
=4+0i

e. -w -2z

—1-30) -2 +i)=-1+3i-2-2i
=-3+i

f. What is the length of the vector representing z?

The length of the vector representing z is V1% + 12 = /2.

1. Letz=1+iandw = 1-— 3i. Find the following. Express your answers in a + bi form.

Date: 12/30/14
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2.

8.

Letu =3+ 2i,v=1+1i,and w = —2 — i. Find the following.

What is the length of the vector representing w?

The length of the vector representing w is /12 + (—3)% = V/10.

the result in the plane.

a.

Find the sum of —2 — 4i and 5 + 3i geometrically.

u-—2v

3+2i-2(1+i)=3+2i—2-2i
=1+0i

u-—2w
342i—-2(-2-i)=3+2i+4+2i

=7+4i

ut+v+w

3+2i+1+i—-2—-i=2+2i

u—-v+w

3+2i-(1+i)—-2—-i=3+2i—-1-i—-2—-1i

=0+0i

What is the length of the vector representing u?

Express your answer in a + bi form, and represent

u+v+w
24
14
u-vEn L7 oy
— *—
2 A 01 2 3 4

The length of the vector representing w is V3% + 22 = \/13.

What is the length of the vector representing u — v + w?

The length of the vector representing u — v + w = V0% + 02 = /0 = 0.

5+3i

COMMON
CORE’
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4. Show that (—5 — 6i) — (—8 — 4i) = 3 — 2i by representing the complex numbers as vectors.

A z1+z;=2z,+2z4

z1 + z, = (ay + bqi) + (a, + byi)
= (a, + byi) + (aq + bqi)

=2z,+ 2z,

b. zy+(z,+23)=(z;+2,)+ 23

=(z;+2,) +23

6. Letz=-3—-4iandw = -3 + 4i.

5. letz; = ay + byi,z, = a, + b,i, and z; = a3 + bzi. Prove the following using algebra or by showing with vectors.

7y + (z + 23) = (a; + byi) + ((ay + byi) + (ag + bsi))
= ((ay + bqi) + (a; + by1)) + (ag + bsi)

a. Draw vectors representing z and w on the same set of axes.

-6 -4 -

b. What are the lengths of the vectors representing z and w?
The length of the vector representing z is \/ (—3)% + (—4)2 = V25 = 5.

The length of the vector representing w is \/ (—3)2 + 42 =25 = 5.

COMMON
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c. Find a new vector, u,, such that u, is equal to z divided by the length of the vector representing z.
-3-4i -3 4.
u,=—-=—=-—-=i
z 5 5 5
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d. Find u,,, such that u,, is equal to w divided by the length of the vector representing w.
-3+ 41’ -3 3.4 4
u,=——— i
v 5 5 5
e. Draw vectors representing u, and u,, on the same set of axes as part (a).
64
44
w
24
(
5 4 2 0 : 4 ;
z/,] Uz
-44
-6
f. What are the lengths of the vectors representing u, and u,,?
[ 3 A 25
The length of the vector representing u, is ( E) E) —5 —5 25 = Vvi=1.
The length of the vect: ti (_3)2+(i)2_ 2,16 25 g4
e length of the vector representing u,, is 5 5) =25t 25= 25~ =1.
g. Compare the vectors representing u, to z and u,, to w. What do you notice?
The vectors representing u, and u,, are in the same direction as z and w, respectively, but their lengths are
only 1.
h. What is the value of u, times u,,?
(3 4,)(3+4,) (3)2 (4,)2 9 +16 "
——<i)lz+=Zi)=(=) —|=zi
5 5 5 5 5 5 25 25
i. What does your answer to part (h) tell you about the relationship between u, and u,,?
Since their product is 1, we know that u, and u,, are reciprocals of each other.
7. letz=a+ bi.
a. Let u, be represented by the vector in the direction of z with length 1. How can you find u,? What is the
value of u,?
Find the length of z, and then divide z by its length.
a + bi
u, =—
“ JaZ+b?
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b.

C.

Let u,, be the complex number that when multiplied by u,, the productis 1. What is the value of u,,?

a—bi

From Problem 4, we expect u,, = . Multiplying, we get
P w W plying, g
a + bi a — bi a? — (bi)?
VaZ+ b2 VaZ+ b2 a?+b?
a’ + b?
e
=1

What number could we multiply z by to get a product of 1?

Since we know that u, is equal to z divided by the length of z and that u, - u,, = 1. We get

1 a — bi a — bi 1
Z . . = Z . =
vaZ + b% VaZ? + b? a*+ b?
a — bi
So, multiplying z by ——— will result in a product of 1.
a“+b
8. letz=-3+5i.
a. Draw a picture representing z + w = 8 + 2i.

10

8

6

\4 w
\ \
0 zZ+tw
-10 8 6 -4 2 0 2 4 6 8 10

-2

-4

-6

-8

-10

b. What is the value of w?
w=11-3i
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Lesson 7: Complex Number Division

Student Outcomes
= Students determine the multiplicative inverse of a complex number.

= Students determine the conjugate of a complex number.

Lesson Notes

This is the first day of a two-day lesson on complex number division and applying this knowledge to further questions
about linearity. In this lesson, students find the multiplicative inverse of a complex number. Students see the
connection between the conjugate of a complex number and its multiplicative inverse. This sets the stage for our study
of complex number division in Lesson 8.

Classwork
Opening Exercise (5 minutes)

To get ready for our work in this lesson, we will review complex number operations that students have previously
studied in Algebra I, as well as a + bi form. For our work in Lessons 7 and 8, students need to understand the real and
imaginary components of complex numbers.

Opening Exercise

Perform the indicated operations. Write your answer in a + bi form. Identify the real part of your answer and the
imaginary part of your answer.

a. (243D +(-7-4D)

—5 — i, —5is real, and —i is imaginary.

b. i2(—4i)

41, there is no real component, and 4i is imaginary.

¢ 3i—(-2+5i)

2 — 2i, 2 isreal, and —2i is imaginary.

d.  (3-2i)(-7+4i)

—13 + 26i, —13 is real, and 26i is imaginary.

e.  (—4-—5i)(—4+5i)

41, 41 is real, and there is no imaginary component.
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Discussion (5 minutes)
= Inreal number arithmetic, what is the multiplicative inverse of 5?
1
o —_
5

= How do you know? In other words, what is a multiplicative inverse?

@ 5 (%) = 1, a number times its multiplicative inverse is always equal to 1.

= The role of the multiplicative inverse is to get back to the identity.

= |sthere a multiplicative inverse of i?
Allow students to really think about this and discuss this among themselves. Then follow
with the question below.

= |sthere a complex number z such thatz-i = 1?

1

o -
i

= Canyou find another way to say %? Explain your answer.

o —ibecausei-—i = —(i?) = —(—1) = 1. Students could also mention
i3 as a possibility.

=  |ntoday’s lesson, we will look further at the multiplicative inverse of complex
numbers.

Exercise 1 (2 minutes)

T

Exercises

1.  What is the multiplicative inverse of 2i?

1111
2i 27 2 VY77

1.
=i
2

Scaffolding:

If students do not see the
pattern, have them do a
few additional examples.
Find the multiplicative
inverses of —1 + 2i,
—2—7i,3 4+ 10i, and

4 —1.

To help students see the
pattern of the
multiplicative inverse,
have them compare the
inverses of 2 + 3i, 2 — 3i,
—2+ 3i,and =2 — 3i.
For advanced students,
have them work
independently in pairs
through the examples and
exercises without leading
questions. Be sure to
check to make sure their
general formula is correct
before they begin the
exercises.

Example 1 (8 minutes)

Students were able to reason what the multiplicative inverse of i was in the Discussion, but the multiplicative inverse of
a complex number in the form of p + qi is more difficult to find. In this example, students find the multiplicative inverse
of a complex number by multiplying by a complex number in general form and solving the resulting system of equations.

= Does 3 + 4i have a multiplicative inverse?

? ves, 3+4i

= Isthere a complex number p + qi such that (3 + 4i)(p + qi) = 1?

@ Students will have to think about this answer. Give them a couple of minutes, and then proceed with
the example.

= Let’s begin by expanding this binomial. What equation do you get?
o 3p+3iq +4ip + 4i*q = 1s03p + 3iqg + 4ip —4q =1

Lesson 7:
Date:

Complex Number Division
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= Group the real terms and the complex terms, and rewrite the equation.
° (Bp—49)+Bq+4p)i=1
= Look at the right side of the equation. What do you notice?
o The number 1 is real, and there is no imaginary component.
=  What would the real terms have to be equal to? The imaginary terms?
@ The real terms must equal 1, and the imaginary terms must equal 0.
= Set up that system of equations.
o 3p—4q=1lond4p+3q=0

= Solve this system of equations for p and q.

. _ 3 4
P=34= 7%
. 1
= This suggests that T =?
13
3 -4, 3—4i
o _ _] = —
25 25 25

= Does the product of 3 + 4i and 32_—54i equal 1? Confirm that they are multiplicative inverses by performing this
calculation. Check your work with a neighbor.
@ Students should confirm that their result was correct.
Note: Students can use their prior knowledge of conjugates and radicals from Algebra Il for a simpler method of find the

inverse for Examples 1 and 2. If students see this connection, allow this, but be sure that students see the connection
and understand the math behind this concept.

Exercise 2 (3 minutes)

2.  Find the multiplicative inverse of 5 + 3i.
5-3i
34

Example 2 (8 minutes)

In Example 2, students look at patterns between the complex numbers and their multiplicative inverses from Example 1
and Exercise 2 and then find the general formula for the multiplicative inverse of any number.

= Without doing any work, can you tell me what the multiplicative inverse of 3 — 4i and 5 — 3i would be?
3+41 5+31
an
25 34

= Explain to your neighbor in words how to find the multiplicative inverse of a complex number.

@ Change the sign between the real and imaginary terms, and then divide by the sum of the square of the
coefficients of each term.

= Ifz =a+ bi, do you remember the name of Z = a — bi from Algebra II?

@ The conjugate.
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= Let’s develop a general formula for the multiplicative inverse of any number of the form z = a + bi. Using
what we did earlier in this example, what might we do?

s Multiply by another complex number (p + qi), and set the product equal to 1.
= Solve (a + bi)(p + qi) = 1. Show each step, and explain your work to your neighbor.
©  ap+aqi+bpi+bqi®=1 Expand the binomial.
s ap+aqi+bpi—bg=1 Simplify the equation.
= agp—bg=1landagq+bp =0 Set the real terms equal to 1 and the imaginary terms equal to 0.

b

g Solve the system of equations for p and q.

° p=——andq=—

a? + p?
= What is the general formula of the multiplicative inverse of z = a + bi?
a -b . a-—bi

. + Lor
a?+b? = a?+b? a? + p?

= Does this agree with what you discovered earlier in the example?
o Yes.
= Explain how to find the multiplicative inverse of a complex number using the term conjugate.

@ To find the multiplicative inverse of a complex number, a + bi, take the conjugate of the number and
divide by a? + b?.

Exercises 3—7 (6 minutes)

In these exercises, students practice using the general formula for finding the multiplicative inverse of a number. The
goal is to show students that this formula works for all numbers, real or complex.

State the conjugate of each number, and then using the general formula for the multiplicative inverse of z = a + bi, find
the multiplicative inverse.

3. 3+4i
3 4 3—-4i 3-4i
i; =
324+ 42 25
4 7—2i

72+ (-2)2 53
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7. Showthata:—1+\/§iandb:Zsatisfya+Lb:%+%.
Finding a common denominator of the right
side, and then simplifying:
1 1 1 1 1 1
— == =
a b —-1++3i 2 a+b -1++3i+2
@1 (-1+43i)-1 __1
BOMETTE 1+3i
. 1+43i
T 2(-1++30)
_ 14+43i 1-v3i
T 2(-1+3Q) 1-43i
_ 1 - 3i?
T 2(=1+V3i+3i - 3i2)
_ 1+3
" 2(-1+2v3i+3)
_ 4
"~ 2(2 + 2V3i)
_ 4
T 4(1+V3i)
_ 1
T 14430

The two expressions are equal for the given values of a and b.

Closing (3 minutes)
Allow students to think about the questions below in pairs, and then pull the class together to wrap up the discussion.
= Was it necessary to use the formula for Exercise 6? Explain.

@ No, the number 2 is a real number, so the multiplicative inverse was its reciprocal.

=  Look at Exercises 3—6. What patterns did you discover in the formats of the real and complex numbers and
their multiplicative inverses?

@ For any complex number z = a + bi, the multiplicative inverse has the format aaz:l:z when simplified.
o This formula works for real and complex numbers, but for real numbers it is easier just to find the
reciprocal.

Exit Ticket (5 minutes)
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Exit Ticket

1. Find the multiplicative inverse of 3 — 2i. Verify that your solution is correct by confirming that the product of
3 — 2i and its multiplicative inverse is 1.

2.  What is the conjugate of 3 — 2i?
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Exit Ticket Sample Solutions

1.  Find the multiplicative inverse of 3 — 2i. Verify that your solution is correct by confirming that the product of
3 — 2i and its multiplicative inverse is 1.

If a + bi is the multiplicative inverse of 3 — 2i, then

(3 =2i)(a+ bi) =1+ 0i(3 — 2i)(a + bi)
3a + 3bi — 2ai — 2bi> = 1 + 0i
3a+ 3bi —2ai+2b=1+0i.

3a+2b=1and (3b— 2a)i = 0i,s03b —2a =0.

a= %, b= %, so the multiplicative inverse a + bi = 3+2i

Zi)_ 9 60 60 4i

Verification: (3 — 2i) (% +13 — e

BT B B 13713

2.  What is the conjugate of 3 — 2i?

3+ 2i

Problem Set Sample Solutions

Problems 1 and 2 are easy entry problems that allow students to practice operations on complex numbers and the
algebra involved in such operations, including solving systems of equations. These problems also reinforce that complex
numbers have a real component and an imaginary component. Problem 3 is more difficult. Most students should
attempt part (a), but part (b) is optional and sets the stage for the next lesson. All skills practiced in this Problem Set are
essential for success in Lesson 8.

1.  State the conjugate of each complex number. Then find the multiplicative inverse of each number, and verify by
multiplying by a + bi and solving a system of equations.

a. —5i
5i is the conjugate.
—5i(a+ bi) =1
—5ai-5bi? =
—5ai+5b=1

—-5a=0,5b=1
—Ob—1
a=0b=¢

i=ciis the multiplicative inverse.

(=]
+
Ul =
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b. 5-—+/3i

(5 + V3i) is the conjugate.

5++/3i

is the multiplicative inverse.

of numbers of the form z = a + bi.
a. i

B=—i=0-1i

0—-(-1)i _
1

(5-V3i)(a+bi) =1
5a + 5bi —V3ai — V3bi? =
5a+5bi —V3ai+V3b=1

5a+V3b=1,5b—V3a=0

a=

2.  Find the multiplicative inverse of each number, and verify using the general formula to find multiplicative inverses

= i is the multiplicative inverse.

5 V3
28’ 28

4+3i 4+3i 4
(4)2+(-3)2 25 25 25

1
b. 3
! 1+0
P i
3 3
3-0 3 19
12 =1= 3 . 1 = 3 is the multiplicative inverse.
3) +o* 5
3—-i
c. 1
V3-i V3 -1
4 a2t
V3 (- V3,1, 3+i V3+i
T (@) T3l T a_ _V3+i4 . icative i
G 3 S=3 1= ~——1 = ) -I:\/§+ i is the multiplicative inverse.
3 -1 R 7 i
(T>+T) 16716 16 Z
d 1+ 2i
1-2i 1-2i 2i
DT 2)2: 5 :E—Eis the multiplicative inverse.
e. 4-3i

3i
+ — is the multiplicative inverse.

Complex Number Division
12/31/14

COMMON Lesson 7:
co RE“‘ Date:

© 2014 Common Core, Inc. Some rights reserved. commoncore.org

engage"’

@c) BY-NC-SA Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.

T


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM

Lesson 7

PRECALCULUS AND ADVANCED TOPICS

f. 2+43i
2-3i
(2)2+(-3)2 13 13

2-3i 2

8. —5—4i

“5+4i
(-52+ (-2 41

-5+ 4i 5

41 41

h. -3+2i
-3-2i -3-2i 3
(-3)2+ ()2 13 ~ 13

i V2+i
V2 —i V2—i V2 i

(ﬁ)z + (1)2 - 3 3

i 3—-+2-i
3 ++/2i

_3+4V2i 3 V2i
32+ (2)° 11 1 1

k. V5++V3-i

V5 —3i _\/E—\/?i_ﬁ V3i
(V5)" + (-v3)° 8 8

3. Givenz; =1+iandz, =2 + 3i.

w=1+i)2+3i)=-1+5i.
-1-5i 1
1+25 26

3i
=—- I} is the multiplicative inverse.

4i
= ——+ — is the multiplicative inverse.

2i
13 13 is the multiplicative inverse.

=373 is the multiplicative inverse.

—+ 11 is the multiplicative inverse.

By is the multiplicative inverse.

a. Let w = z, - z,. Find w and the multiplicative inverse of w.

5i
26 is the multiplicative inverse.

b. Show that the multiplicative inverse of w is the same as the product of the multiplicative inverses of z;

12/31/14

COMMON
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and z,.
1-i 1-i
z1=1+i;——= is the multiplicative inverse.
1+1 2
2-3i 2-3i
z, = 2 + 3i;,——— = ——— is the multiplicative inverse.
4+9 13
(1 - i) (2 - 3i)
an={"2 )13
2-3i—-2i—-3
B 26
—-1-15i
T 26
1 5i
T 26 26
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Lesson 8: Complex Number Division

Student Outcomes
=  Students determine the modulus and conjugate of a complex number.

= Students use the concept of conjugate to divide complex numbers.

Lesson Notes

This is the second day of a two-day lesson on complex number division and applying this knowledge to further questions
about linearity. In Lesson 7, students studied the multiplicative inverse. In this lesson, students study the numerator
and denominator of the multiplicative inverse and their relationship to the conjugate and modulus. The lesson
culminates with complex number division.

Classwork
Opening Exercise (3 minutes)

Students practice using the formula for the multiplicative inverse derived in Lesson 7 as a lead in to this lesson.

Opening Exercise
Use the general formula to find the multiplicative inverse of each complex number.
a. 2+3i
2-3i
13
b. -7 —4i
-7 +4i
65
c. -4+ 5i
—4 —5i
41

Discussion (2 minutes)

=  Look at the complex numbers given in the Opening Exercise and the numerators .
of the multiplicative inverses. Do you notice a pattern? Explain. Scaffolding:
Use a Frayer diagram to define
conjugate. See Lesson 5 for an

example.

o The real term is the same in both the original complex number and its
multiplicative inverse, but the imaginary term in the multiplicative
inverse is the opposite of the imaginary term in the original complex
number.
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= |f the complex number z = a + bi, what is the numerator of its multiplicative inverse?
o a-—bi
= Features of the multiplicative inverse formula often reappear in complex number arithmetic, so

mathematicians have given these features names. The conjugate of a complex number a + bi is a — bi.
Repeat that with me.

o The conjugate of a + bi is a — bi.

Exercises 1-4 (2 minutes)

Have students quickly complete the exercises individually, and then follow up with the questions below. This would be a
good exercise to do as a rapid white board exchange.

Exercises 1-4
Find the conjugate, and plot the complex number and its conjugate in the complex plane. Label the conjugate with a
prime symbol.
1. A:3+4i
A': 3 4i P oA
2 B: -2—i 2
B/
B': -2+i °
0 C
3 2 1 0 1 2 3 4 5 6 C/ 7
3 c:7 .
B
c':7 2
/ i
4 D: 4i 44 D o A
D': —4i

Discussion (8 minutes)

=  Does 7 have a complex conjugate? If so, what is it? Explain your answer.

o Yes, 7 =7+ 0i, so the complex conjugate would be 7 — 0i = 7.

=  What is the complex conjugate of 4i? Explain. .
Scaffolding:

= Describe how 3 + 4i is
related to 3 — 4i.

o 4i = 0+ 4i, the complex conjugate is 0 — 4i = —4i.
= If z = a + bi, then the conjugate of z is denoted Z. That means Z = a — bi.

. . . . . 5 B
@ What is the geometric effect of taking the conjugate of a complex number? = Describe how —2 — i is

o The complex conjugate reflects the complex number across the real axis. related to —2 + i.
=  What can you say about the conjugate of the conjugate of a complex number? * Inthe Discussion, instead
o The conjugate of the conjugate is the original number. of using variables, use
numbers.
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=  Isz+w = Z+ w always true? Explain.
o Yes, answers will vary. Students could plug in different complex numbers for z and w and show that
they work or use a general formula argument. Ifz = a + bi andw = ¢ + di,
z+w=(@+c)+b+d)i,andz+w=(a+c)—(b+d)i. Z=a—bi,andw = ¢ — di, so
Z+w=(a+c)—(b+d)i Therefore,z+w = 2Z+ wisalways true.
= |sz-w = Z-w always true? Explain.
@ Yes, answers will vary. Using the general formula argument: If z = a + bi and w = ¢ + di, then
z-w =ac + adi + bci — bd = (ac — bd) + (ad + bc)i. z-w = (ac — bd) — (ad + bc)i.
Z=a—bi,andw = c—di,soZ+w = ac — adi — bci — bd = (ac — bd) — (ad + bc)i. Therefore,
Z W = Z-Ww is always true.
=  Now let’s look at the denominator of the multiplicative inverse. Remind me how we find the denominator.
o a? + b2, the sum of the squares of the real term and the coefficient of the imaginary term.

= Does this remind of you something that we have studied?
o The Pythagorean theorem and if we take the square root, p - a+bi
the distance formula.
A7 a2 2
=  Mathematicians have given this feature a name too. The modulus @b b
of a complex number a + bi is the real number vVa? + b?. Repeat
that with me.

8 The modulus of a complex number a + bi is the real a

number < a? + b2.

Exercises 5-8 (4 minutes)

Have students quickly complete the exercises individually, and then follow up with the questions below. This would also
be a good exercise to do as a rapid white board exchange.

Exercises 5-8
Find the modulus.

5. 3+4i

J32+42=V25=5

6. —2-—1i

(-2)2+ (-1)2=+5

7. 7

V72402 =49 =7

8. 4i

JOET (@7 =16 =4
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Discussion (3 minutes)
a + bi, then the modulus of z is denoted |z|. This means |z| = Va? + bZ?.

= Ifz=a+ biisapointinthe complex plane, what is the geometric interpretation of |z|?

= If z

o The modulus is the distance of the point from the origin in the complex plane.

=  The notation for the modulus of a complex number matches the notation for the absolute value of a real
number. Do you think this is a coincidence? If a complex number is real, what can you say about its modulus?

o The modulus is the number.
= Explain to your neighbor what you have learned about the conjugate and the modulus of a complex number.

@ The conjugate of a complex number a + bi is a — bi; taking the conjugate of a complex number
reflects the number over the real axis.

o The modulus of complex number a + bi is Va? + b?; the modulus represents the distance from the
origin to the point a + bi in the complex plane.

Exercises 9—11 (6 minutes)

Students should complete Exercises 9-11 in pairs. For advanced learners, assign all problems. Assign only one problem
to other groups. Bring the class back together to debrief.

Exercises 9-11
Given z = a + bi.

9.  Show that for all complex numbers z, |iz| = |z|.

liz| = |i(a + bi)| = |ai — b| = |~b + ai| = /(~=b)? + a® = Ja? + b? = |z]

10. Show that for all complex numbers z, z - Z = |z|2.
z-Z = (a+ bi)(a — bi) = a® + b?
2
|z? = (Va2 + b2) = a? + b?

z°Z 2

|z|

1 z
11. Explain the following: Every nonzero complex number z has a multiplicative inverse. It is given by; = |7|
a—bi _ z
2,12 |z|
a“+b

The multiplicative inverse of a + bi =

z
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Example 1 (5 minutes)

In this example, students divide complex numbers by multiplying the numerator and

denominator by the conjugate. Do this as a whole class discussion. scaffolding:

=  For advanced learners,

Example 1 assign this example

2 6i without leading questions.
2 +5i = Target some groups for
—26 — 22i individual instruction.
e |

= In this example, we are going to divide these two complex numbers. Complex number division is different
from real number division, and the quotient will also look different.

=  To divide complex numbers, we want to make the denominator a real number. We need to multiply the
denominator by a complex number that will make it a real number. Multiply the denominator by its conjugate.
What type of product do you get?
o (2+50)(2-5i) =4—10i + 10i — 25i2 = 4 + 25 = 29. You get a real number.

= The result of multiplying a complex number by its conjugate is always a real number.

. . . . 2-6i . . . . .
=  The goal is to rewrite this expression Ts: as an equivalent expression with a denominator that is a real
number. We now know that we must multiply the denominator by its conjugate. What about the numerator?
What must we multiply the numerator by in order to obtain an equivalent expression?
©  We must multiply the numerator by the same expression, 2 — 5i.
=  Perform that operation, and check your answer with a neighbor.
2-6i 2-5i _ 4-10i—12i+30i® _ 4-22i—-30 _ -26-22i
2450 2-50 4 — 252 T a+425 29
= Tell your neighbor how to divide complex numbers.

o Multiply the numerator and denominator by the conjugate of the denominator.

Exercises 12—-13 (5 minutes)

Have students complete the exercises and then check answers and explain their work to a neighbor.

Exercises 12-13

Divide.
3 +2i

12. =7
3+2i —2+47i —6+21i—4i—14 —20+17i
—2—-7i -2+7i 4449 - 53
3

13. 35
3 3+i 9+3i 9+3i
3—i 3+i 9+1 10
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Closing (2 minutes)
Allow students to think about the questions below in pairs, and then pull the class together to wrap up the discussion.

=  What is the conjugate of a 4+ bi? What is the geometric effect of this conjugate in the complex plane?
° a — bi, the conjugate is a reflection of the complex number across the real axis.

= What is the modulus of a + bi? What is the geometric effect of the modulus in the complex plane?
o ~JaZ + b2, the modulus is the distance of the point from the origin in the complex plane.

= How is the conjugate used in complex number division?

o Multiply by a ratio in which both the numerator and denominator are the conjugate.

Exit Ticket (5 minutes)

Lesson 8: Complex Number Division n
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Lesson 8: Complex Number Division

Exit Ticket

1. Givenz =4 — 3i.

a. What does Z mean?

b. What does z do to z geometrically?

c.  What does |z| mean both algebraically and geometrically?

2. Describe how to use the conjugate to divide 2 — i by 3 + 2i, and then find the quotient.
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Exit Ticket Sample Solutions

1. Givenz =4 —3i.

a. What does Z mean?

Z means the conjugate of z, which is 4 + 3i.

b. What does Z do to z geometrically?

Z is the reflection of z across the real axis.

c¢.  What does |z| mean both algebraically and geometrically?
|z| is @ modulus of z, which is a real number.

|z| is the distance from the point z = 4 — 3i to the origin in complex plane.

|z| = Va% + b2
= (4)? +(-3)2
=v16 +9

V25
5

2.  Describe how to use the conjugate to divide 2 — i by 3 + 2i, and then find the quotient.

3-2i
bym.
2-i  (2-D3-20) 6-4i—-3i-2 4-7i 4 7.
3+2i (3+20)(3-20) 9+4 “T13 " 13 13'

When 3 + 2i is multiplied by its conjugate of 3 — 2i, the denominator is a real number, which is necessary. Multiply

Problem Set Sample Solutions

Problems 1-3 are easy problems and allow students to practice finding the conjugate and modulus and dividing complex
numbers. Problems 4—6 are more difficult. Students can use examples or a geometrical approach to explain their
reasoning. Problem 5 is a preview of the effect of adding or subtracting complex numbers in terms of geometrical
interpretations. Students need to find and compare the modulus, 1;,, and ¢,, in order to come to their assumptions.

1. Lletz=4—-3iandw =2 —i. Show that

a. |zl =|z|

lz| = J(@)?2+ (-3 =vV16+9=v25=5

Z=4+3i|z|=/(@)?2+(3)2=V16+9=v25=5

Therefore, |z| = |Z|.
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1 _ 1
b =
1_ 1 (4+3) _4+3i_4 3
z 4-3i (4-30)@&+30) 25 25 25° erefore,

2 2
4= G - [arr e [t

Since |Z| = 5; th 2 = = which equals |1 = 1
ince |Z| = 5; therefore, Tl o Which equals | 7] = =.

c. If |z| = 0, must it be thatz = 0?

Yes. Let z = a + bi, and then |z| = \/(a)? + (b)2. If|z| = 0, it indicates that \/ (a)? + (b)? = 0. Since
(a)? + (b)? both are positive real numbers, the only values of a and b that will make the equation true is
that a and b have to be 0, which means z = 0 + 0i = 0.

d.  Give a specific example to show that |z + w| usually does not equal |z| + |w|.
Answers vary, but z = 3 + 2i and w = 3 — 2i will work.

z+w=6+0i
lz+w|=.(6)2+(0)2=6

lz| + [w| = /(3)2 + (2)2 + /(3)% + (—2)% = 213, which is not equal to 6.

2. Divide.
1-2i
a. 2
(A-20)@) 2+i Y
2i) 2 * 2"
5-2i
b 5z
(5-2i)(5-2i) 25-20i—4 21-20i 21 20,
5+20(5-2i) 25+4 29 29 29'
c V3 —2i
T —2-3i
V3-20)(-2++3i) -2V3+3i+4i+2V3 7i
= =—=1
(-2 =3i)(-2 +3i) 4+3 7

3. Prove that [zw| = |z| - [w| for complex numbers z and w.
Since |z|* = z - Z; therefore, |zw|? = (zw) (ZW) = (zw)(ZW) = zzZww = |z|? - |w|%.

Now we have |zw|? = |z|? - |w|%; therefore, |zw| = |z| - |w|.
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4.

5.

Givenz=3+i,w=1+3i.
a. Find z + w, and graph z, w, and z + w on the same complex plane. Explain what you discover if you draw

line segments from the origin to those points z, w, and z + w. Then draw line segments to connect w to
z+w,andz + wto z.

z+w=4+4i

Students should discover that the lines form a parallelogram. They then can graphically see that the lengths
of the two sides are greater than the diagonal, |z + w| < |z| + |w|.

b. Find —w, and graph z, w, and z — w on the same complex plane. Explain what you discover if you draw line
segments from the origin to those points z, w, and z — w. Then draw line segments to connect wtoz — w,
andz —wtoz.
z—w=2-2i
Students should discover that the lines form a parallelogram. They then can graphically see that the lengths
of the two sides are greater than the diagonal, |z — w| < |z| + |w|.

1+ 3i

44 4 +-4i

1+3i 24w

Explain why |z + w| < |z| + |w| and |z — w| < |z]| + |w| geometrically. (Hint: Triangle inequality theorem)

By using Example 5, we can apply the triangle inequality theorem into these two formulas.

Complex Number Division
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4{ Mathematics Curriculum

PRECALCULUS AND ADVANCED TOPICS e MODULE 1

Topic B:
Complex Number Operations and
Transformations

N-CN.A.3, N-CN.B.4, N-CN.B.5, N-CN.B.6

Focus Standards: N-CN.A.3 (+) Find the conjugate of a complex number; use conjugates to find moduli and

quotients of complex numbers.

N-CN.B.4 (+) Represent complex numbers on the complex plane in rectangular and polar form
(including real and imaginary numbers), and explain why the rectangular and polar
forms of a given complex number represent the same number.

N-CN.B.5 (+) Represent addition, subtraction, multiplication, and conjugation of complex
numbers geometrically on the complex plane; use properties of this representation for
computation. For example, (—1 + \/§i)3 = 8 because (—1 + \/§l) has a modulus of 2
and an argument of 120°.

N-CN.B.6 (+) Calculate the distance between numbers in the complex plane as the modulus of the
difference and the midpoint of a segment as the average of the number at its
endpoints.

Instructional Days: 9

Lessons 9-10: The Geometric Effect of Some Complex Arithmetic (P, P)!
Lessons 11-12: Distance and Complex Numbers (P, E)
Lesson 13: Trigonometry and Complex Numbers (P)
Lesson 14: Discovering the Geometric Effect of Complex Multiplication (E)
Lesson 15: Justifying the Geometric Effect of Complex Multiplication (S)
Lesson 16: Representing Reflections with Transformations (P)

Lesson 17: The Geometric Effect of Multiplying by a Reciprocal (E)

In Topic B, students develop an understanding of the geometric effect of operations on complex numbers. In
Lesson 9, students explore what happens to a point in the complex plane when complex numbers are added
and subtracted leading to Lesson 10’s study of the effect of multiplication (N-CN.B.5). Students revisit the

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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idea of linearity in Lesson 10, determining whether given complex functions are linear transformations.
Students discover that some complex functions are linear transformations and others are not. Students
understand that when complex numbers are considered points in the Cartesian plane, complex number
multiplication has the geometric effect of a rotation followed by a dilation in the complex plane. In Lesson 11,
students use the distance and midpoint formulas they studied in Geometry to find the distance of a complex
point from the origin and the midpoint of two complex numbers (N-CN.B.6). Lesson 12 extends this concept
as students play the Leap Frog game, repeatedly finding the midpoints of pairs of complex numbers. They
discover that when starting with three fixed midpoints, a series of moves jumping across midpoints leads back
to the starting point. Students then explore what happens when they start with only one or two fixed
midpoints and find that a series of jumps never returns to the starting point. Students verify these results
using the midpoint formula derived earlier in the lesson. Lesson 13 introduces the modulus and argument
and polar coordinates as students study the geometric effect of complex number multiplication leading to
writing the complex number in polar form (N-CN.B.4). If a complex number z has argument 8 and modulus r,
then it can be written in polar form, z = r(cos 6 + i sin 8). Students explain why complex numbers can be
written in either rectangular or polar form and why the two forms are equivalent. Lessons 14-16 continue
the study of multiplication by complex numbers, leading students to the understanding that the geometric
effect of multiplying by a complex number, w, is a rotation of the argument of w followed by a dilation with
scale factor the modulus of w. Lesson 17 concludes this topic as students discover that the multiplicative
inverse of a complex number (i.e., its reciprocal) provides the inverse geometric operation which leads to the
complex conjugate and division of complex numbers (N-CN.A.3). Mathematical practices highlighted in the
topic include MP.2 as students reason abstractly and quantitatively about complex numbers and the
geometric effects of operations involving complex numbers and use previous results to predict rotations and
dilations produced.
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Lesson 9: The Geometric Effect of Some Complex

Arithmetic

Student Outcomes

= Students represent addition, subtraction, and conjugation of complex numbers geometrically on the complex
plane.

Lesson Notes

In the last few lessons, students have informally seen the geometric effects of complex conjugates and of multiplying by
i. Thisis the first of a two-day lesson in which students further explore the geometric interpretations of complex
arithmetic. This lesson focuses on the geometric effects of adding and subtracting complex numbers.

Classwork

Opening (3 minutes)

Students have had previous exposure to some geometric effects of complex

numbers. Ask them to answer the following questions and to share their Scaffolding:
responses with a neighbor. = Use concrete examples such as

asking students to describe the
geometric effect of multiplying
= Describe the geometric effect of a complex conjugate. 2+ibyiand3+ 2iby3—2i.

= Describe the geometric effect of multiplying a complex number by i.

= Help students see the effect of
multiplying by complex numbers by

Discussion (5 minutes) plotting (2 + i and —1 + 2i) and
The points in the complex plane are similar to points in the coordinate plane. (2 +iand2 —1i)inthe complex
The real part of the complex number is represented on the horizontal axis and plane and asking how they are
the imaginary part on the vertical axis. In this and the next lesson, we will see geometrically related.

that complex arithmetic causes reflections, translations, dilations, and rotations
to points in the complex plane.

Begin the lesson by having students share their responses to the opening questions. As responses are shared, provide a
visual depiction of each effect on the board. Use this as an opportunity to review notation as well.
= In coordinate geometry, what would happen to a point (x, y) if we rotated it 90° counterclockwise?
©  The point (x,y) would map to (—y, x).
= Describe the geometric effect of multiplying a complex number by i.

o Multiplying a complex number by i induces a 90° rotation about the origin.
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= What would happen if we continued to multiply by i?

o

Each time we multiply by i results in another counterclockwise rotation of 90° about the origin; for
example, multiplying by i twice results in a 180° rotation about the origin, and multipliyng by i four
times results in a full rotation about the origin.

44

iz (0+3i)
3¢ - - _

w@ -

= Describe the geometric effect of taking the complex conjugate.

A complex conjugate reflects the complex number across the real axis.

Remind students that the notation for the conjugate of z is Z.

44
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Exercise 1 (5 minutes)

Have students answer this exercise individually and share their response with a neighbor.

Then, continue with the following discussion. Scaffolding:

= Encourage advanced
learners to write the
general rule for Exercise 1.

Exercises

1. Taking the conjugate of a complex number corresponds to reflecting a complex number
about the real axis. What operation on a complex number induces a reflection across the = If students StrUggle to
imaginary axis? answer the question posed
For a complex number a + bi, the reflection across the imaginary axis is —a + bi. in Exercise 1, encourage

Alternatively, for a complex number z, the reflection across the imaginary axis is —Z. them to p|0t acom pIex

number like —3 + 4i and

to use it to find the

Students may have answered that the reflection of a + bi across the imaginary axis is reflection.

—a + bi. Discuss as a class how to write this in terms of the conjugate of the complex

number.

= |sit possible to write —a + bi another way? (Recall that the complex number z can be written as a + bi.)
= Begin by factoring out —1: —1(a — bi).

=  Replace a — bi withz: —Z.

Exercises 2—3 (8 minutes)

In this exercise, students will explore the geometric effects of addition and subtraction to the points in the complex
plane. Let students work in small groups. Before students begin, ask them to write a conjecture about the effect of
adding a real number (e.g., 2) to a complex number.

2.  Given the complex numbers w = —4 + 3iand z = 2 — 5i, EN
graph each of the following:

a. w
b. z

ad
C. w+2 w e o .W+2
d z+2 B
e. w—-1 1

B 5 4 o o % 4 B &

f. z—1

3. Describe in your own words the geometric effect adding or subtracting a real number has on a complex number.

Adding a real number to a complex number shifts the point to the right on the real (horizontal) axis, while
subtracting a real number shifts the point to the left.
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When students have finished the exercise, confirm as a class the answer to Exercise 3.

=  Did your conjecture match the answer to Exercise 3?
e Answers will vary.
Some students may no doubt have guessed that adding a positive real value (i.e., w + 2) to the complex number would
shift the point vertically instead of horizontally. They may be confusing the translation of a function, such as f(x) = x2,
with that of a complex number. Make clear that even though we make comparisons between the complex and
coordinate planes, the geometric effects are different. Use the following discussion points to clarify.
= What is the effect of adding a constant to a function like f(x) = x2? (For example, f(x) = x2 + 2.)
o The graph of the parabola would shift upwards 2 units.
= How does this differ from adding the real number 2 to a complex number?

@ The point representing the complex number would shift two units to the right, not vertically like the
function.

Exercises 4-5 (5 minutes)

Students continue to explore the geometric effects of addition and subtraction to the points in the complex plane. Let
students work in small groups.

4. Given the complex numbers w = —4 + 3i and
z = 2 — 5i, graph each of the following:

a. w -
b. z )
W+
, 4
c. w+i W
. [ ]
d. z+1i
. 21
e. w-—2i o
f z—2i . . . — 0 ; ; , ;
-8 -6 -4 -2 ) 2 4 ] a
2
|
4 L]

5. Describe in your own words the geometric effect adding or subtracting an imaginary number has on a complex
number.

Adding an imaginary number to a complex number shifts the point up the imaginary (vertical) axis, while subtracting
an imaginary number shifts the point down.
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Discussion (5 minutes)

Now that you have explored the effect of adding and subtracting real and imaginary parts to a complex number, bring
both concepts together.

= Given the complex numbers z = —6 + i and w = 2 + 5i, how would you describe the translation of the point z
comparedtoz + w?

@ The point z would shift 2 units to the right and 5 units up.

Represent the translation on the complex plane and point out that a right triangle is formed. Encourage students to
think about how to describe the translation other than simply stating that the point shifts left/right or up/down.

Note: At this time do not explicitly state to students that the distance between the complex numbers is the modulus of
the difference as that will be covered in a later lesson.

= |n what other way could we describe or quantify the relationship between z and z + w?

o The distance between the two points. We could use the Pythagorean theorem to determine the missing
side of the right triangle.

-4+ 6f

5 units

B+1i

Example 1 (6 minutes)

Work through this example as a whole-class discussion. Encourage advanced learners to attempt the whole problem on
their own.

Example 1

Given the complex number z, find a complex number w such that z + w is shifted v/2 units in a southwest direction.
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= Begin by plotting the complex number. What does it mean
for the point to be shifted in a southwest direction?

o The point shifts to the left and down the same
number of units. .

= Aright triangle is formed. What are the values of the legs
and the hypotenuse? 7+

¥ Units

o The legs are both x and the hypotenuse is /2.

Give students an opportunity to solve for x on their own and use the V2
information to determine the complex number w.

o x?2+x2= (\/7)2

o 2x?=2,s0x=1

@ Since the point was shifted 1 unit down and 1 unit to the left, the complex number must be —1 — i.

Closing (3 minutes)

Have students summarize the key ideas of the lesson in writing or by talking to a neighbor. Take this opportunity to
informally assess student understanding. The Lesson Summary provides some of the key ideas from the lesson.

Lesson Summary

. The conjugate, z, of a complex number z, reflects the point across the real axis.
. The negative conjugate, —z, of a complex number z, reflects the point across the imaginary axis.

. Adding or subtracting a real number to a complex number shifts the point left or right on the real
(horizontal) axis.

. Adding or subtracting an imaginary number to a complex number shifts the point up or down on the
imaginary (vertical) axis.

Exit Ticket (5 minutes)
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Name Date

Lesson 9: The Geometric Effect of Some Complex Arithmetic

Exit Ticket
1. Givenz =3+ 2iandw = —2 — i, plot the following
in the complex plane:
a. z
b. w
c. z—2
d w+3i
e. w+z

2. Given z = a + bi, what complex number represents the reflection of z about the imaginary axis? Give one example
to show why.

3. What is the geometric effect of T(z) = z + (4 — 2i)?
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Exit Ticket Sample Solutions

1. Givenz =3 + 2iand w = —2 — i, plot the following in .D 'C 'A
the complex plane:
a z E
1 [
b. w
c. z—2
d  w+3i ; i " " " "
e. w+z B
[ ] .

2. Given z = a + bi, what complex number represents the reflection of z about the imaginary axis? Give one
example to show why.

—7Z, the negative conjugate of z. For example, z = 2 + 3i,—z = —(2 — 3i) = —2 + 3i, which is reflected about the

imaginary axis.

3.  Whatis the geometric effect of T(z) = z + (4 — 2i)?

T (z) shifts 4 units to the right, and the 2 units downward.

Problem Set Sample Solutions

1. Given the complex numbers w = 2 — 3i and z = —3 + 2i, graph each of the following:
a. w—2
w—2=2-3i-2=-3i
L] 5
zZ:w
b. z+2 4
z+2=-3+2i+2=-1+2i
3
c. w+ 2i ° ° 2-
Z=-3+2i Z+2
w+2i=2-3i+2i=2-1i
1
d.  z-3i ; i i ; ; 0
5 -4 3 -2 -1 0 1 2
z—3i=-3+2i-3i=-3-1i
° o -1 °
Z-3i W+Z W +2i
e. w+z 2
w+z=2-3i+(-3+2i)=-1-1i
3@ W-2 °
W=2-3i
f. zZ—w
z—-w=-3+4+2i—(2-3i)=-5+5i
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2. Letz =5 - 2i,find wfor each case.

a. z is a 90° counterclockwise rotation about the origin of w.

z 5-2i 2+5i

w - i = z; therefore, w = 7 f -5 = —2 — 5i.
b. z is reflected about the imaginary axis from w.
w = —Z; therefore, w = —(5 + 2i) = —5 — 2i.
c. z is reflected about the real axis from w.
w = Z; therefore, w = 5 + 2i
3. letz = -1+ 2i,w = 4 — i, simplify the following expressions.

a. z+w

z+w=-1+2i+4+i=3+3i

b. lw—2z|

lw-zl=14—-i—-(-1-2)|=4—-i+1+2il=|5+i] =/(5)?+ (1?2 =26

c. 2z - 3w

2z-3w=-2+4i—-(12-3i) =-2+4i—12+3i=-14+7i

g~

z_—1+2i_(—1+2i)(4+i)_—6+7i_—6+7i
w o4—-i (4-D@+i)  16+1 17 17

4.  Given the complex number z, find a complex number w where z + w is shifted

a.  2+/2 units in a northeast direction.

2
x% +x% = (2v2)", 2x% = 8, x = +2. Therefore, = 2 + 2i.

b. 52 units in a southeast direction.

x> +x%= (5\/7)2, 2x% = 50, x = +5. Therefore, = 5 — 5i.
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Lesson 10: The Geometric Effect of Some Complex

Arithmetic

Student Outcomes

= Students represent multiplication of complex numbers geometrically on the complex plane.

Lesson Notes

This is the second of a two-day lesson in which students continue to explore the geometric interpretations of complex
arithmetic. In Lesson 9, students studied the geometric effects of adding and subtracting complex numbers. Lesson 10
focuses on multiplication of complex numbers and the geometric effect. Students revisit the concept of linearity in this
lesson. Students need graph paper for each exercise and example.

Classwork

Opening Exercises (8 minutes)

Lesson 8 introduced the geometric effect of adding complex numbers. This opening

exercise helps students solidify that concept as well as the geometric effect of multiplying scaffolding:

by i and taking the complex conjugate. Students need a firm grasp of all of these topics to Provide graphs with grid lines
understand the geometric effect of multiplying by a complex number. Students should or with original points or points
work in small groups or pairs. Each student will need a piece of graph paper. and images plotted for

students with eye-hand or

- . spatial difficulties.
Opening Exercises
1. Givenz = 3 — 2i, plot and label the following and describe the geometric effect of the operation.
a. z 3
3 units on the real axis to the right of the origin,
and 2 units on the imaginary axis below the 5 N o
origin. Z+ (-2 + 4i) z+ 4
1 B
b. z—2
2 units on the real axis to the left of z. 0
1 0 i 2 3 4 5
c. z+4i ;
4 units on the imaginary axis above z.
-2 ° ) °
Z- z
d z+(-2+40)
2 units on the real axis to the left of z and 4 units -3
on the imaginary axis above z.
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2. Describe the geometric effect of the following:

a. Multiplying by i.

A 90° rotation about the origin.

b. Taking the complex conjugate.

Reflects the imaginary number across the real axis.

c. What operation reflects a complex number across the imaginary axis?

The opposite of the conjugate (—z) reflects a complex number across the imaginary axis.

Example 1 (8 minutes)

In Example 1, students multiply complex numbers by a constant to discover the geometric

effect. Allow students to work in pairs or in small groups. We will confirm students’ scaffolding:
conjectures that multiplying a complex number by a constant creates a dilation with the * When confirming dilations
constant as the scale factor by calculating the length of the segment from the point to the in Example 1, assign

struggling students with
points on the axes or with
coefficients of 1 and a
constant that is a small
whole number.

origin before and after transformation. Students will need graph paper.

Example 1

Plot the given points, then plot the image L(z) = 2z.

a. 71=3 = Assign advanced groups
2z, =6 " ' points with larger and/or
) negative coefficients and
b, z,=2i 9 fractional or decimal
22, = 4i o 3 constants.
20 2 oz

c. zz3=1+1i /

27. =2 +2i Y 8 7 %6 5 4 3 2 4 0o 1 2
3=

d. z,=—4+3i

2z, =-8+6i
-4
5 ® %

e. zs=2-15i

-6

2z5=4—-10i
-7
-8
-9
-10 .Z,’
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= Algebraically, how did L(z) = 2z effect z?
o The coefficients doubled.

= Geometrically, how did L(z) = 2z effect z?
o There was a dilation with scale factor 2.

= Draw a segment from the origin to one point and its image. Confirm your conjecture by finding the length of

the segments.
Assign different groups different pairs of points so as a class, all pairs are checked.
o Students confirm that every segment from the origin to the image is double the length of the segment
from the origin to the original point.

= Do you think the same would be true if we multiplied by a constant other than 2? Confirm your answer.

o This is true for any constant.

Assign different groups different points by which to multiply different constants, and then have groups report their
findings. This would be a good activity to use for differentiating instruction.

Exercises 1-7 (6 minutes)

Students already know that multiplying by i produces a 90° counterclockwise rotation about the origin. This lesson
solidifies that concept in preparation for Example 2 and future lessons. This exercise can be completed in groups or
pairs. Students will need graph paper.

Exercises 1-7

Plot the given points, then plot the image L(z) = iz.

1. zy = 3 ez 30 21
iz, = 3i
20 22 [ ] ,
z5
, ‘e 1 ® 3
2. z,=2i 2
ZQ/ Z1
iz, = —2 . : —o— 0 . —o—— ,
tz; = -5 -4 -3 -2 -1 0 1 2 3 4 5
-1
3. zz3=1+i

iz;=i(1+D)=i-1=-1+i

4., z,=-4+3i o n

izy=i(—4+3i)=—-4i—-3=-3—-4i

5. Zg = 2-5i

izg =i(2—-5i)=2i+5=5+2i
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6. What is the geometric effect of the transformation? Confirm your conjecture using the slope of the segment joining
the origin to the point and then to its image.

Multiplying by i rotates the point 90° counterclockwise about the origin. This is confirmed because the slopes of the
segments joining the origin and the original points and the slopes of the segments joining the origin and the image
of those points are opposite reciprocals, which means the segments are perpendicular.

7. Is L(z) alinear transformation? Explain how you know.

Yes. L(z+ w) = L(z) + L(w) and kL(z) = L(kz).

Example 2 (15 minutes)

Students have discovered the geometric effect of multiplying a complex number by a .

constant and by i. In Example 2, we multiply by a complex number with a real and Scaffolding:

imaginary part. Students may struggle with this, but in this lesson, we are just looking at Allow advanced learners to do

the transformations graphically and letting students think about the geometric effect. We Example 2 on their own and

want students to understand that there is a rotation and a dilation, but the exact effect then change L(z) = (3 + 4i)z,

will be studied in Lessons 10-12. Students should work in small groups or pairs and will or give them this problem

need graph paper. instead of the one listed in the
example.

Example 2

Describe the geometric effect of L(z) = (1 + i)z given the following. Plot the images on graph paper, and describe the
geometric effect in words.

a. z;=1
L(zy) = (1 4+ i)(1) = 1 + i, no change. ®L(zy 101
o

b. z,=1i

L(z) =(A+Di=i—1=-1+i0a90°
counterclockwise rotation about the origin. 7

c. z,=1+1i

L(zy)=(1+DA+i)=1+2i—1=2ia45° ¥
counterclockwise rotation about the origin and a
dilation with a scale factor of \/2.

d.  zs=4+6i

20 Lz3)
L(zs) =(1+i)(4+6i)=4+10i—6 =-2+10i,
a clockwise rotation about the origin of some angle Lo ° 1 ° | ()
measure 6 and a dilation with a scale factor greater 2
than 1. - - - 0 . . :
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=  What was the geometric result of multiplying the complex number by 1?
o There was no change.
=  Areyou surprised by this result?
o No, multiplying by 1 always results in the number you started with. It is the multiplicative identity.
=  What was the geometric result of multiplying by i?
o The result was a 90° counterclockwise rotation about the origin. The point was reflected across the
imaginary axis.
= Did this result surprise you?

o No, multiplying by 1 always results in a 90° counterclockwise rotation about the origin, but it is not
always a reflection across the imaginary axis.

=  What would always create a reflection across the real axis?
o Taking the complex conjugate, 1 — i.
=  What would create a reflection across the imaginary axis?
o The opposite of the complex conjugate, —1 + i.
=  What was the geometric result of multiplying by 1 + i?
o There was a clockwise rotation and a dilation.
= Canyou guess how many degrees the point rotated? Explain.

It is ok if students do not yet fully grasp the degree of rotation, they will study Z"L(z3)
this in great detail in future lessons.

@ 45° The angle of the segment joining the origin to the original
point is 45° because if you draw a right triangle, each leg is 1
unit, so the triangle is a special 45°-45°-90° triangle. The
image is on the y-axis so that is a 90°. If the original point was
at a 45° angle and the reflection is at an angle of 90°, the 1 .
angle that the point rotated was 45°.

=  What was the scale factor of the dilation? Explain.
o The segment joining the origin and the original point was the
hypotenuse of a 45°-45°-90° with legs of length 1 unit, so it
was V2 units in length by the Pythagorean theorem. The 145°

segment joining the origin and the image is 2 units in length.
This means that the original length was multiplied by a scale 0

45°

factor of V2 to get the length of the segment containing the
image.

=  What was the result of multiplying by 4 + 6i?
o A clockwise rotation and a dilation greater than 1.

=  Canyou determine the angle of rotation and the dilation scale factor?

Students will probably not be able to determine the answers for this result, but this will be studied in detail later. You
can leave it for them to think about.

o Scale factoris\/26 and @ = m — tan™(5) = 1.768 radians = 101.31°.
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Closing (3 minutes)

Have students explain the following questions to a neighbor, then bring the class back together for a debrief. Encourage
students to draw diagrams to support their responses.

= Explain the geometric effect of multiplying a complex number by the following:
1. 1
o There is no change. The number stays where it was.
2. 1
o This produces a counterclockwise rotation of 90° about the origin.
3. a+bi.

o The result is a rotation about the origin and a dilation.

Exit Ticket (5 minutes)
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Name Date

Lesson 10: The Geometric Effect of Some Complex Arithmetic

Exit Ticket

1. Given T(z) = z, describe the geometric effect of the following:

a. T(z)=5z
b. T(2) =7

c. T)=i-z

2. Ifz= -2+ 3iistheresult of a 90° counterclockwise rotation
about the origin from w, find w. Plot z and w in the complex
plane.

3. Explain the geometric effect of z if you multiply z by w, where
w=1+i.
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Given T(z) = z, describe the geometric effect of the following:
a. T(z)=5z

It has a dilation with a scale factor of 5.

b. T(2)= %

1
It has a dilation with a scale factor of P

c. T(z)=iz

It has a 90° counterclockwise rotation about the origin.

Let z = —2 + 3i is the result of a 90° counter clockwise rotation about the
origin from w, find w. Plot z and w in the complex plane.

z=i'w

—24+3i=i'w
-2 +3i
wW=—"

i
(—2+3i)-i
w=— 6+

i-i

_—3-2i

W—_—l
w=3+2i

Explain the geometric effect of z if you multiply z by w, where w =1 +i.

It has a 45° counterclockwise rotation about the origin and a dilation with a scale factor of /2.

Problem Set Sample Solutions

Let z = —4 + 2i, simplify the following and describe the
geometric effect of the operation. Plot the result in the
complex plane.

a. z+2-3i o>
—4+2i+2-3i=-2-1i

z is shifted 2 units to the right and 3 units downward.

b. z-2-3i

—4+2i—-2-3i=-6-1i

z is shifted 2 units to the left and 3 units downward.
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c. z—(2-3i)
—44+2i—(2-3i))=—-4+2i-2+3i=—-6+5i

z is shifted 2 units to the left and 3 units upward.

d. 2z
2(—4+2i)=-8+4i
z has a dilation with a scale factor of 2.
z

e. =
2

42, 3
2 2"

1
Z has a dilation with a scale factor of E

2. letz =1+ 2i, simplify the following and describe the geometric effect of the operation.
a. iz
iz=-2+1i

z is rotated 90° counterclockwise.

b. i’z
i’z=(-1)A+20)=-1-2i
OR
iz=i-i-(1+20)=i(i—-2)=-1-2i

z is rotated 180° counterclockwise.

o
NI

z=1-2i

z is reflected about the real axis.

d. -z
—z=—-(1-2i)=-1+2i

z is reflected about the imaginary axis.

e. iz
iz=i(1-20)=2+1i

z is reflected about the real axis first, and then is rotated 90° counterclockwise.

f. 2iz
2iz=2i(1+2i) =—4+2i

z is rotated 90° counterclockwise, and then has a dilation with a scale factor of 2.
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8. iz+5—-3i
iz+5-3i=i(14+2i))+5-3i=-2+i+5-3i=3-2i
z is rotated 90° counterclockwise first, and then shifted 5 units to the right and 3 units downward.
3.  Simplify the following expressions.
a. (4 -2i)(5-30)
14 — 22i
b. (-2 +3i)(-2 - 30)
13
¢ (1+1i)?
2i
d. (14D (Hint: "™ = (b™™)
1+ D= (1 +D)?)° = (20)° = 32i
—1+2i
& T2
(—1+2i)(1+2i)_—1—2i+2i—4-_—5_ 1 -1+2i -(1-2i)
A-20(1+20) 1+4 D = T B T
f x2+4 ided x = 2i
. ~—2 Provided x i.
2 . .
x“+4 x+2i)(x—2i
- = ( X . ) =x+2i
x—2i x—2i
4. Given z = 2 + i, describe the geometric effect of the following. Plot the result. A
a. z(1+1)
z is rotated 45° counterclockwise and has a scale factor \'Z multiplying to |z|.
V3 1, B
b. z (T + E l)
z is rotated 30° counterclockwise and has a scale factor 1 multiplying to |z|.
5. We learned that multiplying by i produces a 90° counterclockwise rotation about the origin. What do we need to
multiply by to produce a 90° clockwise rotation about the origin?
1
We need to multiply by 7 Ifw = iz (wis a 90° counterclockwise rotation about the origin from z), z = %, which
means that if we divide w by i, we will get to z, which will create a 90° clockwise rotation about the origin from w.
Another response: 90° clockwise is 270° counterclockwise, so you could multiply by i to map (a, b) to (b, —a).
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6. Given z is a complex number a + bi, determine if L(z) is a linear transformation. Explain why or why not.
a. L(z)=iz
Yes. L(z) = —iz,soL(z+w) = —iz+ —iw and L(z) + L(w) = —iz + —iw.
kL(z) = k(—iz) and L(kz) = —i(kz).

Since L(z + w) = L(z) + L(w) and kL(z) = L(kz) the function is a linear transformation.

b. L(z)=z+4i

No. L(z+w)=z+w+4iand L(z) + L(w) = z+ 4i+w + 4i. kL(z) = k(z + 4i) and L(kz) = kz + 4i.
Since L(z + w) = L(z) + L(w) and kL(z) + L(kz) the function is not a linear transformation.
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Lesson 11: Distance and Complex Numbers

Student Outcomes
= Students calculate distances between complex numbers as the modulus of the difference.

= Students calculate the midpoint of a segment as the average of the numbers at its endpoints.

Lesson Notes

In Topic A, students saw that complex numbers have geometric interpretations associated with them since points in the
complex plane seem analogous to points in the coordinate plane. In Lesson 6, students considered complex numbers as
vectors and learned to add them by the tip-to-tail method. In Lessons 8 and 9, students explored the idea that every
complex operation must have some geometric interpretation, eventually coming to the realization that complex addition
and subtraction has the geometric effect of performing a translation to points in the complex plane. The geometric
interpretation of complex multiplication was left unresolved as students realized it was not readily obvious. Later in the
module, students will continue to explore the question, “What is the geometric action of multiplication by a complex
number w on all the points in the complex plane?” To understand this, students will first explore the connection
between geometry and complex numbers. The coordinate geometry we studied in Geometry was about points in the
coordinate plane, whereas now we are thinking about complex numbers in the complex plane.

Classwork
Opening Exercise (5 minutes)

Give students time to work independently on the Opening Exercise before discussing as a class.

Opening Exercise

a. Plot the complex number z = 2 + 3i on the complex plane. Plot the ordered pair (2, 3) on the coordinate
plane.

- SRR - -]

. n what way are complex numbers oints”?
b 1 hat ! b ¢

When a complex number is plotted on a complex plane, it looks just like the corresponding ordered pair
plotted on a coordinate plane. For example, when 2 + 3i is plotted on the complex plane, it looks exactly the
same as when the ordered pair (2, 3) is plotted on a coordinate plane. We can interchangeably think of a
complex number x + yi in the complex plane as a point (x,y) in the coordinate plane, and vice versa.
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c. What point on the coordinate plane corresponds to the complex number —1 + 8i?
(-1,8)

d. What complex number corresponds to the point located at coordinate (0, —9)?
0—-9i or —9i

Discussion (7 minutes)

Draw the following on the board.

imaginary

Z3 o Z=X+ i\/ T * (X'y)

} real M

=  When we say that complex numbers are points in the complex plane, what do we really mean?
@ When a complex number x + yi is plotted on the complex plane, it looks exactly the same as when the
ordered pair (x,y) is plotted on a coordinate plane.
= What does this mean in terms of connecting the ideas we learned in Geometry to complex numbers?
o Since we can interchangeably think of a complex number x + yi in the complex plane as a point (x, y)
in the coordinate plane, and vice versa, all the work we did in Geometry can be translated into the

language of complex numbers, and vice versa. Therefore, any work we do with complex numbers
should translate back to results from Geometry.

=  In Geometry, it did not make sense to add two points together. If A(x4,y;) and Scaffolding:

B(x,,y,) are points, what would the geometric meaning of A + B be? If needed, provide students

o |tdoes not seem to have any meaning. with an example using specific

= It does make sense to add two complex numbers together. If A = x; + y,iand numbers rather than general
B = x, + y,i, then whatis A + B? parameters.
o (rtx) + ty2)i » IfA=3+4iand
= What is the geometric effect of transforming A with the function f(z) = z+ B i —I=—B_?1 + 6i, then what is

for constant complex number B?
o Applying the transformation to A has the geometric effect of performing ° BED+(@+6)
a translation. So, adding B to A will shift point A right x, units and or2+10i
upys.
= |f we view points in the plane as complex numbers, then we can add points in geometry.
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Have students work on Exercise 1 independently and then share results with a partner. If students do not recall how to
find the midpoint, have them draw the line segment and locate the midpoint from the graph rather than providing them
with the midpoint formula.

Exercises

1. The endpoints of AB are A(1,8) and B(—5,3). What is the midpoint of AB?

The midpoint of AB is (—2, %)

= How do you find the midpoint of 4B ?

@ You find the average of the x-coordinates and the y-coordinates to find the halfway point.

*  In Geometry, we learned that for two points A(x;,y;) and B(x,,y,) the midpoint of AB is (

X1+tXz Y1ty
=)

= Now, view these points as complex numbers: A = x; + y,iand B = x, + y,i.

Exercise 2 (7 minutes)

Allow students time to work on part (a) independently and then share results
with a partner. Have them work in partners on part (b) before discussing as a

class.

T

What is the midpointof A =1 + 8iand B = —5 + 3i?

1+-5 (8+43), 11 |
M = 2 + 2 i=-2+—i

Using A = x; + y,i and B = x, + y,i, show that in general the midpoint

A+B
of points A and B is T' the arithmetic average of the two numbers.

:x1+x2+y1+y2
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= Provide visual learners with a graph
on the complex plane.

imaginary

| »1+8i

: M|
P

-5+3j

real

= |f students need additional
practice, use this example before
completing part (b) of Exercise 2:

What is the midpoint of A = =3 +
2iand B = 12 — 10i?

5 M=2-4i
2
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Exercise 3 (5 minutes)

As with Exercise 1, have students work on Exercise 3 independently and then share results with a partner. If students do
not recall how to find the length of a line segment, have them draw the line segment and instruct them to think of it as
the hypotenuse of a right triangle rather than providing them with the distance formula.

3. The endpoints of AB are A(1,8) and B(—5,3). What is the length of AB?

The length of AB is \/61.

= How do you find the length of AB?

©  You use the Pythagorean theorem which can be written as AB = \/ (x, — x,)? + (y, — y,)? for two
points A(xy,y,) and B(x,,y5)-
= Aswe did previously, view these points as complex numbers: A = x; + y,iand B = x, + y,i.

Exercise 4 (7 minutes)

As with Exercise 2, allow students time to work on part (a) independently and Scaffolding:
then share results with a partner. Have them work in partners on part (b) before . . .
. . = Provide visual learners with a graph
discussing as a class.
on the complex plane.

imaginary

a. What is the distance between A = 1 + 8iand B = —5 + 3i? /'1+8i
It ; d=2 i
d=[(1-(-5) +(8-3)*=+61 :
o ld

-5+3i

b. Show that, in general, the distance between A = x; + y i and
B = x, + y,i is the modulus of A — B.

10 E-]

A—B=(x;—x3) +(y1 = ¥2)i

|A = B| =/(xy — x2)% + (y1 — y,)* = distance between A and B. = |f students need additional
practice, use this example before

completing part (b) of Exercise 4:

What is the distance between
A=-3+4+2iand B =12 —10i?

o d=1+/369 = 3/41
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Exercise 5 (3 minutes)

Allow students time to work either independently or with a partner. Circulate the room to ensure that students
understand the concepts.

5. Supposez=2+7iandw = -3 +1i.

T

a. Find the midpoint m of zand w.

Scaffolding:
m= _%+ 4i Have struggling students create a graphic

organizer comparing a coordinate plane and

a complex plane.
b.  Verify that |z — m| = |w — m|.

Coordinate | Complex

1)\? plane plane
|z —m| = <2_(_E)> +(7-4)2

(=3,2)and | =3+ 2iand
(1,3) 14 3i

Graph

Distance

25 9

T+
|61 Midpoint
T4

&

Closing (3 minutes)

Have students discuss each question with a partner. Then elicit class responses.

=  |n what way can complex numbers be thought of as points?

o

When a complex number is plotted on a complex plane, it looks just like the corresponding ordered pair
plotted on a coordinate plane.

Why is it helpful to interchange between complex numbers and points on a plane?

o

Unlike points on a plane, we can add and subtract complex numbers. Thus, we can use operations on
complex numbers to find geometric measurements such as midpoint and distance.
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Lesson Summary

. Complex numbers can be thought of as points in a plane, and points in a plane can be thought of as
complex numbers.
A+
. For two complex numbers A = x; + y,i and B = x; + y,i, the midpoint of points A and B is -
. The distance between two complex numbers A = x; + y,iand B = x, + y,iisequal to |4 — B|.

Exit Ticket (5 minutes)
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Lesson 11: Distance and Complex Numbers

Exit Ticket

1. Kishore said that he can add two points in the coordinate plane like adding complex numbers in the complex plane.
For example, for point A(2, 3) and point B(5,1), he will get A + B = (7,4). Is he correct? Explain your reasoning.

2. Consider two complex numbers A = —4 + 5i and B = 4 — 10i.
a. Find the midpoint of A and B.

b. Find the distance between A and B.
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Exit Ticket Sample Solutions

Kishore said that he can add two points in the coordinate plane like adding complex numbers in the complex plane.
For example, for point A(2,3) and point B(5, 1), he willget A + B = (7,4). Is he correct? Explain your reasoning.

No. Kishore is not correct because we cannot add two points in the rectangular plane. However, we can add two
complex numbers in the complex plane, which has the geometric effect of performing a translation to points in
complex numbers.

Consider two complex numbers A = —4 + 5iand B = 4 — 10i.
a. Find the midpoint of 4 and B.

A+ B
M=
2
_—4-+5i+4-—10i
B 2
_—Si
T2
5 5
=——ior0—=i
2 2

b. Find the distance between A and B.

d= J(4— -9+ (-10-5)2 =17

Problem Set Sample Solutions

Find the midpoint between the two given points in the rectangular coordinate plane.

a. 2+ 4iand 4 + 8i

2+4 4+8
M="——+ i=3+6i
2
b. —3+7iand5—i
M= 7 s
= L= L
2 2
c. —4 +3iand 9 — 4i
-4+9 3-4 5 1
M= + i=——=i
2 2 2 2

d. 4+iand —12 - 7i

4-12 1-7
M =

+ i=-4-3i
2 2
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e. —8—3iand 3 — 4i
-8+3 -3-4 5 7
M = + i=——-—i
2 2 2 2
2 5
f. ———iand —0.2 + 0.4i
3 2
2 5. 1 2
a—5l—g+zEi
M= 3 2 55
2
2 1 -5 2
_35.72"5,
2 2
10-3 —-25+4
= + i
30 20
7 21
T30 20
2. letA =2+ 4i, B =14+ 8i, and suppose that C is the midpoint of A and B, and that D is the midpoint of 4 and C.
a. Find points C and D.
A+B 2+4i+14+8i 16 +12i
C = = = =8+ 6i
2 2 2
A+C 2+4i+8+6i 10 + 10i
D= = = =5+5i
2 2 2
b. Find the distance between A and B.
|A—B| =12+ 4i- 14 - 8i|
=|-12 — 4i|
=/(-12)% + (—4)?
=+vV144 + 16
=+v160
=4v10
c. Find the distance between A and C.
|[A—-C| =12+ 4i-8 - 6l
=|-6 — 2i|
= /(=62 + (-2
=40
=2vV10
d. Find the distance between C and D.
|C—-D| =18+ 6i—5—5i|
=3+
=@+
=10
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e.

Find the distance between D and B.

ID — B| = |5 + 5i — 14 — 8i|
=|-9 - 3i

= (=97 + (-3)?

Find a point one quarter of the way along the line segment connecting segment 4 and B, closer to A than
to B.

The pointis D = 5 + 5i.

Terrence thinks the distance from B to C is the same as the distance from A to B. Is he correct? Explain why
or why not.

The distance from B to C is 24/10, and the distance from A to B is 4+/10. The distances are not the same.

Using your answer from part (g), if E is the midpoint of C and B, can you find the distance from E to C?
Explain.

The distance from B to C is 2+/10, and the distance from E to C should be half of this value, v10.

Without doing any more work, can you find point E? Explain.

B is 5 + 5i, which is 3 units to the right of A in the real direction and 1 unit up in the imaginary direction.
From C, you should move the same amount to get to E, so E would be 11 + 7i.
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Student Outcomes
= Students apply distances between complex numbers and the midpoint of a segment.

=  Students derive and apply a formula for finding the endpoint of a segment when given one endpoint and the
midpoint.

Lesson Notes

In Lesson 10, students learned that it is possible to interchange between points on a coordinate plane and complex
numbers. Therefore, all the work that was done in Geometry could be translated into the language of complex numbers,
and vice versa. This lesson continues exploring the midpoint between complex numbers through an Exploratory
Challenge in the form of a leapfrog game. In the Opening Exercise, students develop a formula for finding an endpoint of
a segment when given one endpoint and the midpoint. Students then use this formula in the Exploratory Challenge that
follows.

Classwork
Opening Exercise (5 minutes)

Allow students time to work on the Opening Exercise independently before discussing results as a class. The formula
derived in part (b) will be used in the Exploratory Challenge.

Opening Exercise

a. Let A =2 + 3iand B = —4 — 8i. Find a complex number C so that B is the midpoint of A and C.

C=-10-19i
b. Given two complex numbers 4 and B, find a formula for a complex number C in terms of A and B so that B is
the midpoint of 4 and C.
C=2B-A

c. Verify that your formula is correct by using the result of part (a).
C=2B-A
—10 - 19i = 2(—4 — 8i) — (2 + 3iQ)
=—-8-16i—-2-3i
=-10-19i
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Exercise (7 minutes)

Give students time to work on the exercise in groups. Circulate the room to ensure
students understand the problem. Encourage struggling students to try a graphical
approach to the problem.
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Exercise

Letz=—-100 + 100i and w = 1000 — 1000i.

a.

Find a point one quarter of the way along the line segment connecting z and w
closer to z than to w.

Let M be the midpoint between z and w = 450 — 450i.
Let M' be the midpoint between zand M = 175 — 175i.

The complex number 175 — 175i represents a point on the complex plane that
is one quarter of the way from z on the segment connecting z and w.

Write this point in the form az + Bw for some real numbers a and . Verify
that this does in fact represent the point found in part (a).

3 1 3 1
= “w==—(-1 100i) +-(1 -1 i
4z+4w 4( 00 + 001)+4( 000 000i)

= (=75 + 250) + i(75 — 250)
=175 —175i

2 3
Describe the location of the point s z+ s w on this line segment.

Scaffolding:

Provide visual learners with a
graph on the complex plane.

imaginary
200
Z

0

real

200

400

E:

600

800

1000 W

120055 200 400 600 800 7000 12

s

If students need additional
practice, use this example
before moving on. Have some
students find the answer using
midpoint and some using the
result from part (b).

Find a point one quarter of the
way along the line segment
connecting segment
connecting z = 8 — 6i and

w = 12 + 16i closer to z than

3 2
This point is located = of the way from z and s of the way from w on Zw. tow.

1.
o 9—51

When debriefing, use the graph provided in the scaffold as needed.
= For part (b), did anyone have an answer that did not work when you tried to verify?

o iz + %w (Note: This could be a very common incorrect answer. If nobody offers it as an answer,
perhaps suggest it.)

. 1 3 1 3
= Whyisnt 2z + W the correct answer? After all, the point is " of the way from z and " of the way from w.

o [tdid not work when we tried to verify it.
1 3
Z(—lOO +100i) + 1(1000 —1000i) = (—25+ 750) + i(25 — 750) = 725 — 725i

=  What point would this be on the segment?
o |t would be the point that is Z of the way from z and% of the way from w.

=  You would think about this like a weighted average. To move the point closer to z, it must be weighted more
in the calculation than w.
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Exploratory Challenge 1 (15 minutes)

Have students work in groups on this challenge. Each group will need a full page of graph paper. Warn students that
they need to put the three points A, B, and C fairly close together in order to stay on the page. Allow students to
struggle a little with part (g), but then provide them with help getting started if needed.

Exploratory Challenge 1

Py

P

Py

a. Draw three points 4, B, and C in the plane.

b. Start at any position P, and leapfrog over A to a new position P, so that A4 is the midpoint of Py P;.

c. From P, leapfrog over B to a new position P, so that B is the midpoint P P,.
d. From P,, leapfrog over C to a new position P3 so that C is the midpoint P, P;.
e. Continue alternately leapfrogging over A, then B, then C.

f. What eventually happens?

At the sixth jump, you end up at the initial point P = P,,.

g. Using the formula from Opening Exercise part (b), show why this happens.
P, =2A-P,
P,=2B—-P,=2B—-2A+P,
P;=2C—-P,=2C—-2B+2A—-P,
P,=2A—-P;=-2C+2B+P,
Ps;=2B—- P,=2C—-P,
Py =2C—-P5;=P,
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= What happened on the sixth jump?

o We landed back at the starting point. (Note: Allow a couple of groups to share their graph. A
sample is provided.)

Exploratory Challenge 2 (10 minutes)

Have students continue working in groups on this challenge. Scaffolding:

Provide early finishers with this
challenge.
a. Plot a single point 4 in the plane. -

Exploratory Challenge 2

Repeat the activity with
two points, A and B. But
b.  What happens when you repeatedly jump over A? this time, leapfrog at a 90°

You keep alternating between landing on P, and landing on P;. angle to the left over each
point. Will you return to

the starting point? After

c. Using the formula from Opening Exercise part (b), show why this happens. how many leaps?
Py=24-P, o You will return to the
P, =2A—- P, =2A—- 2A+Py=P, starting point after 4
leaps.
[ d. Make a conjecture about what will happen if you leapfrog over two points, 4 and B,
in the coordinate plane.
Answers will vary.
e. Test your conjecture by using the formula from Opening Exercise part (b).
Answers will vary.
MP.3
&
MP.4 f. Was your conjecture correct? If not, what is your new conjecture about what happens when you leapfrog

over two points, 4 and B, in the coordinate plane?

Answers will vary, but for the most part, students should have found that their conjecture was incorrect. In
this game, you never return to the starting position. Instead the points continue to get further away from
points A and B. This can be seen by using the formula from Opening Exercise part (b).

g. Test your conjecture by actually conducting the experiment.

Closing (3 minutes)
Discuss the results of Exploratory Challenge 2.

=  What was your initial conjecture about two points?
o Answers will vary, but most students would have predicted that at some point you would return to
the initial point.
= How did the formula prove that it was incorrect?

v The formula never returned to P, because terms did not cancel out.
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=  What happened when you leapfrogged over two points?

o We kept getting farther from the initial point.

Exit Ticket (5 minutes)
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Lesson 12: Distance and Complex Numbers

Exit Ticket

1. Find the distance between the following points.
a. (4,-9)and(1,-5)

b. 4—9iand1—5i

c.  Explain why they have the same answer numerically in parts (a) and (b), but a different perspective in
geometric effect.

2. Givenpoint A = 3 — 2i and point M = —2 + i, if M is the midpoint of A and another point B, find the coordinates
of point B.
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Exit Ticket Sample Solutions

1.  Find the distance between the following points.
a. (4,-9) and (1,-5)

AB =+/(4— 12+ (-9 +5)?
=vV/9+16
=5

b. A=4-9iandB=1-5i
|A—B|=|4—9i—1+5i
=13 —4i
=/(@)? + (-4)?
=25
=5

c. Explain why they have the same answer numerically in parts (a) and (b), but a different perspective in
geometric effect

The length of the line segment connecting points A and B is 5.

To find the distance between two complex numbers A and B, we need to calculate A— B = 4 — 9i — 1 + 5i,
which has the geometric effect of performing a translation—shifting one unit to the left and 5 units upward
from point A = 4 — 9i. The resultis 3 — 4i. And |3 — 4i| is the distance from the origin to the complex
number —4i , which is not exactly the same as AB in terms of their position. However, they all have the same
numerical value in terms of distance, which is 5.

2. Given point A = 3 — 2i and point M = —2 + i, if M is the midpoint of A and another point B, find the coordinates

of point B.
3-20)+M
g - B8-20+M
2
—4+2i=3-2i+M
-7+4i=M

Problem Set Sample Solutions

1.  Find the distance between the following points.

a. Point A(2, 3) and point B(6, 6)

AB =.,/(2-6)2+ (3 — 6)?
=16 +9
=5
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b. A=2+3iandB =6+ 6i

|[A—B| =2 +3i—6— 6i

= |—4-3i|
- [Car+ 3y
=V16+9
=5
c. A=-1+5iandB=5+11i
|A—B|=|-1+5i-5—11i|
= |—6 — 6]
- JCor T 62
=/2(6)
=6vV2

d  A=1-2iandB=-2+3i
[A—B|=|1-2i+2-3i
=13 - 5i|
- /G (57
=v9+25
=34

2.  Given three points 4, B, C, where C is the midpoint of 4 and B.
a. IfA= -5+ 2iand C = 3 + 4i, find B.

c_AtB
2
B=2C-A
=2(3 + 4i) — (=5 + 20)
=6+8i+5—2i
=11+ 6i
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b. IfB=1+11liand C = -5 + 3i, find A.

= A+B
)

A=2C-B
=2(-5+3i)— (1 +11iQ)
=-10+6i—1—-11i
=-11-5i

3.  Point C is the midpoint between A = 4 + 3i and B = —6 — 5i. Find the distance between points C and D for each
point D provided below.
a. 2D =-6+8i
C_4—6 3-5. 1-i
== 2 i= i
D=-3+4i
|C—D|=|-1—-i+3—4i|
=|-2 —5i|
=27+ G5
=29
b. D=-B
D =6-5i
|C—-D|=|-1—-i—-6+5i|
=|-7 +4i|
= V7 + @7
=65
4. The distance between points A = 1 + 1i and B = a + bi is 5. Find the point B for each value provided below.
a. a=4
5=/(1-4)2+ (1 - b)?
25=9+(1-b)?
1-b=1+4
b=-3,5
B=4-3ior B=4+5i
b. b=6
5=J/(1-a)?+(1-6)2
25=(1-a)*+25
1-a)?=0
1-a=0
a=1
B=1-6i
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5. Draw five points in the plane 4, B, C, D, E. Start at any position, P, and leapfrog over 4 to a new position, P, (so,
A is the midpoint of P,P,). Then leapfrog over B, then C, then D, then E, then 4, then B, then C, then D, then E,
then A again, and so on. How many jumps will it take to get back to the start position, P,?

It takes 10 Jumps to return to the starting position.

P, =2A-P,

P,=2B—-P,=2B—-2A+P,

P;=2C—-P,=2C—-2B+2A-P,
P,=2D—-P3;=2D—-2C+2B—-2A+P,
P;=2E—P,=2E—-2D+2C—-2B+2A—-P,

Py =2A—-P;=2A—-2E+2D—-2C+2B—-2A+Py=—-2E+2D—-2C+2B+P,
P, =2B—Py=2B+2E—-2D+2C—-2B—Py=2E—-2D+2C—-P,
Pg=2C—P,=2C—-2E+2D—-2C+Py=—-2E+2D+P,
Py=2D—Pg=2D+2E—-2D—-Py=2E—-P,
Pyg=2E—Py=2E—-2E+P;,=P,

6.  For the leapfrog puzzle problems in both Exploratory Challenge 1 and Problem 5, we are given an odd number of
points to leapfrog over. What if we leapfrog over an even number of points? LetA =2,B =2 +i,and Py = i.
Will P, ever return to the starting position, P,? Explain how you know.

No, we cannot get back to the starting position. For example, if we leapfrog over two given even points, A and B.
P, =2A-P,

P,=2B—P;=2B—-2A+P,

P;=2A—-P,=2A—-2B+2A—-Py=4A—-2B—P,

P,=2B—P;=2B—-4A+2B+Py=4B—-4A+P,

Ps=24—-P,=2A—4B +4A—P, = 6A— 4B — P,

M£'3 Ifniseven, P, =nB —nA+ Py, =n(B— A) + P,. Then, if P, = P,, we have 0 = n(B — A), which would mean
MP.4 that B = A which we know to be false. Thus, for even values of n, P,, will never return to P,

Ifnisodd, P, = (n+ 1)A— (n—1)B — P,. Then, if P, = P,, we have

2Py =(Mn+1)A—- (n—-1)B
=m+1)2—-(nm—-1)(2+1i)

=—4—-(n-1)i
2i=—4—(n—1)i
n+1)i=—-4.

Since (n + 1)i is an imaginary number and —4 is a real number, it is impossible for (n + 1)i to equal —4. Thus, for
odd values of n, P,, will never return to P,

Therefore, it is not possible for P, to ever coincide with P for these values of A, B, and P,.
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Lesson 13: Trigonometry and Complex Numbers

Student Outcomes

= Students represent complex numbers in polar form and convert between rectangular and polar
representations.

= Students explain why the rectangular and polar forms of a given complex number represent the same number.

Lesson Notes

This lesson introduces the polar form of a complex number and defines the argument of a complex number in terms of a
rotation. This definition aligns with the definitions of the sine and cosine functions introduced in Algebra Il Module 2
and ties into work with right triangle trigonometry from Geometry. This lesson continues to emphasize the usefulness of
representing complex numbers as transformations. Analysis of the angle of rotation and the scale of the dilation brings a
return to topics in trigonometry first introduced in Geometry (G-SRT.C.6, G-SRT.C.7, G-SRT.C.8) and expanded on in
Algebra Il (FTF.A.1, F-TF.A.2, F-TF.C.8). This lesson reinforces the geometric interpretation of the modulus of a complex
number and introduces the notion of the argument of a complex number. When representing a complex number in
polar form, it is apparent that every complex number can be thought of simply as a rotation and dilation of the real
number 1. In addition to representing numbers in polar form and converting between them, be sure to provide
opportunities for students to explain why polar and rectangular forms of a given complex number represent the same
number (N-CN.B.4).

You may need to spend some time reviewing with students the work they did in previous courses, particularly as it
relates to right-triangle trigonometry, special right triangles and the sine and cosine functions. Sample problems have
been provided after the Problem Set for this lesson. Specific areas for additional review and practice include the
following:

e Using proportional reasoning to determine the other two sides in a special right triangle when given one side
(Geometry, Module 2),

e  Finding the acute angle in a right triangle using the arctangent function (Geometry, Module 2),

e Describing rotations in both degrees and radians (Algebra Il, Module 2),

e  Evaluating the sine and cosine functions at special angles in both degrees and radians (Algebra Il, Module 2), and

e Evaluating the sine and cosine functions at any angle using a calculator (Geometry, Module 2 and Algebra Il,
Module 2).
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Classwork
Opening (3 minutes)

Ask students to recall the special right triangles they studied in Geometry and revisited in Algebra Il by showing them a
diagram with the angles labeled but the side measurements missing. Have them fill in the missing side lengths and
explain their reasoning to a partner. Check for understanding by adding the side lengths to the diagrams on the board,
and then direct students to record these diagrams in their notes. Display these diagrams prominently in your classroom
for student reference. Announce that these relationships will be very helpful as they work through today’s lesson.

d 30°
45°
a2 . 2a a3
45° ]| 60°
H
a a

The Opening Exercise reviews two key concepts from the previous lesson: (1) each complex number a + bi corresponds
to a point (a, b), and (2) the modulus of a complex number is given by Va? + b2. The last part of the Opening Exercise
asks students to think about a rotation that will take a ray from the origin initially containing the real number 1 to its
image from the origin passing through the point (a, b). The measurements of the rotation for the different points
representing the different numbers should be fairly obvious to students. However, as they work, you may need to

remind them of the special right triangles they just discussed. These exercises should be done with a partner or with a
small group. Use the discussion questions that follow to guide students as they work.

Opening Exercise (5 minutes)

= Describe the location of the ray from the origin containing the real number 1.
o [tlies along the positive x-axis with endpoint at the origin.

=  How can you determine the amount of rotation z; and z,?

o The points along the axes were one-fourth and one-half a complete
rotation, which is 360°. Scaffolding:
= Provide additional practice
problems working with

special right triangles.

=  How can you determine the amount of rotation for z; and z,?

o The values of a and b formed the legs of a special right triangle. From
there, since z; was located in the first quadrant, the rotation was just
45°. For z,, you would need to subtract 60° from 360° to give a positive
counterclockwise rotation of 300°, or use a clockwise rotation of —60°.

= Project the diagram on the
board and draw in the rays
and sides of a right
triangle to help students

s The modulus is given by the expression v a? + b2. see the geometric
relationships for z; and z,.

= How did you determine the modulus?

When students are finished, have one or two of them present their solutions for each
complex number. Emphasize the use of special triangles to determine the degrees of
rotation for complex numbers not located along an axis. For additional scaffolding, you
may need to draw in the ray from the origin containing the real number 1 and the rotated
ray from the origin that contains the point (a, b) for each complex number.

= Encourage students to
label vertical and
horizontal distances using
the values of a and b.
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Opening Exercise
For each complex number shown below, answer the following questions. Record your answers in the table.
a. What are the coordinates (a, b) that correspond to this complex number?
b. What is the modulus of the complex number?
c. Suppose a ray from the origin that contains the real number 1 is rotated 6° so it passes through the point
(a,b). What is a value of 6?
41
3] JZ3=3+3i
z,=0+2i
292
11
z,=-3+0i o
4 3 2 A o 1 2 3 4
-1
,2 4
-3 - X
Za= 2-2/3i
_4.
Complex Number (a,b) Modulus Degrees of Rotation 6°
z;=-3+0i (-3,0) 3 180°
z, =0+ 2i (0,2) 2 90°
z3=3+3i (3,3) 32 45°
z,=2—2V3i (2,-2V3) 4 300°

[ As students present their solutions, ask if anyone has a different answer for the number of degrees of the rotation and
lead a discussion so students understand that the degrees of rotation has more than one possible answer and in fact

there are infinitely many possible answers.
m =  Another student said that a clockwise rotation of 270° would work for z,? Do you agree or disagree. Explain.

o | agree, this rotation also takes the initial ray from the origin to a ray containing the point 0 + 2i. If a
complete rotation is 360°, then 270° clockwise would be the same as 90° counterclockwise.

At this point, you may remind students that positive rotations are counterclockwise and that rotation in the opposite
direction is denoted using negative numbers.
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Exercises 1-2 (5 minutes)

These exercises help students understand why the values of the argument of a
complex number are limited to real numbers on the interval 0° < 8 < 360°.
College-level mathematics courses make a distinction between the argument of a Help students to generalize the

complex number between 0 and 360 and the set of all possible arguments of a given .expression by organizing the angles
complex number. into a table (MP.8).

Scaffolding:

n Degrees of rotation
E i 1-2
xercises 0 45
1. Canyou find at least two additional rotations that would map a ray from the origin
through the real number 1 to a ray from the origin passing through the point (3, 3)? 1 45 + 360
This is the number z; = 3 + 3i from the Opening Exercise. Additional rotations 2 45 + 360(2)
could be 45° + 360° = 405° or 45° — 360° = —315°.
3 45 +360(3)

2. How are the rotations you found in Exercise 1 related?

All rotations that take the initial ray to the ray described above must be of the form 45° + 360°n for integer values
of n.

After reviewing possible solutions to the questions above, pose this next question. You may want to write it on the
board. Give students a few minutes to think about their response individually and then have them discuss it with their
partner or group members before sharing responses as a whole class.

= Do you think it is possible to describe a complex number in terms of its modulus and the degrees of rotation of
a ray from the origin containing the real number 1? Justify your reasoning.

o Student responses will vary. In general, the response should be yes but careful students should note the
difficulty of uniquely defining degrees of rotation. The modulus will be a distance from the origin and if
we want to be precise, we may need to limit the possible degrees of rotation to a subset of the real
numbers such as 0° < 6 < 360°.

Discussion (3 minutes)

Exercises 2 and 3 show you that the rotation that maps a ray from the origin containing the real number 1 to a ray
containing a given complex number is not unique. If you know one rotation, you can write an expression that represents
all the rotations of a given complex number z. However, if we limit the rotations to an interval that comprises one full
rotation of the initial ray then we can still describe every complex number in terms of its modulus and a rotation.

Introduce the modulus and argument of a complex number.
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Every complex number z = x + yi appears as a point on the complex plane with coordinates (x,y) as a point in the
coordinate plane.

z=x+yi

In the diagram above, notice that each complex number z has a distance r from the origin to the point (x,y) and a
rotation of 8° that maps the ray from the origin along the positive real axis to the ray passing through the point (x,y).

ARGUMENT OF THE COMPLEX NUMBER z: The argument of the complex number z is the radian (or degree) measure of the
counterclockwise rotation of the complex plane about the origin that maps the initial ray (i.e., the ray corresponding to
the positive real axis) to the ray from the origin through the complex number z in the complex plane. The argument of z
is denoted arg(z).

MODULUS OF A COMPLEX NUMBER Z: The modulus of a complex number z, denoted |z|, is the distance from the origin to the
point corresponding to z in the complex plane. If z = a + bi, then |z| = Va? + b2.

= |s “modulus” indeed the right word? Does r = |z| as we defined it in previous lessons?
©  Yes, since r is the distance from the origin to the point (x,y), which is \/ x? + y?, which is also how we
define the modulus of a complex number.
=  Why are we limiting the argument to a subset of the real numbers?

o We only need these angles to sweep through all possible points in the coordinate plane. If we allowed
the argument to be any real number, there would be many possible arguments for any given complex
number.

Example 1 (4 minutes): The Polar Form of a Complex Number

This example models how the polar form of a complex number is derived using the sine and cosine functions that
students studied in Algebra Il. Use the questions on the student materials to guide your discussion. The definitions from
Algebra Il are provided below for teacher reference.

SINE FUNCTION: The sine function, sin: R = R, can be defined as follows:

Let @ be any real number. In the Cartesian plane, rotate the initial ray by 8 radians about the origin. Intersect the
resulting terminal ray with the unit circle to get a point (x4, ¥g). The value of sin(8) is yg.

COSINE FUNCTION: The cosine function, cos: R — R, can be defined as follows:

Let O be any real number. In the Cartesian plane, rotate the initial ray by 8 radians about the origin. Intersect the
resulting terminal ray with the unit circle to get a point (xg, yg). The value of cos(8) is x4.
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=  What do you recall about the definitions of the sine function and the cosine function from Algebra I1?

o The sine function is the y-coordinate of a point and the cosine function was the x-coordinate of the
intersection point of a ray rotated 6 radians about the origin and the unit circle.

=  How can the sine and cosine functions help us to relate the point (x, y) to modulus r and the argument 67?

o The coordinates (x,y) can be expressed in terms of the cosine and sine using the definition of the sine
and cosine functions and dilating them along the terminal ray by a factor of r.

=  Why would it make sense to use these functions to relate a complex number in a + bi form to one described
by its modulus and argument?

@ The modulus is a distance from the origin to the point (a, b) and the argument is the basically the same
type of rotation described in the definitions of the sine and cosine functions.

Example 1: The Polar Form of a Complex Number

Derive a formula for a complex number in terms of its modulus r and argument 6.

2.

MP.2 N d

MP.7 T

Suppose that z has coordinates (x, y) that lie on the unit circle as shown.
a. What is the value of r and what are the coordinates of the point (x,y) in terms of 8? Explain how you know.

The value of r is 1. The coordinates of the point are (cos(0),sin(0)). The definition of the sine and cosine
function says that a point on the unit circle where a rotated ray intersects the unit circle has these
coordinates.

b. If r = 2, what would be the coordinates of the point (x,y)? Explain how you know.

The coordinates would be (2cos(0),2sin(0)) because the point lies along the same ray but are just dilated
by a scale factor of two along the ray from the origin compared to whenr = 1.
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c. If r = 20, what would be the coordinates of the point (x,y)? Explain how you know.

The coordinates would be (20 cos(0),20 sin(0)) because a circle of radius 20 units would be similar to a
circle with radius 1 but dilated by a factor of 20.

d. Use the definitions of sine and cosine to write coordinates of the point (x, y) in terms of cosine and sine for
any r > 0 and real number 6.

x =1cos(0) andy = rsin(0)

e. Use your answer to part (d) to express z = x + yi in terms of r and 6.

z =x+ yi = rcos(0) + ir sin(0) = r(cos(0) + isin(0))

MP.2
&
L\ WA Monitor students as they work in small groups to derive the polar form of a complex number from rectangular form.

After a few minutes, ask for a few volunteers to share their ideas and then make sure to have students record the
derivation shown below in their notes and revise their work to be accurate and precise.

Annotate the diagram above showing that the x- and y-values correspond to the points on a circle of radius r that is a
dilation of the unit circle. Thus, the point (x, y) can be represented as (r cos(8),7 sin(6))

=  The diagram shown above makes us recall the definitions of sine and cosine. We see from the following from
diagram:

x =rcos(8) and y = rsin(0)

=  Which means that every complex number can be written in the form:

z =x + iy = rcos(0) + ir sin(0) = r(cos(0) + i sin(0))

Review the definition shown below and then have students work in small groups to answer Exercises 3—6.

POLAR FORM OF A COMPLEX NUMBER: The polar form of a complex number z is r(cos(6) + isin(0)), where r = |z| and
0 = arg(z).

RECTANGULAR FORM OF A COMPLEX NUMBER: The rectangular form of a complex number z is a + bi, where z corresponds to
the point (a, b) in the complex plane, and i is the imaginary unit. The number a is called the real part of a + bi, and the
number b is called the imaginary part of a + bi.

Use the graphic organizer below to help students make sense of this definition. A blank version is included in the
student materials. The graphic organizer has space for up to three examples of complex numbers that can either be
completed as a class or assigned to students. Have students work with a partner to provide the polar and rectangular
forms of both numbers. Have partners take turns explaining why the polar and rectangular forms of the examples
represent the same number.
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General Form Polar Form Rectangular Form
z = r(cos(0) + isin(9)) z=a+ bi
Examples
3(cos(60°) + isin(60°)) 3 3V3
—+—i
2 2
T .. T .
2 (cos (E) +isin (E)) 0+ 2i
Key Features Modulus Modulus
r /aZ + bZ
Argument Coordinate
o (a,b)
Coordinate a =rcos(9)
(r cos(0),rsin(0)) b = rsin(0)

Explain to students that this form of a complex number is particularly useful when considering geometric
representations of complex numbers. This form clearly shows that every complex number z can be described as a
rotation of 8° and a dilation by a factor of r of the real number 1.

Exercises 3—6 (8 minutes)

Students should complete these exercises with a partner or in small groups. Monitor progress as students work, and
offer suggestions if they are struggling to work with the new representation of a complex number.

Exercises 3—-6

3.  Write each complex number from the Opening Exercise in polar form.

Rectangular Polar Form
z;=—-3+0i 3(cos(180°) + isin(180°))
z,=0+2i 2(cos(90°) + isin(90°))
z3=3+3i 3(cos(45°) + isin(45°))
2z, =2 — 2/3i 3(cos(300°) + i sin(300°))

4. Use a graph to help you answer these questions.

a. What is the modulus of the complex number 2 — 2i?

If you graph the point (2,—2), then the distance between the origin and the point is given by the distance

formula so the modulus would be / (2)? + (—2)? = 2v/2.

b. What is the argument of the number 2 — 2i?

If you graph the point (2,—2), then the rotation that will take the ray from the origin through the real
number 1 to a ray containing that point will be 315° because the point lies on a line from the origin in
Quadrant IV that is exactly in between the two axes. The argument would be 315°. We choose that rotation
because we defined the argument to be a number between 0 and 360.
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c. Write the complex number in polar form.

2+/2(cos(315°) + isin(315°))

d. Arguments can be measured in radians. Express your answer the answer to part (c) using radians.

7

1’ the number would be

222 (cos (1) t5in (7).

In radians, 315° is

e. Explain why the polar and rectangular forms of a complex number represent the same number.

2 — 2i is thought of as a point with coordinates (2, —2) in the complex plane. The point can also be located
by thinking of the ray extending from the origin rotated 315°. The distance from the origin to the point along

that ray is the modulus, which is 2+/2 units.

Debrief Exercises 3 and 4 by having one or two students volunteer their solutions. On Exercise 4, some students may use
right-triangle trigonometry while others take a more geometric approach and reason out the value of the argument from
the graph and their knowledge of special right triangles. You may need to pause and review radian measure if students
are struggling to answer Exercise 4, part (d). When you review these first two exercises, be sure to emphasize why the
work from Example 1 validates that the polar and rectangular forms of a complex number represent the same number.

Next, give students a few minutes to work individually on using this new form of a complex number. They will need to
approximate the location of a few of these rotations unless you provide them with a protractor. If your class is struggling
to evaluate trigonometric functions of special angles, they may use a calculator, a copy of the unit circle, or their
knowledge of special triangles to determine the values of a and b. Students will need a calculator to answer Exercise 6,
part (c).

5.  State the modulus and argument of each complex number, and then graph it using the modulus and argument.
a.  4(cos(120°) + isin(120°))
r=4,0=120°

¢ 3(cos(190°) + isin(190°)
r=3,0=190°

6.  Evaluate the sine and cosine functions for the given values of 8, and then express each complex number in
rectangular form, z = a + bi. Explain why the polar and rectangular forms represent the same number.

a.  4(cos(120°) + isin(120°)

1 V3i
4(—E+\FT>=—2+2\/§i

The polar form of a complex number and the rectangular form represent the same number because they both
give you the same coordinates of a point that represents the complex number. In this example, 4 units along
a ray from the origin rotated 120° corresponds to the coordinate (—2,2+/3).
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b. 5 (cos (%) + isin (%))

VZ  V2i\ 5v2  5v2i
5(7*7)‘7*7

The polar form and rectangular form represent the same number because the values of 5 cos (%) and

s 5V2
Z) are exactly >

5 sin(
c.  3(cos(190°) + isin(190°))

Rounded to two decimal places, the rectangular form is —2.95 — 0.52i. This form of the number is close to,
but not exactly, the same as the number expressed in polar form because the values of the trigonometric
functions are rounded to the nearest hundredth.

Review the solutions to these exercises with the entire class to check for understanding before moving on to Example 2.
Make sure students understand that in Exercise 6 they rewrote each complex number given in polar form as an
equivalent complex number written in rectangular form. Emphasize that in part (c) the rectangular form is an
approximation of the polar form.

Example 2 (8 minutes): Writing a Complex Number in Polar Form

This example gives students a way to convert any complex number in rectangular form to its polar form using the inverse
tangent function. To be consistent with work from previous grades, we must limit our discussions of inverse tangent to
the work students did in Geometry where they solved problems involving right triangles only. Students will develop the
inverse trigonometric functions in Module 3.

Ask students to recall what they did in the Opening and Exercise 5 to determine the argument.

=  How were you able to determine the argument in the Opening Exercises and in Exercise 5?
o The complex numbers were on an axis or had coordinates that corresponded to lengths of sides in
special right triangles so we could recognize the proper degrees of rotation.

The problems in the Opening and Exercise 5 were fairly easy because of special right triangle relationships or the fact
that the rotations coincided with an axis.
=  How can you express any complex number given in rectangular form in polar form?

o The modulus, r, is given by Va? + b?. To determine the angle we would need a way to figure out the
rotation based on the location of the point (a, b).

Model how to construct a right triangle and use right triangle trigonometry relationships to determine a value of an
acute angle, which we can then use to determine the argument of the complex number.

=  What did you learn in Geometry about finding an angle in a right triangle if you know two of the side
measures?

o We applied the arctan, arcsin, or arccos to the ratios of the known side lengths.
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Example 2: Writing a Complex Number in Polar Form
a. Convert 3 + 4i to polar form.

5(cos(53.1°) + isin(53.1°))

b. Convert 3 — 4i to polar form.

5(c0s(306.9°) + isin(306.9°))

=  Whatis the modulus of 3 + 4i?
@ The modulus is 5.
Draw a diagram like the one shown below and use trigonometry ratios to help you determine the argument. Plot the

point (3,4) and draw a line segment perpendicular to the x-axis from the point to the x-axis. Draw the ray from the
origin through the point (3, 4) and the ray from the origin through the real number 1. Label the acute angle between

these rays 6.

= The line segment from (0, 0) to (3, 0), the line segment we just drew, and the segment from the origin to the
point form a right triangle. What is the tangent ratio of the acute angle whose vertex is at the origin?
o The tangent is tan(0) = %
= Use a calculator to estimate the measure of this angle. What is the argument of 3 + 4i?
o We can use 8 = arctan (g) Rounded to the nearest hundredth, 8 = 53.1°.
= Write 3 + 4i in polar form.
©  The polar form is 5(cos(53.1°) + i sin(53.1°)) with the angle rounded to the nearest tenth.

Part (b) of this example shows how the process above needs to be tweaked when the complex number is not located in
the first quadrant.

The modulus is 5. When we plot the point (3, —4) and draw a line segment perpendicular to the x-axis, we can see that

the acute angle at the origin in this triangle will still have a measure equal to arctan (5) = 53.1°.
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Model how to draw this diagram so students see how to use the arctangent function to find the measure of the acute
angle at the origin in the triangle they constructed.

4] A= (3,-4)

= Use your knowledge of angles to determine the argument of 3 — 4i. Explain your reasoning.

@ Anargument of 3 — 4i would be 360° — 53.1° = 306.9°. The positive rotation of ray from the origin
containing the real number 1 that maps to a ray passing through this point would be 53° less than a full
rotation of 360°.

=  What is the polar form of 3 — 4i?
s The polar form is 5(cos(306.9°) + isin(306.9°)).
=  Why do the polar and rectangular forms of a complex number represent the same number?

o 3 — 4i can be thought of as the point (3, —4) in the complex plane. The point can be located by
extending the ray from the origin rotated 306.9°. The point is a distance of 5 units (the modulus) from
the origin along that ray.

Exercise 7 (4 minutes)

Have students practice the methods you just demonstrated in Example 2. They can work individually or with a partner.
Review the solutions to these problems with the whole class before moving on to the lesson closing.

7.  Express each complex number in polar form. Round arguments to the nearest thousandth.
a. 2+5i
i 5
arg(2 + 5i) = tan?! (E) ~1.190

|2 + 5i| = V4 + 25 =29
2 + 5i = /29(cos(1.190) + isin(1.190))
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b. -6+
1
arg(z) = m—tan! (E) ~ 2.976

|-6 +i| =37
—6 +i =+37(cos(2.976) + isin(2.976))

Closing (3 minutes)

Review the Lesson Summary and then ask students to describe to a partner the geometric meaning of the modulus and
argument of a complex number. Then have the partner describe the steps required to convert a complex number in
rectangular form to polar form. Encourage students to refer back to their work in this lesson as they discuss what they
learned with their partner.

Lesson Summary

The polar form of a complex number z = r(cos(0) + i sin(0)) where 0 is the argument of z and r is the modulus
of z. The rectangular form of a complex number is z = a + bi.

The polar and rectangular forms of a complex number are related by the formulas a = r cos(0), b = r sin(68) and

r=VaT T L.

The notation for modulus is |z| and the notation for argument is arg(z).

Exit Ticket (5 minutes)
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Name Date

Lesson 13: Trigonometry and Complex Numbers

Exit Ticket

1. State the modulus and argument of each complex number. Explain how you know.
a. 4+0i

b. —-2+2i

2. Write each number from Problem 1 in polar form.

3. Explain why 5 (cos (%) + isin (%)) and STﬁ + gi represent the same complex number.
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Exit Ticket Sample Solutions

1. State the modulus and argument of each complex number. Explain how you know.
a. 4+ 0i

The modulus is 4 and the argument is 0°. The real number 4 is 4 units from the origin and lies in the same
position as a ray from the origin containing the real number 1 so the rotation is 0°.

b. —-2+2i

The modulus is 2v/2 and the argument is 135°. The values of a and b correspond to sides of a 45°-45°-90°
right triangle so the modulus would be 2~/2 and the rotation is 45° less than 180°.

2.  Write each number from Problem 1 in polar form.
a. 4(cos(0°) + isin(0°))

b.  2v/2(cos(135°) + isin(135°))

3.  Explain why 5 (cos (%) + isin (%)) and 52—\/5 + gi represent the same complex number.

5 (cos (g) + isin (g))

E) and 5 sin (%), you getsz—\/§ and %, respectively.

If you evaluate 5 cos ( 3

5 (cos (F) + isin (5) = 22+ 24

ST\E + g i is thought of as a point with coordinates (52—‘5 , g) in the complex plane. The point can also be located by

thinking of the ray extending from the origin rotated % radians. The distance from the origin to the point along that
ray is the modulus, which is 5 units.

Problem Set Sample Solutions

1.  Explain why the complex numbers z; = 1 —/3i, z, = 2 — 2v/3i, and z; = 5 — 5v/3i can all have the same
argument. Draw a diagram to support your answer.

They all lie on the same ray from the origin that represents a
300° rotation.

Z3

Lesson 13: Trigonometry and Complex Numbers n
CQMMON o i engage™ s

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; Icc BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 13 m 0

PRECALCULUS AND ADVANCED TOPICS

2. What is the modulus of each of the complex numbers z4, z,, and z; given in Problem 1 above.

The moduli are 2, 4, and 10.

3.  Write the complex numbers from Exercise 1 in polar form.
z, = 2(c0s(300°) + isin(300°))
z, = 4(co0s(300°) + isin(300°))
z3 = 10(cos(300°) + isin(300°))

4.  Explain why 1 — v/3i and 2(cos(300°) + i sin(300°)) represent the same number.

The point (1, —\/§) lies on a ray from the origin that has been rotated 300° rotation from the initial ray. The
distance of this point from the origin along this ray is 2 units (the modulus). Using the definitions of sine and cosine,
any point along that ray will have coordinates (2 cos(300°),2 sin(300°)).

5. Julien stated that a given modulus and a given argument uniquely determine a complex number. Confirm or refute
Julien’s reasoning.

Julien’s reasoning is correct. If you rotate a ray from the origin containing the real number 1 and then locate a point
a fixed number units along that ray from the origin, it will give you a unique point in the plane.

6. Identify the modulus and argument of the complex number in polar form, convert it to rectangular form and sketch
the complex number in the complex plane. 0° < arg(z) < 360°or 0 < arg(z) < 2m (radians)

a. z=cos(30°) +isin(30°)
r =1, arg(z) = 30°

\/§+1_ 4
z=——+_—1
2 2

3

2

1

rE1 o2

0 8 =30°
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b. z=2 (cos (%) +isin (%))
r=2, arg(z) = g radians
4
z=+2+2i
3
2
z
14 = 2
0 9 = 45°
-4 -3 2 - 0 1 2 3 4 5
-1
-2
-3
-4
c. z=4% (cos (g) +isin (g))
T 4
r=4, arg(z) = 3 radians z
3
z=2+2V3i r=
2
1
0 0 = 60°
-4 -3 2 - 0o 1 2 3 4 5
-1
-2
-3
-4
d. z=2y3 (cos (56_11) + isin (56_11))
r =23, arg(z) = 5?” radians .
z=-3+3i 3
Z r=346 2
1
\ 6 =150°
-4 -3 2 - 0 1 2 3 4 5
-1
-2
-3
-4
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e. z=5(cos(5.637) +isin(5.637))
r =5, arg(z) = 5.637 radians
4
z=4-3i
3
2
1
/ol b= 323.13°
4 3 2 -\ Je. 1 2 3 4 5
-1 r
-2
z
-3
-4
f. z = 5(cos(2.498) + isin(2.498))
r =5, arg(z) = 2.498 radians 4
zZ=—4+ 3i Z 3
r=5
2
1
\ 0=143.13°
-4 -3 -2 -1 0 1 2 3 4 5
-1
-2
-3
-4
g. z=1+/34(cos(3.682) + isin(3.682))
r =34, arg(z) = 3.682 4
z=-5-3i 3
2
1
6\6 =210.96
5 4 3 83" -1 0 1 2 3 4
r=5.
-1
-2
-3
-4
-5
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h. z=4V3 (cos (53—11) + isin (STR))
r =43, arg(z) = STH

z=2V3-6i

a
0 < arg(z) < 2m (radians).
a. z=+3+i

arg(z) is in quadrant one.

-4

7. Convert the complex numbers in rectangular form to polar form. If the argument is a multiple of —, —,

b .
express your answer exactly. If not, use arctan ( ) to find arg(z) rounded to the nearest thousandth,

mmTmT
643°%2

T

b 27
arg(z) = arctan (—)
a z
. ( 1 ) Mr=2
= arctan|—
V3 0 8 =30°
_ E -4 -3 -2 -1 0 1 2 3 4 5
6 14
r=|z
12| N
2
= /(\/5) + (1)2
=2
T T
z=2 (cos (E) +isin (E))
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z=-3+3i

arg(z) is in quadrant two.
b
arg(z) = m — arctan (;)

tan ()
=1 — arctan | —
4 ctan

r=424

B b4
=1 )
_ 3m
T4 W)
T =|z|
= /(37 + (3)?
=32
3m 3m
z=3V2 (cos (T) +isin (T))
z=2-23i
arg(z) is in quadrant four.
b
arg(z) = 2m — arctan (;)
&)
= 2w — arctan | ——
2
-4

_5m di
=—5~ radians

r = |z|

= |@2 + (-2v3)*
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d. z=-12-5i
arg(z) is in quadrant three.
(2) = + arctan (1)
ar = arctan (—
g(z)=m ctan
arctan ()
=m + arctan |—
V3
~ 3.536 radians
T =|z|
=,/(—-12)2 + (-5)2
=13
z =13(cos(3.536) + isin(3.536))
2]
n
O = 3.536radians
(o
3 2 -1 0 8 7 % 5 —'4 3 2 i) 0 1 2
1]
24
3]
r=13
4
z 5]
64
e. z="T7-24i
arg(z) is in quadrant four.
b 5
arg(z) = 2m — arctan (—)
34 6 \q =5 r‘ad '
= 27 — arctan (7) 5 5 10 15 20
~ 4.996 radians 5
r=|z|
-10
=/ (7)? + (—24)2 r=25
=25
-15
z = 25(c0s(4.996) + i sin(4.996))
-20
z
-25
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8.  Show that the following complex numbers have the same argument.

a. z;=3+3V3iand z,=1++3i

arg(z,) = arctan (%i) =§ and arg(z,) = (V3) :g

b. z;=1+iand z, =4+ 4i

arg(z,) = arctan (%) = % and arg(z,) = arctan (%) = %

each point on the square.

41
3.
2_
D A
1
0 B
-2 -1 0 1 2 3
11
_2-

48 A
3_
D' B'
24
11
c
-2 -1 0 1 2 3
11
21

9. Asquare with side length of one unit is shown below. Identify a complex number in polar form that corresponds to

10. Determine complex numbers in polar form whose coordinates are the vertices of the square shown below.

A =+/2(cos(45°) + isin(45°))
B = 1(cos(0°) + isin(0°))

C = 0(cos(0°) + isin(0°))

A = 1(cos(90°) + isin(90°))

A" = 4(cos(90°) + isin(90°))
B' = 2v/2(cos(45°) + i sin(45°))
C' = 0(cos(0°) + isin(0°))

D' = 2+/2(cos(135°) + isin(135°))
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11. How do the modulus and argument of coordinate 4 in Problem 9, correspond to the modulus and argument of point
A’ in Problem 10? Does a similar relationship exist when you compare B to B’, C to C’, and D to D'? Explain why
you think this relationship exists.

The modulus multiplied by a factor of 2+/2 and the argument is 45° more. The same is true when you compare B to
B’ and D to D'. The relationship could also be true for C anad C’, although the argument of C and C' can really be
any number since the modulus is 0.

12. Describe the transformations that map ABCD to A'B'C'D’.

Rotate by 45° counterclockwise and then dilate by a factor of 2/2.
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Trigonometry Review: Additional Resources

1. Evaluate the following.

a. sin(30°) b, cos (g)
c. sin(225°) d cos (5%)
e. sin (5%) f. cos(330°)

2. Solve for the acute angle 8, both in radians and degrees, in a right triangle if you are given the opposite side, 0, and
adjacent side, A. Round to the nearest thousandth.

a. 0O0=3andA=4

b. O0=6andAd=1

c. 0=3V3andA=2

3. Convert angles in degrees to radians, and convert angles in radians to degrees.

a. 150°
b, T

3

3T
C. —

4
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a.

a.

a.

Trigonometry Review: Additional Resources

1.  Evaluate the following.

sin(30°) b.
1
2
sin(225°) d.
N3
2
. (5w
sin (T) f.
V3
2

2.  Solve for the acute angle 0, both in radians and degrees, in a right triangle if you are given the opposite side, 0, and
adjacent side, A. Round to the nearest thousandth.

O=3andA =4

3
arctan (4—) ~ 0.644 radians = 36.898°

O=6andAd=1

6
arctan (T) ~ 1.406 radians = 80.558°

0=3V3andA =2

3v3
arctan( ) ~ 1.203 radians = 68.927°

3.  Convert angles in degrees to radians, and convert angles in radians to degrees.

150°

51

6

4

240°

3

135°

cos(3)

1
2

3

cos°5)
3
2

cos(330°)
V3

2
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m Lesson 14: Discovering the Geometric Effect of Complex

Multiplication

Student Outcomes

= Students determine the geometric effects of transformations of the form L(z) = az, L(z) = (bi)z, and
L(z) = (a + bi)z for real numbers a and b.

Lesson Notes

In this lesson, students observe the geometric effect of transformations of the form L(z) = (a + bi)z on a unit square
and formulate conjectures (G-CO.A.2). Today’s observations will be mathematically established in the following lesson.
As in the previous lessons, in this lesson we will continue to associate points (a, b) in the coordinate plane with complex
numbers a + bi, where a and b are real numbers (N-CN.B.4). The Problem Set includes another chance to revisit the
definition and the idea of a linear transformation. Showing that these transformations are linear also provides algebraic
fluency practice with complex numbers.

Classwork

Exercises (10 minutes)

Exercises

The vertices A(0,0), B(1,0), C(1,1), and D(0, 1) of a unit square can be represented by the complex numbers 4 = 0,
B=1,C=1+i,andD =i.

1. LletL(z) = —=z.

a. Calculate A' = L (A4), B’ = L1(B),C' = L,(C), 5]
and D' = L,(D). Plot these four points on the
axes.
b. Describe the geometric effect of the linear 24
transformation L, (z) = —z on the square ABCD.
Transformation L, rotates the square ABCD by D C
180° about the origin. 1
o A B
5 B A’ o 1 2 3
c’ D
2]
COMMON Lesson 14: Discovering the Geometric Effect of Complex Multiplication

COMN s engage™ &

© 2014 Common Core, Inc. Some rights reserved. commoncore.or; ch BY-NC-SA This work s licensed under a
2 Inc. 8! g -0Tg Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM

Lesson 14 m 0

PRECALCULUS AND ADVANCED TOPICS

2.

3.

4.

Let L,(z) = 2z.

a.

b.

Calculate A’ = L,(A), B' = L,(B), C' = L,(C),
and D = L,(D). Plot these four points on the
axes.

Describe the geometric effect of the linear
transformation L,(z) = 2z on the square ABCD.

Transformation L, dilates the square ABCD by a
factor of 2.

D' c’

Let L3(2) = iz.

b.

Calculate A" = L3 (A), B' = L3;(B), C' = L3(C),
and D' = L;(D). Plot these four points on the
axes.

Describe the geometric effect of the linear
transformation L;(z) = iz on the square ABCD.

Transformation L rotates the square ABCD by
90° counterclockwise about the origin.

Let L,(2) = (2i)z.

b.

Calculate A’ = L,(A), B' = L,(B), C' = L,(C),
and D' = L, (D). Plot these four points on the
axes.
Cl
Describe the geometric effect of the linear

transformation L,(z) = (2i)z on the square
ABCD.

Transformation L, rotates the square ABCD by
90° counterclockwise about the origin and dilates
by a factor of 2.
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5.  Explain how transformations L,, L3, and L, are related.
Transformation L, is the result of doing transformations L, and L (in either order).

Discussion (8 minutes)

= What is the geometric effect of the transformation L(z) = az for a real number a > 0?
o The effect of L is dilation by the factor a.
=  What happens to a unit square in this case?

o The orientation of the square does not change; it is not reflected or rotated, but the sides of the square
are dilated by a.

=  What is the effect on the square if a > 1?
o The sides of the square will get larger.
=  What is the effect on the square if 0 < a < 1?
o The sides of the square will get smaller.
=  What is the geometric effect of the transformation L(z) = az ifa = 0?

o Ifa =0, then L(z) = 0 for every complex number z. This transformation essentially shrinks the square
down to the point at the origin.

= What is the geometric effect of the transformation L(z) = az for a real number a < 0?

o Ifa <0,thenL(z) = az = —|a|z, so L is a dilation by |a| and a rotation by 180°. This transformation
will dilate the original unit square and then rotate it about point A into the third quadrant.

=  What is the geometric effect of the transformation L(z) = (bi)z for a real number b > 0?
@ The transformation L dilates by b and rotates by 90° counterclockwise.

=  What s the effect on the unit squareif b > 1?
@ The sides of the square will get larger.

=  What is the effect on the unit square if 0 < b < 1?
@ The sides of the square will get smaller.

=  What is the effect on the unit square if b < 0?

s Ifb <0, then L(z) = (bi)z = i(bz), so L is a dilation by |b| and a rotation by 180°, followed by a
rotation by 90°. This transformation will rotate and dilate the original unit square and then rotate it
about point A to the fourth quadrant.

Exercise 6 (6 minutes)

6.  We will continue to use the unit square ABCD withA =0, B =1,C =1 + I, D = i for this exercise.

a. What is the geometric effect of the transformation L(z) = 5z on the unit square?

By our work in the first five exercises and the previous discussion, we know that this transformation dilates
the unit square by a factor of 5.

b.  What is the geometric effect of the transformation L(z) = (5i)z on the unit square?

By our work in the first five exercises, this transformation will dilate the unit square by a factor of 5 and
rotate it 90° counterclockwise about the origin.
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c. What is the geometric effect of the transformation L(z) = (5i%)z on the unit square?

Since i = —1, this transformation is L(z) = —5z, which will dilate the unit square by 5 and rotate it 180°
about the origin.

d. What is the geometric effect of the transformation L(z) = (5i3)z on the unit square?

Since i3 = —i, this transformation is L(z) = (—5i)z, which will dilate the unit square by a factor of 5 and
rotate it 270° counterclockwise about the origin.

e. What is the geometric effect of the transformation L(z) = (5i*)z on the unit square?

Since i* = (i?)? = (—1)? = 1, this transformation is the L(z) = 5z, which is the same transformation as in
part (a). Thus, this transformation dilates the unit square by a factor of 5.

f. What is the geometric effect of the transformation L(z) = (5i°)z on the unit square?

Since i® = i* - i = i, this is the same transformation as in part (b). This transformation will dilate the unit
square by a factor of 5 and rotate it 90° counterclockwise about the origin.

g. What is the geometric effect of the transformation L(z) = (5i™)z on the unit square, for some integer
n=0?

If nis a multiple of 4, then L(z) = (5i™)z = 5z will dilate the unit square by a factor of 5.

If n is one more than a multiple of 4, then L(z) = (5i")z = (5i)z will dilate the unit square by a factor of 5
and rotate it 90° counterclockwise about the origin.

If n is two more than a multiple of 4, then L(z) = (5i")z = —5z will dilate the unit square by 5 and rotate it
180° about the origin.

If nis three more than a multiple of 4, then L(z) = (5i")z = (—5i)z will dilate the unit square by a factor of
5 and rotate it 270° counterclockwise about the origin.

Exploratory Challenge (12 minutes)

Divide students into at least eight groups of two or three students each. Assign each group to the 1-team, 2-team,
3-team, or 4-team. There should be at least two groups on each team, so that students can check their answers against
another group when the results are shared at the end of the exercises. Each team will explore a different transformation
of the form L(z) = (a + bi)z.

Before students begin working on the Exploratory Challenge, ask the following:
Scaffolding:

=  For struggling students,
accompany this discussion

= What is the geometric effect of the transformation L(z) = 3z?

o This transformation will dilate by a factor of three.

= What is the geometric effect of the transformation L(z) = —3z? with a visual
o This transformation will dilate by a factor of three and rotate by 180° representation of each
about the origin. transformation on the unit
square ABCD.

= What is the geometric effect of the transformation L(z) = 4iz?
= Omit this discussion for

o This transformation will dilate by a factor of four and rotate by 90° about advanced students.

the origin.

=  What is the geometric effect of the transformation L(z) = —4iz?

o This transformation will dilate by a factor of four and rotate by 270° about the origin.
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Exploratory Challenge

Your group has been assigned either to the 1-team, 2-team, 3-team, or 4-team. Each team will answer the questions
below for the transformation that corresponds to their team number:

Li(z) = 3 +4i)z

L,(z) = (-3 +4i)z

L;(z) = (-3 —4i)z

L,(z) = (3 —4i)z.

The unit square unit square ABCD withA =0,B=1,C =1+ 1, D = iis shown below. Apply your transformation to
the vertices of the square ABCD and plot the transformed points A’, B, C', and D’ on the same coordinate axes.

The solution shown below is for transformation L,. The transformed square for L,, L3, and L, will be rotated 90°, 180°,
and 270° counterclockwise about the origin from the one shown, respectively.

c’ 71
6_
5.
4 B’
5
D/
2—
D /C
1
‘A |B
7 % 5 4 3 2 14’flo 1 2 3 a4 5 & 7

For the 1-team:
a. Why is B’ = 3 + 4i?

Because B =1, we have B' = L,(B) = (3 + 4i)(1) = 3 + 4i.

b. What is the argument of 3 + 4i?

The argument of 3 + 4i is the amount of counterclockwise rotation between the positive x-axis and the ray
connecting the origin and the point (3, 4).
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c. What is the modulus of 3 + 4i?

The modulus of 3 + 4iis |3 + 4i| = V32 + 42 = /25 = 5.

For the 2-team:
a. Why is B’ = —3 + 4i?

Because B = 1, we have B' = L,(B) = (-3 + 4i)(1) = —3 + 4i.

b. What is the argument of —3 + 4i?

The argument of —3 + 4i is the amount of counterclockwise rotation between the positive x-axis and the ray
connecting the origin and the point (—3, 4).

c. What is the modulus of —3 + 4i?

The modulus of —3 + 4iis |—3 + 4i| = \/(—3)% + 42 = /25 = 5.

For the 3-team:
a. Whyis B’ = —3 — 4i?

Because B = 1, we have B' = L3(B) = (—3 —4i)(1) = —3 — 4i.

b. What is the argument of —3 — 4i?

The argument of —3 — 4i is the amount of counterclockwise rotation between the positive x-axis and the ray
connecting the origin and the point (=3, —4).

c. What is the modulus of —3 — 4i?

The modulus of —3 — 4i is |—-3 — 4i| = \/(—3)? + (-4)? = V25 =5.

For the 4-team:
a. Why is B’ = 3 — 4i?

Because B = 1, we have B' = L4(B) = (3 — 4i)(1) = 3 — 4i.

b. What is the argument of 3 — 4i?

The argument of 3 — 4i is the amount of counterclockwise rotation between the positive x-axis and the ray
connecting the origin and the point (3, —4).

c. What is the modulus of 3 — 4i?

The modulus of 3 — 4iis |3 — 4i| = /3% + (—4)2 =V25 = 5.

All groups should also answer the following:
a. Describe the amount the square has been rotated counterclockwise.

The square has been rotated the amount of counterclockwise rotation between the positive x-axis and ray

AB'.
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b. What is the dilation factor of the square? Explain how you know.

First, we need to calculate the length of one side of the square. The length AB' is given by

AB' = J (4 — 0)2 + (3 — 0)2 = 5. Then the dilation factor of the square is 5, because the final square has
sides that are five times longer than the sides of the original square.

c. What is the geometric effect of your transformation L, L,, L3, or L, on the unit square ABCD?

(Answered for transformation L,.) The transformation rotates the square counterclockwise by the argument
of (3 + 4i) and dilates it by a factor of the modulus of 3 + 4i.

d.  Make a conjecture: What do you expect to be the geometric effect of the transformation L(z) = (2 + i)zon
the unit square ABCD?

This transformation should rotate the square counterclockwise by the argument of 2 + i and dilate it by a

factor of |2 + i| = V22 + 12 = /5.

e. Test your conjecture with the unit square on the axes below.
o
3
D’ 2
D @
1 B’
0 B
3 2 1 A'lo 1 2 3

Closing (5 minutes)

Ask one group from each team to share their results from the Exploratory Challenge at the front of the class. Be sure
that each group has made the connection that if the transformation is given by L(z) = (a + bi)z, then the geometric
effect of the transformation is to dilate by |a + bi| and to rotate by arg(a + bi).

Exit Ticket (4 minutes)
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Name Date

Lesson 14: Discovering the Geometric Effect of Complex

Multiplication

Exit Ticket
1. Identify the linear transformation L that takes square 31
ABCD to square A'B'C'D’' as shown in the figure on the
right. “]
D C
1
olA |B
4 3 2 1 A'l 1 2 3 4 5
-1
B
-2
-3 D’
-4
5
o
N
2. Describe the geometric effect of the transformation 4
L(z) = (1 — 3i)z on the unit square ABCD, where
A=0,B=1,C =141, and D = i. Sketch the unit 34
square transformed by L on the axes at right.
24
D C
1
olA |B
-4 -3 -2 -1 0 2 3 4
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Exit Ticket Sample Solutions

1. Identify the linear transformation L that takes square 3
ABCD to square A'B'C'D' as shown in the figure on the
right.

The transformation L takes the point B = 1 to the point
B' = —3 — 2i, so this transformation is given by oJA |B
L(z) = (-3 - 2i)z. : o )

B’ -2
3 D’
-5
o
2.  Describe the geometric effect of the transformation .
L(z) = (1 — 3i)z on the unit square ABCD, where
A=0,B=1,C=1+iand D = i. Sketch the unit square 3

transformed by L on the axes at right.

This transformation dilates by |1 — 3i| = V12 + 32 = /10,

and rotates counterclockwise by arg(1 — 3i). 1
oA B/\

2 c’
-3
I
-4
Problem Set Sample Solutions
1.  Find the modulus and argument for each of the following complex numbers.
V3, 1.
a. zZ) = 7 + i l
V3 1, .. 1 o T
‘7 +3 l‘ = 1, z, is in quadrant 1; thus, arg(z,) = arctan <ﬁ =30° = grad.
2

b. z,=2+2V3i

|2 + 2V3i| = 4, z, is in quadrant 1; thus, arg(z,) = arctan (g) =60° = % rad.
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c. z3 =-3+5i

|3 + 5i| = V34, z5 is in quadrant 2; thus, arg(z) = ™ — arctan (g) ~m—1.030 ~ 2.112 rad.

d.  z,=-2-2i

-2 — 2i| = 2V/2, z4 is in quadrant 3; thus, arg(z,) = w + arctan (%) =1+ % = 54_11 rad.
e. Zs=4—4i
. .. 4 4 7
|4 + 4i| = 4V/2, zs is in quadrant 4; thus, arg(zs) = 2m — arctan (Z) =27 — T 1 rad.

f.  zg=3—6i

|3 — 6i| = 3v/5, zq is in quadrant 4; thus, arg(z,) = 2 — arctan (g) =2m—1.107 = 5.176 rad.

2.  For parts (a)—(c), determine the geometric effect of the specified transformation.
a. L(z)=-3z

The transformation L dilates by 3 and rotates by 180° about the origin.

b. L(z)=-100z

The transformation L dilates by 100 and rotates by 180° about the origin.
c. L(z) =— %z

The transformation L dilates by% and rotates by 180° about the origin.

d. Describe the geometric effect of the transformation L(z) = az for any negative real number a.

The transformation L dilates by |a| and rotates by 180° about the origin.

3.  For parts (a)-(c), determine the geometric effect of the specified transformation.
a. L(z)=(-3i)z

The transformation L dilates by 3 and rotates counterclockwise by 270° about the origin.

b. L(z) = (-100i)z

The transformation L dilates by 100 and rotates by 270° about the origin.

c. L(z) = (—%i)z

The transformation L dilates by% and rotates counterclockwise by 270° about the origin.

d.  Describe the geometric effect of the transformation L(z) = (bi)z for any negative real number b.

The transformation L dilates by |b| and rotates by 270° counterclockwise about the origin.
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4.  Suppose that we have two linear transformations L, (z) = 3z and L,(z) = (5i)z.

a. What is the geometric effect of first performing transformation L, and then performing transformation L,?

The transformation L, dilates by 3, dilates by 5, and rotates by 90° counterclockwise about the origin.

b. What is the geometric effect of first performing transformation L,, and then performing transformation L,?

The transformation L, dilates by 5, rotates by 90° counterclockwise about the origin, and then dilates by 3.

c. Are your answers to parts (a) and (b) the same or different? Explain how you know.
The answers are the same.
Ly(L1(2)) = (5i)Ly(2) = (5i)(32) = (15i)z. L1(Ly(2)) = 3Ly(2) = 3((50)z) = (15i)z
For example, let z = 2 — 3i.
Ly =3(2-3i)=6—-9i
L, = (5i)(2 —3i) =15+ 10i
L,(Ly) = (5i)(6 —9i) = 45 + 30i
Ly(Ly) = 3(15+10i) = 45 + 30i

5. Suppose that we have two linear transformations L;(z) = (4 + 3i)z and L,(z) = —z. What is the geometric effect
of first performing transformation L, and then performing transformation L,?

We have |4 + 3i| = 5, and the argument of 4 + 3i is arctan (%) ~ 0. 644 radians, which is about 36.87°.

Therefore, the transformation L, followed by L, dilates with scale factor 5, rotates by approximately 36.87°
counterclockwise, and then rotates by 180°.

6. Suppose that we have two linear transformations L, (z) = (3 — 4i)z and L,(z) = —z. What is the geometric effect
of first performing transformation L, and then performing transformation L,?

We see that |3 — 4i| = 5, and the argument of 3 — 4i is arctan (%) ~ 21 — 5. 356 radians, which is about

306.87°. Therefore, the transformation L followed by L, dilates with scale factor 5, rotates by approximately
306.87° counterclockwise, and then rotates by 180°.

7. Explain the geometric effect of the linear transformation L(z) = (a — bi)z, where a and b are positive real
numbers.

Note that complex number a — bi is represented by a point in the fourth quadrant. The transformation L dilates

. . . b
with scale factor |a — bi| and rotates counterclockwise by 21t — arctan (E)'

60° 2
1 45
1 3 1
2 2
30 45°
\3 2
2 2
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8. In Geometry, we learned the special angles of a right triangle whose hypotenuse is 1 unit. The figures are shown
above. Describe the geometric effect of the following transformations.

a. Li(z)= (?+%i>z
V3 o1,
- t5i

3 —1, arg(z) = 30° = Zrad
7 T3 =1 arg(z =30°=ra

The transformation L rotates counterclockwise by 30°.

b.  Ly(2) = (2 +2v3i)z
|2 + 2v3i| = 4, arg(z) = 60° =§ rad

The transformation L, dilates with scale factor 4 and rotates counterclockwise by 60°.

c. L3(z)=(g+gi)z
V2 V2, n'
‘7+Tl =1, arg(z) = 45 —Zrad

The transformation L dilates by 1 and rotates counterclockwise by 45°.

d. Ly(2) = (4+4i)z
T
|4 + 4i| = 4V2, arg(z) = 45° = ry rad

The transformation L, dilates with scale factor 4+/2 and rotates counterclockwise by 45°.

9. Recall that a function L is a linear transformation if all z and w in the domain of L and all constants a meet the
following two conditions:

i. L(z+w) =L(z) + L(w)
ii. L(az)=al(z)

Show that the following functions meet the definition of a linear transformation.
a. Li(z)=4z

Li(z+w)=4(z+w)=4z+4w = L,(2) + L{(w)
L,(az) = 4(az) = 4az = a(4z) = al,(z)

b. Ly(2) =iz

Ly(z+w)=i(z+w)=iz+iw=L,(2) + L;y(w)
L,(az) = i(az) = iaz = a(iz) = aL,(z)

c. L;(z) = (4+1i)z

Ly(z+w)=@+D(z+w)=@+Dz+ @ +D)w=L3(z) + Ly;(w)
Ly(az) = (4 +i)(az) = (4 +i)az=a((4+1i)z) = alz(z)

10. The vertices A(0,0), B(1,0), €(1,1), D(0, 1) of a unit square can be represented by the complex numbers A = 0,
B=1,C=1+1i,D =i. We learned that multiplication of those complex numbers by i rotates the unit square by
90° counterclockwise. What do you need to multiply by so that the unit square will be rotated by 90° clockwise?

We need to multiply by i3 = —i.
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E Lesson 15: Justifying the Geometric Effect of Complex

Multiplication

Student Outcomes

= Students understand why the geometric transformation effect of the linear transformation L(z) = wz is
dilation by |w| and rotation by the argument of w.

Lesson Notes (optional)

In Lesson 13, students observed that the transformation L(z) = (3 + 4i)z has the geometric effect of a rotation by the
argument of 3 + 4i and a dilation by the modulus |3 + 4i| = 5. In this lesson, we generalize this result to a linear
transformation L(z) = wz for a complex number w, using the geometric representation of a complex number as a point
in the complex plane. However, before they begin thinking about the transformation L, students first need to represent
multiplication of complex numbers geometrically on the complex plane (N-CN.B.5), so that is where this lesson begins.

This lesson covers one of nine cases for the geometric position of the complex scalar w in the coordinate plane, and the
remaining cases are carefully scaffolded in the Problem Set. Consider extending this to a two-day lesson, and having
students work in groups on these remaining cases during the second day of class. You might choose to have groups
present the remaining eight cases to the rest of the class.

Classwork
Opening Exercise (8 minutes)

In the Opening Exercise, students review complex multiplication and consider it geometrically to justify the geometric
effect of a linear transformation L(z) = (a + bi)z discovered in Lesson 13.
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Opening Exercise

For each exercise below, compute the product wz. Then, plot the complex numbers z, w, and wz on the axes provided.

COMMON
CORE’

a. z=3+i,w=1+2i 10
wz= 3+ i1+ 2i) 812w
=3 +6i+i+2i
6
=3-2+7i
=1+4+7i 4
M e w
z
0
10 8 6 4 2 0o 2 4 3 3 10
2
o
6l
8]
-104
b. z=1+2i,w=-1+4i 10]
wz = (1 + 20)(—1+ 4i) 8l
=—1+4i—2i+8i®
=-1-8+2i ‘]
w
=-9+2i 4
zew z
o 8 6 4 2 0o 2 2 3 3 10
2]
4]
6]
8]
-104
c. z=-14+i,w=-2-i
wz=(-1+i)(-2—1i) ’
=2-2i+i-i* 4*
=2+1-i 31
=3-i 24
z
1
5 L 53 L4 0~ 2 3 4 5 6
1
w Z-w
Y
3
4
s
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d. For each part (a), (b), and (c), draw line segments connecting each point z, w and wz to the origin. Determine
a relationship between the arguments of the complex numbers z, w, and wz.

It appears that the argument of wz is the sum of the arguments of z and w.

Discussion (5 minutes)

This discussion outlines the point of the lesson. We are claiming that the geometric effect of the linear transformation

L(z)

wz for complex numbers w is twofold: a dilation by |w| and a rotation by the argument of w. The teacher will

then lead students through the justification for why these observations hold in every case. The observation was made in
Lesson 13 using the particular examples L, (z) = (3 + 4i)z, L,(z) = (=3 + 4i)z, L3(z) = (=3 — 4i)z, and

L,(z) = (3 — 4i)z. In the lesson itself, we only address the case of L(z) = (a + bi)z wherea > 0 and b > 0. The
remaining cases are included in the Problem Set.

At the end of Lesson 13, what did you discover about the geometric effects of the transformations
Li(z) = (3 +4i)z L,(2) = (=3 +4i)z, L;(z) = (=3 —4i)z,and L,(z) = (3 — 4i)z?
s These transformations had the geometric effect of dilation by |3 + 4i| = 5 and rotation by the
argument of 3 + 4i (or 3 — 4i, —3 — 4i, —3 + 4i, as appropriate).

Can we generalize this result to any linear transformation L(z) = wz, for a complex number w? Why or why
not?

o Yes, it seems that we can generalize this. We tried it for L(z) = (2 + i)z and it worked.

For a general linear transformation L(z) = wz, what do we need to establish in order to generalize what we
discovered in Lesson 13?

Students may struggle with stating these ideas using proper mathematical terminology. Allow them time to grapple with
the phrasing before providing the correct terminology.

o We need to show that the modulus of L(z) is equal to the product of the modulus of w and the modulus
of z. That is, we need to show that |L(z)| = |w| - |z|.

@ We need to show that the angle made by the ray through the origin and z is a rotation of the ray
through the origin and L(z) by arg(w). That is, we need to show that arg(L(z)) = arg(w) + arg(z).

Exercises 1-2 (5 minutes)

Exercises

T

1. Letw=a+biandz=c+di. .
Scaffolding:

= Allow struggling students
to complete these
exercises for concrete

a. Calculate the product wz.

wz = (a + bi)(c + di)
= (ac — bd) + (ad + bc)i

values of z and w, such as
z=4—3iand
w =05+ 12i.

= Ask advanced students to
think about the
relationship between the
arguments of w and z.
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b.  Calculate the moduli |w|, |z|, and |wz|.

lw| =y a? + b?
|z] =/ c% + d?

lwz| = \/(ac— bd)? + (ad + bc)?

= Ja%c? — 2abcd + b2d? + ad? + 2abcd + b%c?
=Ja2(c? + d?) + b2(c? + d?)

= J(@+ b))+ d)

c. What can you conclude about the quantities |w|, |z|, and [wz|?

From part (b) we can see that lwz| = |w| - |z|.

2.  What does the result of Exercise 1 tell us about the geometric effect of the transformation L(z) = wz?

We see that |L(z)| = |wz| = |w| - |z|, so the transformation L dilates by a factor of |w|.

Discussion (15 minutes)

In this discussion, lead the students through the geometric argument that arg(wz) is the sum of arg(w) and arg(z). The
images presented here show one of many cases, but the mathematics is not dependent on the case. The remaining
cases will be addressed in the Problem Set.

= We have established half of what we need to show today, that is, that one geometric effect of the
transformation L(z) = wz is a dilation by the modulus of w, |[w|. Now we will demonstrate that another
geometric effect of this transformation is a rotation by the argument of w.

= Letw = a+ bi, where a and b are real numbers. Representations of the complex numbers z and w as points
in the coordinate plane are shown below.

w=a-+ b
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=  Thenwz = (a + bi)z = az + (bi)z. Recall from Lesson 13 that az is a dilation of z by a, and (bi)zis a
dilation of z by b and a rotation by 90°. Let’s add the points az and (bi)z to the figure.

az

(bi)z

w=a-+ b

= We know that wz = az + (bi)z, so we can find the location of wz in the plane by adding az + (bi)z
geometrically. (We do not need to find a formula for the coordinates of wz.)
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= Now, we can build a triangle with vertices at the origin, az and wz. And we can build another triangle with
vertices at the origin, w and a.

=  What do we notice about these two triangles?
o They appear to both be right triangles. They appear to be similar.

= For simplicity’s sake, let’s label the vertices of these triangles. Denote the origin by O, andletP =w, Q = a,
R =wz,and S = az.
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= What are the lengths of the sides of the small triangle, A OPQ?

©  We have

OP = |w|
0Q = l|al
PQ = |b|.

=  What are the lengths of the sides of the large triangle, A ORS?
@ We have
OR = |lwz| = |w| - |z]
0S = |az| = |a| - ||
RS = |lwz — az|
= |laz + (bi)z — az|

= |(bi)z|
= |bil - ||
= |b| - li] - |zl
= |b| - |zl.

=  How do the side lengths of A ORS and A OPQ relate?
o We see that

OR |w|- |z
—=———=z],
OP (w|

0S lal - |z
—=——=|z],
0Q lal

RS |b|-|z|

— = = |z|.
PQ bl

= What can we conclude about triangles A ORS and A OPQ?
@ We can conclude that A ORS ~ A OPQ by SSS similarity.

=  Now that we know A ORS ~ A OPQ, we can conclude that ZROS = £P0Q. So, how can we use this angle
congruence to help us answer the original question?
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= Where are arg(z), arg(w), and arg(wz) in our diagrams? How do they relate to the angles in the triangles?

R

& From the diagram, arg(w) = m(£P0Q), arg(z) = m(4£S0Q) and arg(wz) = m(£R0OQ).
*  However, we have shown that m(2P0Q) = m(£R0S).

R

= We see that

arg(wz) = m(«R0Q)
=m(4R0OS) + m(£50Q)
= arg(z) + arg(w)
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= Then, since arg(L(z)) = arg(wz) = arg(z) + arg(w), the point L(z) = w(z) is the image of z under rotation
by arg(w) about the origin. Thus, the transformation L(z) = wz also has the geometric effect of rotation by
arg(w).

= While our discussion only addressed the case where w is represented by a point in the first quadrant, the
result holds for any complex number w. You will consider the other cases for w in the Problem Set.

Exercise 3 (4 minutes)

3. If zand w are the complex numbers with the specified arguments and moduli, locate the point that represents the
product wz on the provided coordinate axes.

T
a. lw| = 3, arg(w) = Y

2 T 44
lz| = 3 arg(z) = 32

34

w

24

1

. 0

4 3 -2 -1 1 2 3 4
z
1]
wz

2]

34

-]
b. lwl =2, arglw) =7

T

|z| =1, arg(z) = Y 44

34

24

1 z
w
0
4 -3 -2 1 0 1 2 3 4

14

wz N

34

4]
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1§

1
¢ lwl=3, argw) =

oy @

|z| = 4, arg(z) = —

Closing (4 minutes)

Ask students to write in their journal or notebook to explain the process for geometrically describing the product of two
complex numbers. Students should mention the following key points.

= For complex numbers z and w, the modulus of the product is the product of the moduli:
lwz| = |w]| - |z|.
= For complex numbers z and w, the argument of the product is the sum of the arguments:

arg(wz) = arg(w) + arg(z) .

Lesson Summary
For complex numbers z and w,
. The modulus of the product is the product of the moduli:
lwz| = |w| - |zl,
. The argument of the product is the sum of the arguments:

arg(wz) = arg(w) + arg(z).

Exit Ticket (4 minutes)
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Lesson 15: Justifying the Geometric Effect of Complex

Multiplication

Exit Ticket

1. What is the geometric effect of the transformation L(z) = (—6 + 8i)z?

2. Suppose that w is a complex number with |w| = %and arg(w) = %ﬂ, and z is a complex number with |z| = 2 and
s
arg(z) = 3

a. Explain how you can geometrically locate the point that represents the product wz in the coordinate plane.

b. Plotw, z, and wz on the coordinate grid.

-4
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Exit Ticket Sample Solutions

1.  What is the geometric effect of the transformation L(z) = (—6 + 8i)z?

For this transformation, w = —6 + 8i, so |w| = \/(—6)2 + 82 = /100 = 10. The transformation L dilates by a
factor of 10 and rotates counterclockwise by arg(—6 + 8i).

2.  Suppose that w is a complex number with [w| = %and arg(w) = %I, and z is a complex number with |z| = 2 and
T
arg(z) = 3
a. Explain how you can geometrically locate the point that represents the product wz in the coordinate plane.
5t wm 7m 3
The product wz has argument ? + ; = ? and modulus E - 2 = 3. So we find the point that is distance

Vi3
3 units from the origin on the ray that has been rotated ? radians from the positive x-axis.

b. Plot w, z, and wz on the coordinate grid.
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Problem Set Sample Solutions

Problems 1 and 2 establish that any linear transformation of the form L(z) = wz has the geometric effect of a rotation
by arg(w) and dilation by |w|. Problems 3 and 4 lead to the development in the next lesson in which students build new
transformations from ones they already know.

1. Inthe lesson, we justified our observation that the geometric effect of a transformation L(z) = wz is a rotation by
arg(w) and a dilation by |w/| for a complex number w that is represented by a point in the first quadrant of the
coordinate plane. In this exercise, we will verify that this observation is valid for any complex number w. For a
complex number w = a + bi, we only considered the case where a > 0 and b > 0. There are eight additional
possibilities we need to consider.

a. Case 1: The point representing w is the origin. Thatis,a = 0and b = 0.

In this case, explain why L(z) = (a + bi)z has the geometric effect of rotation by arg(a + bi) and dilation
by |a + bi].

Ifa+ bi =0+ 0i = 0, then arg(a + bi) = 0, and |a + bi| = 0. Rotating a point z by 0° does not change
the location of z, and dilation by 0 sends each point to the origin. Since L(z) = 0z = 0 for every complex
number z, we can say that L dilates by 0 and rotates by 0, so L rotates counterclockwise by arg(a + bi) and
dilates by |a + bi|.

b. Case 2: The point representing w lies on the positive real axis. Thatis,a > 0and b = 0.

In this case, explain why L(z) = (a + bi)z has the geometric effect of rotation by arg(a + bi) and dilation
by |a + bi].

If b = 0, then L(z) = az, which dilates z by a factor of a and does not rotate z. Since a + bi lies on the
positive real axis, arg(a + bi) = 0. Also, |a + bi| = |a| = a, since a > 0. Thus, L dilates by |a + bi| and
rotates counterclockwise by arg(a + bi).

c. Case 3: The point representing w lies on the negative real axis. Thatis,a < 0andb = 0.

In this case, explain why L(z) = (a + bi)z has the geometric effect of rotation by arg(a + bi) and dilation
by |a + bi].

If b = 0, then L(z) = az, which dilates z by a factor of |a| rotates z by 180°. Since a + bi lies on the
negative real axis, arg(a + bi) = 180°. Also, |a + bi| = |a|. Thus, L dilates by |a + bi| and rotates
counterclockwise by arg(a + bi).

d. Case 4: The point representing w lies on the positive imaginary axis. Thatis,a = 0 and b > 0.

In this case, explain why L(z) = (a + bi)z has the geometric effect of rotation by arg(a + bi) and dilation
by |a + bi].

If a = 0, then L(z) = (bi)z, which dilates z by a factor of b and rotates z by 90° counterclockwise. Since
a + bi lies on the positive imaginary axis, arg(a + bi) = 90°. Also, |a + bi| = b. Thus, L dilates by
|a + bi| and rotates counterclockwise by arg(a + bi).

e. Case 5: The point representing w lies on the negative imaginary axis. Thatis,a = 0and b < 0.

In this case, explain why L(z) = (a + bi)z has the geometric effect of rotation by arg(a + bi) and dilation
by |a + bi].

If a = 0, then L(z) = (bi)z, which dilates z by a factor of |b| and rotates z by 270° counterclockwise. Since
a + bi lies on the negative imaginary axis, arg(a + bi) = 270°. Also, |a + bi| = |b|. Thus, L dilates by
|a + bi| and rotates counterclockwise by arg(a + bi).
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f. Case 6: The point representing w = a + bi lies in the second quadrant. Thatis, a < 0 and b > 0. Points
representing , z, az, (bi)z, and wz = az + (bi)z are shown in the figure below.

(bi)z

az

Letm(£P0Q) = 6.

For convenience, rename the origin O andlet P =w,Q = a, R = wz, S = az,and T = z, as shown below.

i. Argue that A OPQ ~ A ORS.

OP 0Q PQ

The lengths of the sides of the triangles are the following:

OP = |w| OR = |w| - |z|
0Q = |a] 0S = |a| - |z|
PQ=0b RS =b-|z|
OR os RS
Thus, — = — = — = |z|,s0 A OPQ ~ A ORS.
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Express the argument of az in terms of arg(z).

arg(az) = 180° + arg(z)

Express arg(w) in terms of 6, where 6 = m(2P0Q).

arg(w) = 180° -0

Explain why arg(wz) = arg(az) — 6.
Because A OPQ ~ A ORS, m(£LR0OS) = m(£P0OQ) = 6.
arg(wz) = arg(az) — m(2£RO0S)
= arg(az) — m(£P0Q)
=arg(az) — 0

Combine your responses from parts (ii), (iii) and (iv) to express arg(wz) in terms of arg(z) and
arg(w).
arg(wz) = arg(az) — 0
= (180° + arg(2)) — (180° — arg(w))
= arg(z) + arg(w)

Case 7: The point representing w = a + bi lies in the third quadrant. Thatis,a < 0and b < 0.

Points representing , z, az, (bi)z, and wz = az + (bi)z are shown in the figure below.

az i

(bi)z
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Letm(£P0Q) = 6.

For convenience, rename the origin O andletP =w,Q = a, R = wz,S = az,and T = z, as shown below.

R

i. Argue that A OPQ ~ A ORS.

OP 0Q PQ

The lengths of the sides of the triangles are as follows:

oP = |w| OR = |w| - |z|

0Q = |a 0S = la| - |z]

PQ = |b| RS = |b| - |z|
Thus,% SR = |z|,s0o A OPQ ~ A ORS.

iil. Express the argument of az in terms of arg(z).

arg(az) = 180° + arg(z)

iii.  Express arg(w) in terms of 6, where 6 = m(2P0Q).

arg(w) = 180°+ 6

iv.  Explain why arg(wz) = arg(az) + 6.
Because A OPQ ~ A ORS, m(£LR0OS) = m(£P0OQ) = 6.

arg(wz) = arg(az) + m(«ROS)

= arg(az) + m(«P0OQ)
=arg(az) + 6
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V. Combine your responses from parts (ii), (iii), and (iv) to express arg(wz) in terms of arg(z) and
arg(w).
arg(wz) = arg(az) + 0
= (180° + arg(z)) + (arg(w) — 180°)
= arg(z) + arg(w)

h. Case 8: The point representing w = a + bi lies in the fourth quadrant. Thatis,a > 0and b < 0.

Points representing , z, az, (bi)z, and wz = az + (bi)z are shown in the figure below.

az

For convenience, rename the origin O,andlet P = w,Q = a, R =wz, S = az,and T = z, as shown below.
Letm(£P0Q) = 6.
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i. Argue that A OPQ ~ A ORS.

The lengths of the sides of the triangles are the following:

oP = |w| OR = |w| - |z]

0Q=a 0S =a-|z|

PQ = |b| RS = |b| - |z|
Thus,% SR = |z|,s0 A OPQ ~ A ORS.

OP 0Q PQ

ii.  Express arg(w) in terms of 6, where 6 = m(2P0Q).

arg(w) = 360°— 0

iii.  Explain why m(2QOR) = 0 — arg(z).
Because A OPQ ~ A ORS, m(£.SOR) = m(£P0Q) = 6.
m(2QOR) = m(2SOR) — m(250Q)
=0 - m(250Q)
=0 —arg(z)

iv.  Express arg(wz) in terms of m(2QOR).
Because A OPQ ~ A ORS, m(£R0OS) = m(£P0Q) = 6.
arg(wz) = arg(az) + m(«ROS)
= arg(az) + m(«P0OQ)
=arg(az) + 6

V. Combine your responses from parts (ii), (iii), and (iv) to express arg(wz) in terms of arg(z) and
arg(w).
arg(wz) = 360° — m(2QOR)
=360°— (0 —arg(2))
= (360°—0) + arg(z)
= arg(w) + arg(z)

2.  Summarize the results of Problem 1, parts (a)-(h) and the lesson.

For any complex number w, the transformation L(z) = wz has the geometric effect of rotation by arg(w) and
dilation by |w|.

3.  Find alinear transformation L that will have the geometric effect of rotation by the specified amount without
dilating.

a. 45° counterclockwise

We need to find a complex number w so that |w| = 1 and arg(w) = 45°. Then w can be represented by a
point on the unit circle such that the ray through the origin and w is the terminal ray of the positive x-axis
rotated by 45°. Then the x-coordinate of w is cos(45°)and the y-coordinate of w is sin(45°), so we

g+¥. Then L(z) = (Q+£)Z :§(1+i)z.

have w = cos(45°) + i sin(45°) = >+
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b. 60° counterclockwise
L(z) = (cos(60°) +i sin(60°))z
(1 . iv3
2772 )?
c. 180° counterclockwise
L(z) = (cos(180°) + i sin(180°))z
=-z
d. 120° counterclockwise
L(z) = (cos(120°) + i sin(120°))z
(1 . i3
\T2772)*
e. 30° clockwise
L(z) = (cos(—30°) +i sin(—30°))z
V3 o1
=|l—-=i]z
2 2
f. 90° clockwise

L(z) = (cos(—90°) +i sin(—90°))z

=—iz

g. 180° clockwise

L(z) = (cos(—180°) + i sin(—180°))z

=—-Z

h. 135° clockwise

L(z) = (cos(—135°) +i sin(—135°))z

R
_(—7—T>z
=——(1+1iz

4. Suppose that we have linear transformations L, and L, as specified below. Find a formula for L, (Ll(z)) for
complex numbers z.

a. Li(z) =1+ i)zand L,(z2) = (1 - i)z

Ly(Ly(2)) = L((1 + D)2)
=1 -)(1+dz)
=1-D(A+iz
=2z
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b. Ly(z) =(3—2i)zand L,(2) = (2+ 3i)z

Ly(Ly(2)) = Lp((3 — 20)2)

c. Li(z) = (—4 + 3i)zand L,(z) = (-3 — i)z

Ly(Ly(2)) = Lo((—4 + 3D)z)

d. L{(z) = (a+ bi)zand L,(z) = (c + di)z for real numbers a, b, c and d.

Ly(Ly(2)) = Ly((a + bi)z)

=(2+3)(3 -202)
=(2+3)3 - 2i)z
= (12 + 5i)z

=(-3-D((-4+3Dz)
=(-3-D(-4+3iz
= (15 - 5i)z

= (c+ di)((a + bi)z)
= (a+ bi)(c+ di)z
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Lesson 16: Representing Reflections with Transformations

Student Outcomes

= Students create a sequence of transformations that produce the geometric effect of reflection across a given
line through the origin.

Lesson Notes

In this lesson, students apply complex multiplication from Lesson 14 to construct a transformation of the plane that
reflects across a given line. So far, we have only looked at linear transformations of the form L: C - C by L(z) = wz for
a complex number w, and all such linear transformations have the geometric effect of rotation by arg(w) and dilation by
|[w|. Inlater lessons, when we use matrices to define transformations, we will see that reflection can be represented by

X X
a transformation of the form L ([y]) =A [y] for a matrix A, which better fits the form that we are used to for linear

transformations. This lesson relies upon the foundational standards G-C0O.A.2, G-CO.A.4, and G.CO.A.5, and strengthens
student understanding of N-CN.A.3 and N-CN.B.4. Students may need to be reminded of the following notations for
transformations of the plane from Geometry:

*  Avrotation by 6 degrees about the origin is denoted by R g g-).

= Avreflection across line £ is denoted by 7.

Classwork
Opening Exercise (6 minutes)

Students should work in pairs or small groups for these exercises. Students did problems identical or nearly identical to
parts (a) and (b) in the Problem Set for Lesson 14, and they learned in Lesson 6 that taking the conjugate of z produces
the reflection of z across the real axis.

Opening Exercise

a. Find a transformation R 45-): C — C that rotates a point represented by the complex number z by 45°
counterclockwise in the coordinate plane, but does not produce a dilation.

L(z) = (E+ iﬂ>z

2 2
b. Find a transformation R _4s-y: C — C that rotates a point represented by the complex number z by 45°
clockwise in the coordinate plane, but does not produce a dilation.
V2 V2
Lz)=|—-i—)z
2 2
c. Find a transformation 7, _,,;.: C — C that reflects a point represented by the complex number z across the
x-axis.

L(z) = z, the conjugate of z.
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Discussion (15 minutes)

This discussion sets up the problem for the day, which is finding a linear transformation that will reflect across a line
through the origin. For familiarity and ease of calculation, we will begin with a reflection across the line with equation

y = x. Students will need to know the results of the Opening Exercise, so be sure to verify that all groups got the correct
answers before proceeding with the discussion. The circle with radius z is shown lightly in the figure to help with

performing transformations accurately.

Discussion

We want to find a transformation r,: C — C that reflects a point
representing a complex number z across the diagonal line £ with
equationy = x.

P
~

Recall from Algebra Il, Module 3 that the transformation (x,y) — (v, x) accomplishes this reflection across the diagonal
line in the coordinate plane, but we are now looking for a formula that produces this result for the complex number

x + yi. If students mention this transformation, praise them for making the connection to past work, and ask them to
keep this response in mind for verifying the answer we will get with our new approach. The steps outlined below
demonstrate that the reflection across a line other than the x-axis or y-axis can be accomplished by a sequence of
rotations so that the line of reflection aligns with the x-axis, reflects across the x-axis, and rotates so that the line is back

in its original position.

Display or reproduce the image above to guide students through this discussion as they
take notes. Ask students to draw a point 1,(z) where they think the reflection of z across
line € will be. Draw it on your version also. Walk through the sequence of
transformations geometrically before introducing the analytical formulas.

We know how to find transformations that produce the effect of rotating by a certain
amount around the origin, dilating by a certain scale factor, and reflecting across the

x-axis or the y-axis. Which of these transformations will help us to reflect across the
diagonal line? Allow students to make suggestions or conjectures.

=  How much do we have to rotate around the origin to have line £ align z
with the positive x-axis? ,
o We need to rotate —45°. |

Draw the image of z after rotation by —45° about the origin. Label the new point i

z,. Give students a quick minute to draw z; on their version before you display J—as 7

Scaffolding:

For struggling students, use
transparency sheets to model
the sequence of rotating by
—45°, reflecting across the real
axis, then rotating by 45°.

z1 = Ro,-45°)(2)

yours.

= Where is the original line £ now?

e It coincides with the positive x-axis.
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= Good! We know how to reflect across the x-axis. Draw the reflection of point z; across the x-axis, and label
itz,.

o N

z1 = Ro,—45°)(2)

Rotated Line £

°
!

z2 = ""w-axis(zl)

= Now that we have done a reflection, we need to
rotate back to where we started. How much do we
have to rotate around the origin to put line £ back
where it originally was?

= We need to rotate 45°.

o N
~

= Draw the image of z, under rotation by 45° about
the origin. The image should coincide with the
original estimate of 1, (z).

Now that students have had a chance to think about the -

geometric steps involved in reflecting z across diagonal line £, ~ 450
repeat the process using the formulas for the three AN -
transformations. N R

=  What is the transformation that accomplishes AN

22 = Tpaxis(21)

rotation by —45°? Students answered this question
in the Opening Exercise.

o The transformation is L(z) = (‘/2—E - L‘/Z—E) z

= We will refer to this transformation using the notation we used in Geometry. We can also factor out the
constant ‘/2—7: R(o—459(2) = \/2—7 (1-1)z.

= After we rotate the plane so that line # lies along the x-axis, we reflect the new point z across the x-axis.
What is the formula for the transformationr,_, .. we use to accomplish the reflection?

@ We use the conjugate of z, so we haver, .. (z) = Z.
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= Now, we can rotate the plane back to its original position by rotating by 45° counterclockwise around the
origin. What is the formula for this rotation?

@ From the Opening Exercise, using the notation from Geometry we have R 45+(2) = \/2—7 1+ i)z
= We then have
V2 o
z1 = R(o,-459(2) = > 1-Dz
Zy = rx—axis(zl) = Z_l
V2
Z3 = Rous9(22) = > 1+ D)z,

= Putting the formulas together, we have
Z3 = Rous59(22)
= R(0,45°) (Tx—axis (Zl))

- R(O 45°) ( Tx-axis (R(O 45°)(Z)))
Stop here before going forward with the analytic equations and ensure that all students understand that this formula

means that we are first rotating point z by —45° about the origin, then reflecting across the x-axis, then rotating by 45°
about the origin. Remind students that the innermost transformations happen first.

= Applying the formulas, we have

Z3 = R(0,45°) (rx axis R(O —45°) (Z)))

= R(0,45°) xa)us (1 - L)Z>

1_1)2)
o)

Nlﬁ

Nlﬁ

=R (0,45°)

= R(o,45 )(

= R(o,45°)( 1+ l)Z>

PN
:7(1+L)<7(1+L)Z>
1 N2
=§(1+L) Z
=iz

Then, the transformation 1,(z) = iZ has the geometric effect of reflection across the diagonal line £ with

equationy = x.
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Exercises

plot it below.

o 74(2)

(y,x). Does this agree with our result from the previous discussion?

Yes. We can represent the point (x,y) by z = x + iy. Then

ro(x + iy)
=i(x+ty)
i(x—iy)
=y+ix,

14(2)

which corresponds to the point (y, x).

1. The number z in the figure used in the discussion above is the complex number 1 + 5i. Compute r,(1 + 5i) and

2. We know from previous courses that the reflection of a point (x, y) across the line with equation y = x is the point

Exercise 3 (10 minutes)

In this Exercise, students repeat the previous calculations to find an analytic formula for reflection across the line £ that

makes a 60° angle with the positive x-axis.

T

transformation.

components of the transformation can be represented by these formulas:

1 V3,
Z; = R(g—60%(2) = 2~ 71 z
Z; = rx-axis(zl) = Z_l

1 V3,
Z3 = R(g 60+ (22) = E‘*‘ 71 z,

Putting the formulas together, we have

Z3 = R(0,60°)(Zz)

= Ro607) (Tx-axis(z 1))

= Ro607) (Tx-axis (R (0,-60°) (Z)))

3.  We now want to find a formula for the transformation of reflection across the line £ that
makes a 60° angle with the positive x-axis. Find formulas to represent each component of
the transformation, and use them to find one formula that represents the overall

fo
th

The transformation consists of: rotating line € so that it coincides with the x-axis; reflecting n
across the x-axis; and rotating the x-axis back to the original position of line €. The
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Scaffolding:
Ask struggling students the

llowing questions to guide
eir work in Exercise 3.
What transformation will
rotate line € so that it
coincides with the x-axis?

= —60°

What transformation will
reflect across the x-axis?

@ The conjugate

What transformation will
rotate the x-axis back to
the original position of line
£?

@ 60°
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Stop here before going forward with the analytic equations and ensure that all students
understand that this formula means that we are first rotating point z by —60° about the
origin, then reflecting across the x-axis, then rotating by 60° about the origin. Remind
students that the innermost transformations happen first.

Applying the formulas, we have

T{;(Z) :R(0,60°) T x-axis R(O 60°)(Z)))

V3
= R(0,60°) T x-axis _ - 7 i|lz
R 1 V3
= o ———1)|Zz
060\ |37

<i
(I
[

60° angle with the positive x-axis.

Scaffolding:

Have early finishers repeat
Exercise 3 for the line £ that
makes a —30° angle with the
positive x-axis.

Closing (4 minutes)

Ask students to write in their journal or notebook to explain the sequence of transformation that will produce reflection
across a line € through the origin that contains the terminal ray of a rotation of the x-axis by 8. Key points are

summarized in the box below.

Lesson Summary

across line £ can be done by the following sequence of transformations:
. Rotation by —60 about the origin.
. Reflection across the x-axis.

. Rotation by 6 about the origin.

Let £ be a line through the origin that contains the terminal ray of a rotation of the x-axis by 8. Then reflection

Exit Ticket (5 minutes)

COMMON Lesson 16: Representing Reflections with Transformations
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Name Date

Lesson 16: Representing Reflections with Transformations

Exit Ticket

Explain the process used in the lesson to locate the reflection of a point z across the diagonal line with equation y = x.
Include figures in your explanation.
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Include figures in your explanation.

Explain the process used in the lesson to locate the reflection of a point z across the diagonal line with equation y = x.

First, we rotated the point z by —45° to align the diagonal line with equation y = x with the x-axis to get a new point z,.

z1 = Ro,—45)(2)

z
°

Then, we reflected the point z, across the real axis to find point z,.

Rotated Line £

z1 = Ro,—45)(2)

z
°

Finally, we rotated everything back by 45° to find the final point z; = 1,(z).

- W\Zx = R(0,45%)(22)

Rotated Line £

!

zZ2 = Ta:-axis( Zl)

L

~ 45°
~

22 = Tzoaxis(21)
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1.

Find a formula for the transformation of reflection across the line £ with equation y = —x.

zy = R(O’,nsa)(z) = (— g - g i) z, if students cannot see it, you can say that

JZ ﬁl.)3zz( 2z ﬁ')z.

R(0-135)(2) = R(o-45") (R (0.-45) (R(o.—4s°>2)) = (7 s 272

z3 = R(o357)(22) = (— o5+ 71') (22)

_ V2 V2 B VZOVZ\_\ (V2 N2\ V2 vZ2Z)\_ @
—R(o,135") (—7—71>z —R(0,135") (—7+71>z —(—7+71>(—7+71>Z——12

Find the formula for the sequence of transformations comprising reflection across the line with equation y = x and
then rotation by 180° about the origin.

)

2
z; = R(O,—45°)(z) = (g_

Z; = rxfaxis(zl) = ( 2
2
23 = R(o457)(22) = (§+

2
23 = Rg457)(22) = (g

Zy = —23 = —iZ

Compare your answers to Problems 1 and 2. Explain what you find.

They have the same answer/formula that will produce the same transformation of z.

Find a formula for the transformation of reflection across the line £ that makes a —30° angle with the positive
Xx-axis.

V3 1,
Z1:R(o,3o")(z)= 7+?l>z

N V3 1 )\ /V3 1
zzzrxfaxis(zl):(7+?l>zz 74—?1 22(7—?l>2

23 = R(o-30")(22)

23 = R(o_30")(22) =

1]
/N
@l

|
N|m N R
\/\:‘/

)

N

N~
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Max observed that when reflecting a complex number, z = a + bi about the line y = x, that a and b are reversed,
which is similar to how we learned to find an inverse function. Will Max’s observation also be true when the line
y = —xis used, where a = —b and = —a ? Give an example to show his assumption is either correct or incorrect.

Yes. To reflect a complex number z = a + bi about the line y = —x, we need to do R _;35°, Tx_axis and then
Ry 135, which will produce the answer to be z = b + ai.

The examples vary. This example will work: z =1 + i.
z=a+bi

VI VI,

V2
Z3 = R 135 (Tx_axis (R0,7135“(Z)) = Ro135(Mx—axis | | — 2 71 z | =Ryq35° 7(_1 -z

=Ry 135 (?(—1 + i)z) = g(q + i)?(—l +i)z= %(—21’)2 =—iz=—i(a+bi)=b—a

z=1+i,z;=—i(1—-)=-1-1i

For reflecting a complex number, z = a + bi about the line y = 2x, will Max’s idea work if he makes b = 2a and

b . .
a=3? Use z = 1 + 4i as an example to show whether or not it works.

No, it will not work based on the example shown. z, = g + 2ai = %+ 2 X 1i =2+ 2i. Since the angle a + 90°,
this is not a reflection.

5 y=2x

z=1+4i /
4 ° /
. a#53.13°

What would the formula look like if you want to reflect a complex number about the line y = mx, where m > 0?

For reflecting a complex number or a point about the line going through the origin, we need to know the angle of
the line with respect to the positive x-axis to do rotations. So we can use the slope of the line to find the angle that
we need to rotate, which is arctan(m). Now we can come up with a general formula that can be applied onto
reflecting about the line y = mx, where m > 0.

Z3 = RO,arctan(m) (rxfaxis (RO,arctan(—m) (Z))/
Where Rg acran(-m) = €OS (arctan(—m)) + i - sin(arctan(—m))

Ry arctanm) = cos(arctan(m)) + i - sin(arctan(m))
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[91 Lesson 17: The Geometric Effect of Multiplying by a

Reciprocal

Student Outcomes

= Students apply their knowledge to understand that multiplication by the reciprocal provides the inverse
geometric operation to a rotation and dilation.

=  Students understand the geometric effects of multiple operations with complex numbers.

Lesson Notes

This lesson explores the geometric effect of multiplication by the reciprocal to construct a transformation that undoes
multiplication. In this lesson, students verify that the transformation of multiplication by the reciprocal produces the
same result geometrically as it does algebraically. This lesson ties together the work of Lessons 13—15 on linear
transformations of the form L: C —» C by L(z) = wz for a complex number w, and all such linear transformations having
the geometric effect of rotation by arg(w) and dilation by |w| to the work done in Lessons 6 and 7 on complex number
division. In later lessons, when matrices are used to define transformations, we will revisit these and extend these
topics. This lesson relies upon the foundational standards G-CO.A.2, G-CO.A.4, and G.CO.A.5, and strengthens student
understanding of N-CN.A.3, N-CN.B.4, and N-CN.B.5.

This lesson is structured as a series of exploratory challenges that are scaffolded

to allow students to make sense of the connections between algebraic operations Scaffolding:

with complex numbers and the corresponding transformations. The lesson Use these concrete examples to scaffold

concludes with students considering all the operations (and their related the opening as needed for your

transformations) together and working with combinations of operations and students:

describing them as a series of transformations of a complex number. In the

Problem Set, students connect the work of this module back to linear In x + 2 how do you ‘undo’ adding 2?

transformations that they studied in Lessons 1 and 2. You would subtract 2. x + 2 —
2=x

Classwork In 5x, how do you ‘undo’ multiplication

Opening (2 minutes) by 57

. . . , You would divide by 5.
Ask students to brainstorm real-world operations that ‘undo’ each other. For c
X

example, putting your shoes on and taking them off. Have each student briefly =x

share ideas with their group mates. Next, have them think of mathematical 5

operations that ‘undo’ each other. For example, division by 3 will ‘undo’

multiplication by 3. Remind students that we often use the word ‘inverse’ when In x*, how do you undo the operation of
talking about operations that undo each other. During this lesson, be sure to cubing?

correct students that confuse the words opposite, reciprocal, and inverse. You would take the cube root.

i = x
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Opening Exercise (3 minutes) Scaffoldi
cajjolaing:

Students will be working with this complex number in the subsequent Exploratory
Challenge. If students struggle to find the argument and modulus of 1 + i in this exercise,
take time to review notation and methods for determining the argument of a complex
number written in rectangular form. All the actual complex numbers in this lesson will

Throughout this lesson
students will be working with
friendly rotations and using
their knowledge of special right
triangles and proportional
reasoning. In your classroom,
Opening Exercise display prominent visual
Givenw = 1 + i. What is arg(w) and |w|? Explain how you got your answer. reminders such as drawings of
special triangles (see Lesson 12
of this module), a unit circle
with benchmark rotations
labeled in degrees and radians
(see Algebra Il Module 2), etc.

. . T T T
correspond to ‘friendly’ rotations such as 3 etc.

arg(w) = %and |w| = V2. I used the formula |w| = Va? + b? to determine the modulus and
since the point (1, 1) lies along a ray from the origin that has been rotated 45° from the ray

b4
through the origin that contains the real number 1, the argument must be T

Exploratory Challenge 1/Exercises 1-9 (10 minutes)

Students should complete the next nine exercises in small groups of 3—4 students. As teams work on these problems,
circulate around the room to monitor progress. Some groups may get stuck on Question 3. Since we defined the
argument of a complex number on an interval 0 < arg(z) < 2m students will need to figure a positive rotation on this
interval that will be equivalent to —arg(z). You can lead a whole-class discussion at this point if needed before moving
the groups on to complete the rest of the exercises in this Exploratory Challenge. After Exercise 6, have one or two
students report out their group’s response to this item.

Exploratory Challenge 1/Exercises 1-9

1. Describe the geometric effect of the transformation L(z) = (1 + i)z.

Scaffolding:

The transformation rotates the complex number about the origin through 45° and dilates ff g

the number by a scale factor of V2. Work with specific angle

measures to help struggling

students understand the

2. Describe a way to undo the effect of the transformation L(z) = (1 + i)z. .
answer to Exercise 3.

Geometrically, we need to rotate in the opposite direction, —45°, and dilate by a factor of = Name a positive and
1

A negative rotation that take
a ray from the origin
containing the real

3. Giventhat 0 < arg(z) < 2m for any complex number, how could you describe any number 1 through each

clockwise rotation of @ as an argument of a complex number?

point.
arg(z) = 2m — 0 would result in the same rotation as a clockwise rotation of 6. (1 1)
0,2)
4.  Write a complex number in polar form that describes a rotation and dilation that will undo 1 \/§
multiplication by (1 + i), and then convert it to rectangular form. (_ ’ )
L (cos(a15?) +isinGa1s)) = Ly L L1 1, o
NG cos isin A i N 2L (_2’_2)
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1
5. Inaprevious lesson you learned that to undo multiplication by 1 + i, you would multiply by the reciprocal E
1
Write the complex number E in rectangular form z = a + bi where a and b are real numbers.

1 1-i 1-i 1 1,

6. How do your answers to Exercises 4 and 5 compare? What does that tell you about the geometric effect of
multiplication by the reciprocal of a complex number?
1

The geometric effect of rotation by 21 — arg(z) and dilation by ﬁ appears to be the same as multiplication by the
z

reciprocal when the problem is solved algebraically.

7. Jimmy states the following:

Multiplication by has the reverse geometric effect of multiplication by +bi .

a+bi
Do you agree or disagree? Use your work on the previous exercises to support your reasoning.

Geometrically undoing the effect of multiplication by a + bi by rotating in the opposite direction by the argument

and dilating by the reciprocal of the modulus gave us the same results as when we rewrote b in rectangular

+bi
form. This statement appears to be true. In each case we got the same complex number.

8.  Show that the following statement is true when z = 2 — 2+/3i:

1 1
The reciprocal of a complex number z with modulus r and argument 0 is ; with modulus ; and argument 2@ — 6.

) 5w
Since 2 — 2+/3i has modulus 4 and argument 3 we must have

=BG OR D) RHEE RS

Multiplying by 1 using the conjugate, we have

_1+\/§
~8

1 (2+2v30) 2+2v3i .
= L.
8

2-2v3i  (2-2v30)(2+2V30) 16

Since both methods produce equivalent complex numbers, this statement is true when z = 2 — 2+/3i.

9.  Explain using transformations why z % =1.

The complex number z can be thought of as a rotation of the real number 1 by arg(z) and a dilation by |z|. If we

1
multiply this number by its reciprocal, then we rotate arg(z) in the opposite direction and dilate by a factor of ﬁ
z

This will return the rotation to 0 and the modulus to 1, which describes the real number 1.
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Debrief this section by making sure that students are clear on the geometric effect of
multiplication by the reciprocal of a complex number. Explain that this allows us to

understand division of complex numbers as transformations as well. A proof that the As an alternative to
presenting this proof, have

students verify the geometric
effect of multiplying by the
reciprocal of a complex

Scaffolding:

geometric effect of multiplication by the reciprocal is the same as ﬁ is provided below.

Let a + bi = r(cos(0) + isin(0)). Then a complex number whose modulus is % and

whose argument is 2 — 8 would be % (cos(2m — 6) + isin(2m — 6)). We need to show number with specific
that examples.
1 1 = Lletz =2+ 2i. Foreach
= o z
a+bi r(cos(9) + isin(H)) number below find =
. . 1 .. w=1-i
is equivalent to = (cos(2m — 8) + isin(2w — 0)).
T w = 3i
1 _ 1 w=—4—4i
a+bi r(cos(8) + isin(0)) W= —E

1 r(cos(8) — isin(0))
r(cos(6) + isin(0)) .r(cos(H) — isin(0))
r(cos(0) — isin(6))
r2(cos?(0) — i%sin?(0))
1 (cos() — isin(6))
- cos?(0) + sin%(0)

By the Pythagorean Identity,

1
a + bi

= %(cos(ﬂ) — isin(0))

By using identities cos(—8) = cos(8) and sin(—6#) = —sin(6) and cos(2m — 6) = cos(—0) and

sin(2m — 6) = sin(—0), we substitute to get
1

a + bi

= %(cos(Zn — 0) + isin(2m — 0))

Exploratory Challenge 2/Exercise 10 (15 minutes)

This second challenge is a culminating activity that gives students the opportunity to review all the transformations and
operations on complex numbers studied in this Module. Students should continue working in groups on this activity.
After groups have completed the graphic organizer, you may invite representatives from the different groups to
summarize their findings one row per group. If time is an issue, you may have each group work on only one row.
Depending on the size of your class, more than one group may be assigned the same row. Have students prepare and
present a poster summarizing their work on their assigned operation. While each group is presenting, students can take
notes.

VU |1 this section, students are making connections between the algebraic structure of complex numbers and the related

MP.7 geometric representations and transformations, which is MP.2 and MP.7.
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Exploratory Challenge 2/Exercise 10

10. Complete the graphic organizer below to summarize your work with complex numbers so far.

Operation Geometric Example. lllustrate algebraically and geometrically
Transformation Lletz=3—3iandw = —2i
Addition Translation of z 3-3i+(-2i)=3-5i
byw
z+w y You can see that the point (3,—3) has been translated down 2 units.

zZ+w

Subtraction Translation of z

by w
zZ—w

3-3i—(-2i)=3—i

You can see that the point (3, —3) has been translated up 2 units.

Conjugate of z Reflection of z
across the real

axis

Z = 3 + 3i. The point (3,—3) is reflected across the real axis to the point (3, 3).

o z(conjugate) =3 +3i

© 2=3-3i
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T . 3n
Multiplication Rotation of 2 arg(w) = 3% ond |w| = 2. Thus, wz is 3 — 3i rotated —- and dilated by a
by arg(w) 2 2
w-z followed by factor of 2.
dilation by a
factor of w| | 3 —3i = 3vZ (cos (2F) + i sin (5)) o the new modulus will be 62 and the

new argument will be a number between 0 and 21 that corresponds to a

7t 3m 13w 5m
rotation of — + — = ——. The argument would be —.
4 2 4 4
MP.2 —2i(3 — 3i) = —6i — 6 = —6 — 6i that does indeed have modulus 6~/2 and
& 51
MP.7 argument -
0lA
B 6 -4 2 2 4 6
23w

z=3-3i
-4

wz

Reciprocal of z

Rotates the real
number 1 the

n
3 — 3iis a rotation of T and a dilation by 3+/2 of the real number 1. The

opposite 5 . 7T o 1
rotation of z reciprocal would be rotation of — - and a dilation by EW The argument of the
and a dilation - vz
by the reciprocal would be Z and the modulus would be ?
reciprocal of
the modulus of 1 3+3i 343i 1 1, T 1
=Y o- =5 =7 +<iwithar =—and |z| = =2
z 3-3i " (3-30)@3+3) _ 18 6 ¢! Withars(z) =gandlz| §V2
05
Ay 11z
-1 -05 0.5 1 15 2 25 3
-0.5
-1
15
-2
z=3-3i
25
-3
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Division Rotates w by - vz
w 21 — arg(z) Rotation of w by 21 — arg(z) = 7 and dilation by 3 would result in a complex
7 and ﬂ.)llo.wed 3r w 7w NGl NGl
by a dilation of | number whose argument was— + — = —and a modulusof — - 2 = —
1 2 4 4 6 3
|z| wo =20 —2i(3+3i) -6i+6 1 1.
—_ = = = == ==
z  3-3i (3-3i)(3+30) 18 3 3
w 1 w 7
|7 =3vzandarg () = .
0.5
Ao
0.5 O.a/z 1 1.5 2 25 3 35
-0.5 N
-1
15
2%w=0-2i
25 SNz=3-30
5 N

Exercises 11-13 (7 minutes)

Students should work on these problems with a partner. Ask each student to explain one problem to their partner to
check for understanding. Then, invite one or two students to share their results on the board.

Exercises 11-13

rectangular form.

11. wz

argument of the number shown below.

5T
would give a complex number with argument of T +

Letz = —1 + i and let w = 2i. Describe each complex number as a transformation of z and then write the number in

z is reflected across the real axis, then that number is rotated by arg(w) and dilated by |w/|.

arg(z) = 3%1 and |z| = V2. arg(z) = 54_11 with the same modulus as z. Rotation by arg(w) = 2 and dilation by 2

2 4

wz =2i(-1—-i)=2-2i

n
— = — and modulus of 2/Z which is the modulus and

T
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12.

NI | =

13. w+z

reflected across the real axis.

w+z=2i—-1+i=-1+3i

w+z=-1-3i

1
z is reflected across the real axis and then rotated 21 — arg(z) and dilated by 7| The result is a dilation of z.

5m
Reflection of z across the real axis results in a complex number with argument T and modulus of V2. The

1 V2
reciprocal has argument 21t — 54_11 = %" and modulus E = ? This number has the same argument as z and is a
1
dilation by a factor of E
i1 —-1+i e S 1+i
z -1-i (-1-D(-1+i) 2 ~ 2 2

z is translated by w vertically 2 units up since the real part of w is 0 and the imaginary part is 2. This new number is

Closing (3 minutes)

The graphic organizer students made in Exploratory Challenge 2 will function as a
summary for this lesson. Invite students to answer the following questions in writing or to
discuss them with a partner.

=  What is the geometric effect of complex number division
(multiplication of z by 1/w)?

@ The number z is rotated 2 — arg(w) and dilated by ﬁ

Scaffolding:

If needed you may make the
closing questions more
concrete by specifying specific
complex numbers for z and w.

=  How are the modulus and argument of the complex number 1/z related to the complex number z?

©  The modulus ofi is % and the argument ofi is 2 — arg(z), which is the same as rotation of —arg(z).

Exit Ticket (5 minutes)
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Name Date

Lesson 17: The Geometric Effect of Multiplying by a Reciprocal

Exit Ticket

Letz =14 +/3i and w = /3 — i. Describe each complex number as a transformation of z, and then write the number
in rectangular form and identify its modulus and argument.

1.

z
w
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Exit Ticket Sample Solutions

Let z =1 ++/3iand w = v/3 — i. Describe each complex number as a transformation of z, and then write the number in
rectangular form and identify its modulus and argument.

z
1. —
w
1
z is rotated by —arg(w) and dilated by m
s 11t =« . n 1 1
arg(z) = 3 and 2w — arg(w) = 2m — < =% So, division by w should rotate z to 7 |z| =2 and m =2 so the
z
modulus of ; should be 2 - % = 1. This rotation and dilation describe the complex number i. Algebraically, we get
the same number.
z 1+vV3i 1+V3i V3+i 4i
wo 3-i 3-i V3+i 4
1
2, —
wz

1
z is rotated arg(w) and dilated by |w| then rotated —arg(wz) and dilated by ——. For the given values of z and w,

lwz|

1
this transformation results in a dilation of w by a factor of T

T

arg(z) = 3 and arg(w) = 1in

6
b4
gives a rotation of s and |wz| = 2 - 2 = 4. This describes the complex number 2+/3 + 2i. The reciprocal of this

1

11rn 1 V3
number has argument T and modulus Z’ which describes the complex number ? - E i.

. Adding these arguments and finding an equivalent rotation between 0 and 21

1 1 1 1 2vV3-2i 2v3-2i V3 1,
_— = = . = =———1
wz  (V3-i)(1++3i) 2vV3+2i 2v3+2i 2V3-2i 16 8 8

Problem Set Sample Solutions

1. Describe the geometric effect of multiplying z by the reciprocal of each complex number listed below.

a. wy = 3i

arg(w,) = %and lwyl =3

1
z is rotated by 2w — arg(w,), which is 27 —g = 3’2_11 and dilated by 3

b. w,=-2

arg(w,) = wand |w,| = 2

1
z is rotated by 2m — arg(w,), which is 2w — m = m and dilated by >
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c. wy =3 +i
arg(ws) = %and |ws| =2

1
z is rotated by 2m — arg(wsz), which is 21 — g = &Gn and dilated by >

d. w,=1-+3i

arg(w,) = 5?“ and |w,| = 2

5

1
z is rotated by 21 — arg(w,), which is 21 — (T) = gand dilated by E

2. letz = —2 — 2+/3i. Show that the geometric transformations you described in Problem 1 really produce the
correct complex number by performing the indicated operation and determining the argument and modulus of each
number.

-2-2+/3i
w1

z  -2-2V3i -2-2V3i -3i —6V3+6i 23 2 |z
_— - = - —_—= = —— =1,

+
wq 3i 3i =3i 9 3 3

4 (z) 51
=—,arg|— ) =—.
3 w1 6

1
|z| = 4, so the result of division is a complex number whose modulus is 3 of 4.

w1

4 L. . .
arg(z) = Tn, so the result of division by a complex number is whose argument represents the same rotation

4 3w 17n 51
as — + — = ——, which would be —.
3 2 6 6
-2-2+/3i
b.
w2
z —2-2+/3i | | ( ) T
—= =1 3i, [—| = 2, —) ==
e 2 \/—l arg 3

1
|z| = 4andEof4-is 2.

4 . ) T 4t ww W
arg(z) = 350 the result of division will rotate z by — 3 and 3723

—2-23i
w3

z  -2-2V3i -2v3-6i+2i-2V3 )
-z 3 - Vi-i
w3 V3+i 4

1
|z| = 4andEof4-is 2.

4w L n Am
arg(z) = 3750 the result of division will rotate z by — 3 and 3
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-2-2+/3i
d ——
Wy
z  —2-2V3i -2-2V3i-2V3i+6 13 z | ) (z) 5T
_—= = = — i,|—| = 2, ar _ = —
ws  1-v3i 4 W 8\w.) ™ 3
1
|z] = 4andzof4 is 2.
am L 5w 4m  5m T . L.
arg(z) = 3750 the result of division will rotate z by — 3 and 33 -7 A rotation of — 3 will be the
5m
same as a rotation of 3 which is the argument of the quotient.
1
3. InExercise 12 of this lesson you described the complex number — as a transformation of z for a specific complex
z
number z. Show that this transformation always produces a dilation of z = a + bi.
z biand ! 1 athi atbi L + bi). Thi /! ber is th duct l
=qaq-— —_— e —=——==———=(a .
z fand = = i = Z2+b2 a2+b2( i) is complex number is the product of a rea
number and the original complex number z so it will have the same argument as a + bi, but the modulus will be a
different number.
4. DoesL(z) = %satisfy the conditions that L(z + w) = L(z) + L(w) and L(mz) = mL(z) which makes it a linear
transformation? Justify your answer.
1 1 a—bi L i a i . i
; = m = m, which is a complex number whose real part is m and whose imaginary part is — m.
1
Since all complex numbers satisfy the conditions that make them a linear transformation and — is a complex number,
z
it will also be a linear transformation.
5. ShowthatL(z) =w (% z) describes a reflection of z about the line containing the origin and w for z = 3i and
w=1+I.

_ ~( 1 _ (=30 _ —3i(A+D)(A+) 6 L . .
L(z)=(1+1) (1+i (31)) =1+ (1—1’) =TA-par) —2- 3, which is the image of the transformation z
that is reflected about the line containing the origin and w.

30 Z =3
2 900
1 W=.1 .
: 2= 3
0| "v.=
“lo 1 2 3
6. Describe the geometric effect of each transformation function on z where z, w, and a are complex numbers.
z—w
a. Li(2)= T
1
z is translated by w, rotated by 21 — arg(a), and dilated by m.
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b.  Ly(z) = (ﬂ)

a

z is translated by w, reflected about the real axis, rotated by 21 — arg(a), and dilated by —, al and reflected

about the real axis.

c. L;(z) =a (z W)

1
lal reflected

z is translated by w, reflected about the real axis, rotated by 2t — arg(a) , and dilated by —,

about the real axis, rotated by arg(a), and dilated by |a|.

d. L3(z)—a( )+w

1
ar reflected about

z is translated by w, reflected about the real axis, rotated by 21 — arg(a), and dilated by —,

the real axis, rotated by arg(a), dilated by |a|, and translated by w.

7.  Verify your answers to Problem 6if z=1—i,w = 2i,anda=—-1—1.

a. Li(2)= z
|z| = V2,arg(z) = |w| =2,arg(w) = m, |a| = V2,arg(a) = >~ = 3.927

2i, %V| = \/E arg (?) = 1.107 radians.

z—w=1-3i|z—w| =+10,arg(z — w) = 5.034 radians.

i><|z—w|:%><\/1—=\/—:

lal

z-w 1-i-2i 1-3i

—_—=—=—=1

z—w|

arg (%) =arg(z—w) + (2m — arg(a)) = 5.034 + 27 — 3.927 = 1.107 + 27 = 1. 107 radians.

(2= (%) =awa = 1-2| (%)

() < T = < i = V8 = [(55)]

)| V5,arg (( )) = —1.107 radians.

arg ((—)) =2m - (arg(z -w)+(2m - arg(a))) =2 —5.034 — 2w + 3.927 = —1.107 radians.
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ax ()= (-1- (32 = (-1-DT+20 = (-1- DA -2D) = -3+,

|ax (55%)| = Vi0,arg ((—1 ) (?)) = 7 — 0.322 = 2.820 radians.

ol () X BT =2 x V30 = T0 = (-1 (57

Z—

arg (a X (Tw)) = arg(a) + (arg(z -w)+ (2m— arg(a)))

=3.927+2m —5.034 — 2w + 3.927 = 2.280 radians.

ax(ZY)+w= —1—i)(%)+2i=—3+i+2i=—3+3i,

|a x (%) + w| =3v/2,arg <(—1 ) (%) + w> = %Tn = 2.356 radians.

|ax(z;w)+w|= [-3+i+2i|=3V2 =,

Z—wW

arg (a X ( 2 ) + w) = arg(—3 + i+ 2i) = arg(—3 + 3i) = 2.356 radians.
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Name Date

1. Givenz =3 —4iandw = —1 + 5i:

a. Find the distance between z and w.

b. Find the midpoint of the segment joining z and w.

2. letz; =2—2iandz, = (1 —i) +V3(1 +i).

a. Whatis the modulus and argument of z;?

b. Write z; in polar form. Explain why the polar and rectangular forms of a given complex number
represent the same number.
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c. Find a complex number w, written in the form w = a + ib, such that wz; = z,.

d. Whatis the modulus and argument of w?

e. Write win polar form.
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f.  When the points z; and z, are plotted in the complex plane, explain why the angle between z; and
Z, measures arg(w).

g.  What type of triangle is formed by the origin and the two points represented by the complex
numbers z; and z,? Explain how you know.

h. Find the complex number, v, closest to the origin that lies on the line segment connecting z; and z,.
Write v in rectangular form.
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3. Let z be the complex number 2 + 3i lying in the complex plane.

a. What is the conjugate of z? Explain how it is related geometrically to z.

b. Write down the complex number that is the reflection of z across the vertical axis. Explain how you
determined your answer.

1
Let m be the line through the origin of slope > in the complex plane.

c.  Write down a complex number, w, of modulus 1 that lies on m in the first quadrant in rectangular
form.
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d. Whatis the modulus of wz?

e. Explain the relationship between wz and z. First, use properties of modulus to answer this question,
and then give an explanation involving transformations.

f.  When asked,

1
“What is the argument of — z?”
w

3 1 . .
Paul gave the answer: arctan (E) — arctan (E)' which he then computed to two decimal places.

Provide a geometric explanation that yields Paul’s answer.
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g. When asked,
1
“What is the argument of;z?”

Mable did the complex number arithmetic and computed z =~ w.

a
She then gave an answer in the form arctan (%) for some fraction I What fraction did Mable find?

Up to two decimal places, is Mable’s final answer the same as Paul’s?
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STEP 1 STEP 2 STEP 3 STEP 4
Assessment Missing or incorrect = Missing or incorrect | A correct answer A correct answer
Task Item answer and little answer but with some evidence | supported by

evidence of evidence of some of reasoning or substantial

reasoning or reasoning or application of evidence of solid
application of application of mathematics to reasoning or
mathematics to mathematics to solve the problem, | application of
solve the problem. | solve the problem. | OR an incorrect mathematics to

answer with solve the problem.

substantial

evidence of solid

reasoning or

application of

mathematics to

solve the problem.

1 a Student provides an Student shows some Student uses the formula | Student computes the
incorrect response, and knowledge of the correctly but makes distance correctly with
there is no evidence to distance formula but minor mathematical supporting work shown.

N-CN.B.6 support that the student | does not use the formula | mistakes.

understands how to correctly. OR

compute the distance. Student computes

distance correctly with
no supporting work.

b Student provides an Student shows some Student uses the formula | Student computes the
incorrect response, and knowledge of the correctly but makes midpoint correctly with
there is no evidence to midpoint formula but minor mathematical supporting work shown.

N-CN.B.6 support that the student | does not use the formula | mistakes.

understands how to correctly. OR

compute the midpoint. Student computes the

midpoint correctly with
no supporting work.

2 a Student provides an Student uses the correct | Student uses the correct | Student computes
incorrect response, and method and answer for methods for both, but modulus and argument
there is no evidence to either the modulus or either the modulus or correctly. Work is shown

N-CN.B.4 support that the student | the argument. argument is incorrect to support the answer.
understands how to OR due to a minor error.

compute the modulus Student uses the correct | OR

and argument. method for both but Student gives correct

makes minor errors. answers for both with no
supporting work shown.

b Student shows no Student attempts to put Student writes the Student writes the
knowledge of polar form. | the complex number correct polar form but correct polar form and

N-CN.B.4 into polar form but does not explain why correctly explains why

polar and rectangular
forms represent the
same number.
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Student does not

c Student attempts to Student applies the Student applies the
attempt to divide z, by divide z, by z; without division algorithm division algorithm
74 to find w. applying the correct correctly and shows correctly and gives a
N-CN.A.3 algorithm involving work but has minor correct answer with
multiplication by 1 in the | mathematical errors sufficient work shown to
form of the conjugate z; | leading to an incorrect demonstrate
divided by the conjugate | final answer. understanding of the
of z;. process.
d Student does not Student computes the Student uses correct Student computes
compute either answer modulus or argument methods for both, but modulus and argument
N-CN.B.5 | correctly, noris there correctly. either the modulus or correctly for the answer
N-CN.B.6 evidence to support that | OR the argument is incorrect | to part (b), and work is
the student understands | Student uses correct due to a minor error. shown to support
how to compute the methods for both but OR answer.
modulus and argument. arrives at incorrect Student gives correct Note: Student can earn
answers due to minor answers for both with no | full points for this even if
errors. supporting work shown. the answer to part (b) is
incorrect.
e Student shows no Student shows some Student shows Student writes the
knowledge of polar form. | knowledge of polar form | knowledge of polar form | correct polar form of the
but does make major but makes minor number.
N-CN.B.4 mathematical errors. mathematical errors.
f Student makes little or Student cannot Student may not indicate | Student explanation
no attempt to identify determine the angle the requested angle clearly connects
N-CN.B.4 | the angle measure. between the two measurement or gives an | multiplication with the
N-CN.B.5 complex numbers whose | incorrect angle correct transformations
vertex is at the origin. measurement. Student by explaining that z, is
Student provides an provides an explanation the image of z; achieved
explanation that fails to that does not fully by rotating z; by the
connect multiplication address the connection arg(w) and no dilation
with transformations. between multiplication since |[w| = 1. The
The explanation may and transformations but | answer may be
include a comparison of may include a supported with a sketch.
the moduli of z; and z,. comparison of the
The answer may include moduli of z; and z,.
a sketch to support the The answer may be
answer. supported with a sketch.
g Student makes little or Student may identify the | Student identifies the Student identifies the
no attempt to identify triangle as isosceles but triangle as isosceles or triangle as equilateral
N-CN.B.4 | thetriangle. with little or no equilateral but gives an and gives a complete
N-CN.B.5 explanation. incomplete or incorrect explanation.
explanation.
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that occur.
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h Student makes little or Student may attempt to Student finds v correctly, | Student averages z;and
no attempt to find v. sketch the situation, but | but there is little or no 7, to find v and clearly
N-CN.B.4 more than one explanation or work explains why using a
N-CN.B.6 misconception or explaining why v is the geometric argument
mathematical error leads | midpoint of the line regarding v’s location on
to an incorrect or segment. the perpendicular
incomplete solution. OR bisector of the triangle.
Student identifies that v
would be at the midpoint
but fails to compute it
correctly.

3 a Student incorrectly Student incorrectly Student gives the correct | Student gives the correct
answers both the real answers either the real answer but does not give | answer and includes the
and the imaginary part. or the imaginary part. an explanation. correct explanation of

N-CN.A.3 how it i .
ow it is geometrically
N-CN.B.5 related to z.

b Student incorrectly Student incorrectly Student gives the correct | Student gives the correct
answers both the real answers either the real answer but does not give | answer and explains that
and the imaginary part. or the imaginary part. an explanation. the real part is the

N-CN.A.3 i
opposite but the
N-CN.B.5 imaginary part stays the
same.

c Student provides an Student gives an Student gives the correct | Student gives a correct
answer that is not a incorrect answer with answer with limited answer with work shown
complex number. little evidence of correct | reasoning or work to to support approach.

N-CN.B.4 OR reasoning (solution may support the answer. Student reasoning could
Student provides an fail to address modulus OR use the polar form of a
answer thatis a complex | of 1 but be a complex Student uses correct complex number or
number with both an number on the line m or | reasoning, but minor apply proportional
incorrect modulus and may have a modulus of 1 | mathematical errors lead | reasoning to find w with
argument. Thereis little | but not be a complex to an incorrect solution. the correct argument
or no supporting work number on the line m). and modulus.
shown.

d Student shows no Student shows some Student makes minor Student gives a correct
knowledge of wz or the knowledge of calculating | mathematical errors in answer with supporting
modulus. the modulus, but the calculating the modulus. | work shown clearly.

N-CN.B.4 . .
answer is incorrect with
little supporting work
shown.

e Student does not explain | Student gives minimal Student explains Student gives clear and
the relationship between | explanation with some connection but does not | correct explanation that

N-CN.B.4 z and wz. mistakes. include transformations includes transformations

that occur.
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f Student shows little or Student provides an Student identifies arg(z) | Student explains both
no work. The explanation that may and arg(w) and explains | the rotation and lack of
N-CN.B.5 explanation fails to include references to that multiplication by% dilation correctly since
N-CN.B.6 raddress tr.ansffc:rmatlons rbota(tjlons and (|i||at||ons would create a clockwise |w|h= 1. | .

-D. in a meaningful way. :;cj oes Eo:cc eaLy rotation, but the In tde ex_z ane?]'cc}on,
address the acttlat explanation lacks a clear student identifies arg(z)
multiplication by — reason why the two af?d arg(W)fandhsupports
represents a clockwise should be subtracted or Lff reason or':( € h
rotation of arg(w). contains other minor bl _ertTn(cje.dA sketch may

errors. € Included.
g Student answers both % Student answers either% Student correctly Student correctly
z z computes both
and arg (3) incorrectly orarg (3) incorrectly computes —and arg (W) P
N-CN.A.3 " Y : but fails to compare the arguments to two
Hat due to major due to mathematical i s (d decimal places. Work
N-CN.B.5 | misconceptions or errors. Student indicates = argumentsin parts (d)
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and (f) should be
different.
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Name Date

1. Givenz=3—4iandw = —1+ 5i:

a. Find the distance between z and w.

Distance = J G- - (-1)+ (D - 5)

= /42+(—‘f1)2
=Vie+ 81
=vaz7

b. Find the midpoint of the segment joining z and w.

o 341  (=H+5.

Midpoint = PR
2 1,
= z+zl
1,
=l+zl

2. letz; =2—2iandz, = (1 —1i)++/3(1 +1).

a. Whatis the modulus and argument of z;?

|zl =y (2)*+ (-2)*> =V8 =2V2

arg(zy) = tan™* (_2—2) = —
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b. Write z; in polar form. Explain why the polar and rectangular forms of a given complex number
represent the same number.

z, =2V2 [cos (;—TE) +isin (;)]

The modulus represents the distance from the origin to the point. The degree of
rotation is the angle from the x-axis. When the polar form is expanded, the result is

the rectangular form of a complex number.

c. Find a complex number w, written in the form w = a + ib, such that wz; = z,.

Z,=1—(+V3+iV3=(V3+1)+(V3-1)i

wz; = W, implies that

2z _[(V3+1) + (V3 -1)i] y (2 +20)

Z, 2-20) 2+ 20)
_2VB+2+42WB+2i+203-2(-2V3+2
4+4
_4+4iV3
8
SESREY
2 2

d. Whatis the modulus and argument of w?

lw| = (5)2+(E>2= .2

arg(w) = tan™
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e. Write win polar form.

w=1[eos(Z) +isin ()]

f.  When the points z; and z, are plotted in the complex plane, explain why the angle between z; and
Z, measures arg(w).

Since z, = wzy, then z, is the transformation of z, rotated counterclockwise by arg(w),

which is T—;

g.  What type of triangle is formed by the origin and the two points represented by the complex
numbers z; and z,? Explain how you know.

Since |w| =1 and arg(w) = Tg‘, the triangle formed by the origin and the points

representing z, and z, will be equilateral. All of the angles are 60° in this triangle.

h. Find the complex number, v, closest to the origin that lies on the line segment connecting z; and z,.
Write v in rectangular form.

The point that represents v is the midpoint of the segment connecting z, and z, since it
must be on the perpendicular bisector of the triangle with vertex at the origin.
To find the midpoint, average z, and z,.

_\/3+1+2+\/3—1—2,_\/3+3+\/3—3,
V="2 2 T2 2 !
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3. Let z be the complex number 2 + 3i lying in the complex plane.

a. Whatis the conjugate of z? Explain how it is related geometrically to z.
Z=2-3i

This number is the conjugate of z and the reflection of z across the horizontal axis.

b. Write down the complex number that is the reflection of z across the vertical axis. Explain how you
determined your answer.

This number is =2 + 3i. The real coordinate has the opposite sign, but the imaginary

part keeps the same sign. This means a reflection across the imaginary (vertical) axis.

Let m be the line through the origin of slope % in the complex plane.

c.  Write down a complex number, w, of modulus 1 that lies on m in the first quadrant in rectangular
form.

.1 . -1 (1
Because the slope of m is 2, the argument of w is tan™ (3).

Using the polar form of w, V5 )
w=1 [cos (tam‘j’ G)) + isin (tam‘l (g))] From the triangle : o ! S
shown below, w= %+%i. 2
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d. Whatis the modulus of wz?

The modulus of wz (s V13.

e. Explain the relationship between wz and z. First, use the properties of modulus to answer this
question, and then give an explanation involving transformations.

The wmodulus of wz (s V13 and (s the same as |z|.
Using the properties of modulus,
lwz| = |w| X |z] =1 x |z| = 1 x /2% + 3% =/13.

Geometrically, multiplying by w will rotate z by the arg(w) and dilate z by |w|. Since
|w| =1, the transformation is a rotation only, so both w and z are the same distance

from the origin.

f.  When asked,

1
“What is the argument of — z?”
w

3 1 . .
Paul gave the answer: arctan (5) — arctan (E)' which he then computed to two decimal places.
Provide a geometric explanation that yields Paul’s answer.

The product Vivz would result in a clockwise rotation of z by the arg(w). There would be

no dilation since |w|= 1.

1 3 “
) s-
arg(z) an 2
1
arg(w) = tan™* (—) 2 1
2 — .z
w
(52) =t (5) ~ tan>(3) <o
arg(z) = tan™ (3 w3 N g
0 arg(z)
el 0 1 2 3 ¢
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. 1
“What is the argument of ;Z?"

Mable did the complex number arithmetic and computed z < w. She then gave an answer in the
form arctan (Z

a
) for some fraction I What fraction did Mable find? Up to two decimal places, is
Mable’s final answer the same as Paul’s?

2 1.
i_ﬂ_ﬂ_(z-l_B{)x(\/___\/_g'l)
W oww o w| 1

4 6l 2 3

==t ==+ =

V5 V5 V5 Vs

5

—_— 4 y

Vs
Comparing these angles shows they are the same.

4
tan™ (7) ~0.52
3 1
t&m‘j’ (Z) — tan_l (z) ~ 0.52
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4( Mathematics Curriculum

Topic C:

PRECALCULUS AND ADVANCED TOPICS e MODULE 1

The Power of the Right Notation

N-CN.B.4, N-CN.B.5, N-VM.C.8, N-VM.C.10, N-VM.C.11, N-VM.C.12

Focus Standards:

Instructional Days:

Lessons 18-19:
Lesson 20:
Lesson 21:

Lessons 22-23:
Lesson 24:
Lesson 25:

Lessons 26-27:

Lessons 28-30:

N-CN.B.4

N-CN.B.5

N-VM.C.8
N-VM.C.10

N-VM.C.11

N-VM.C.12

13

(+) Represent complex numbers on the complex plane in rectangular and polar form
(including real and imaginary numbers), and explain why the rectangular and polar
forms of a given complex number represent the same number.

(+) Represent addition, subtraction, multiplication, and conjugation of complex
numbers geometrically on the complex plane; use properties of this representation for
computation. For example, (—1 + /3i)® = 8 because (—1 + /3i) has modulus 2 and
argument 120°.

(+) Add, subtract, and multiply matrices of appropriate dimensions.

(+) Understand that the zero and identity matrices play a role in matrix addition and
multiplication similar to the role of 0 and 1 in the real numbers. The determinant of a
square matrix is nonzero if and only if the matrix has a multiplicative inverse.

(+) Multiply a vector (regarded as a matrix with one column) by a matrix of suitable
dimensions to produce another vector. Work with matrices as transformations of
vectors.

(+) Work with 2 X 2 matrices as transformations of the plane, and interpret the
absolute value of the determinant in terms of area.

Exploiting the Connection to Trigonometry (E, P)!

Exploiting the Connection to Cartesian Coordinates (S)
The Hunt for Better Notation (P)
Modeling Video Game Motion with Matrices (P, P)

Matrix Notation Encompasses New Transformations! (P)

Matrix Multiplication and Addition (P)

Getting a Handle on New Transformations (E, P)

When Can We Reverse a Transformation? (E, E, P)

1 Lesson Structure Key: P-Problem Set Lesson, M-Modeling Cycle Lesson, E-Exploration Lesson, S-Socratic Lesson
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The theme of Topic C is to highlight the effectiveness of changing notations and the power provided by
certain notations such as matrices. Lessons 18 and 19 exploit the connection to trigonometry, as students see
how much of complex arithmetic is simplified (N-CN.B.4, N-CN.B.5). Students use the connection to
trigonometry to solve problems such as find the three cube roots of —1. In Lesson 20, complex numbers are

regarded as points in the Cartesian plane. If w = a + ib, then the modulus is = Va? + b? and the
. b . . . . .
argumentisa = arctan(a). Students begin to write analytic formulas for translations, rotations, and

dilations in the plane and revisit the ideas of Geometry (G-CO.A.2, G-CO.A.4, G-CO.A.5) in this light. In Lesson
21, students discover a better notation, matrices, and develop the 2 X 2 matrix notation for planar
transformations represented by complex number arithmetic. This work leads to Lessons 22 and 23 as
students discover how geometry software and video games efficiently perform rigid motion calculations.
Students discover the flexibility of 2 X 2 matrix notation in Lessons 24 and 25 as they add matrices and
multiply by the identity matrix and the zero matrix (N-VM.C.8, N-VM.C.11). Students understand that
multiplying matrix A by the identity matrix results in matrix A and connect the multiplicative identity matrix
to the role of 1, the multiplicative identity, in the real number system. This is extended as students see that
the identity matrix does not transform the unit square. Students then add matrices and conclude that the
zero matrix added to matrix A results in matrix A and is similar to 0 in the real number system. They extend
this concept to transformations on the unit square and see that adding the zero matrix has no effect, but
multiplying by the zero matrix collapses the unit square to zero. This allows for the study of additional matrix
transformations (shears, for example) in Lessons 26 and 27, multiplying matrices, and the meaning of the
determinant of a 2 X 2 matrix (N-VM.C.10, N-VM.C.12). Lessons 28—-30 conclude Topic C and Module 1 as
students discover the inverse matrix (matrix A is called an inverse matrix to a matrix B if AB = [ and BA = 1)
and determine when matrices do not have inverses. Students begin to think and reason abstractly about the
geometric effects of the operations of complex numbers (MP.2) as they see the connection to trigonometry
and the Cartesian plane.

The study of vectors and matrices is only introduced in Module 1 through a coherent connection to
transformations and complex numbers. Further and more formal study of multiplication of matrices will
occur in Module 2. N-M.C.8 will be assessed secondarily, in the context of other standards, but not directly
on mid- and end-of-module assessments until Module 2.

COMMON Topic C: The Power of the Right Notation ny
CORE 1/5/15 engage
This work is licensed under a

© 2014 Common Core, Inc. Some rights reserved. commoncoreorg Icc) BY-NC-SA Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.

240


http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 18 m 0

PRECALCULUS AND ADVANCED TOPICS

IQI Lesson 18: Exploiting the Connection to Trigonometry

Student Outcomes

= Students derive the formula for z™ = r™(cos(nf) + isin(nd)) and use it to calculate powers of a complex
number.

Lesson Notes

This lesson builds on the concepts from Topic B by asking students to extend their thinking about the geometric effect of
multiplication of two complex numbers to the geometric effect of raising a complex number to an integer exponent
(N-CN.B.5). This lesson is part of a two-day lesson that gives students another opportunity to work with the polar form
of a complex number, to see its usefulness in certain situations, and to exploit that form to quickly calculate powers of a
complex number. Students compare and convert between polar and rectangular form and graph complex numbers
represented both ways (N-CN.B.4). On the second day, students examine graphs of powers of complex numbers in a
polar grid and then reverse the process from Day 1 to calculate n'" roots of a complex number (N-CN.B.5). Throughout
the lesson, students construct and justify arguments (MP.3), looking for patterns in repeated reasoning (MP.8), and use
the structure of expressions and visual representations to make sense of the mathematics (MP.7).

Classwork

Opening (5 minutes)

Display two complex numbers on the board: 1 + i and v2(cos (E) + isin(%)).

= Do these represent the same number? Explain why or why not.
s W2 (g + Lg) = 1+ i; yes, they are the same number. When you expand+/2(cos (g) + isin(%)), you
getl+i.
=  What are the advantages of writing a complex number in polar form? What are the disadvantages?

o In polar form, you can see the modulus and argument. It is easy to multiply the numbers because you
multiply the modulus and add the arguments. It can be difficult to graph the numbers because you
have to use a compass and protractor to graph them accurately. If you are unfamiliar with the
rotations and evaluating sine and cosine functions, then converting to rectangular is difficult. It is not
so easy to add complex numbers in polar form unless you have a calculator and convert them to
rectangular form.

=  What are the advantages of writing a complex number in rectangular form? What are the disadvantages?

o They are easy to graph; addition and multiplication are not too difficult either. It is difficult to
understand the geometric effect of multiplication when written in rectangular form. It is not so easy to
calculate the argument of the number, and you have to use a formula to calculate the modulus.

Lesson 18: Exploiting the Connection to Trigonometry n
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Opening Exercise (5 minutes)

Tell students that in this lesson they are going to begin to exploit the advantages of writing a number in polar form and
have them quickly do the Opening Exercises. Students should work these problems individually. These exercises will
also serve as a check for understanding. If students are struggling to complete these exercises quickly and accurately,
you may want to provide some additional practice in the form of Sprints.

Opening Exercise

a. Identify the modulus and argument of each complex number, and then rewrite it in rectangular form.
i. 2 (cos (%) + isin (%))

T
The modulus is 2, and the argument is Z The number is \/E + i\/E.

Scaffolding:

=  For struggling students,
encourage them to work

i. 5 (cos (ZT") + isin (%")) from a copy of a unit circle
5 to quickly identify the sine
s . .
The modulus is 5, and the argument is 3 The number is —% + i%g. and cosine function
values.

= On Opening Exercise part
i . . (T
iil. 32 (°°5 (T) +isin (T)) (b), help students recall
how to graph complex
numbers, construct a
triangle, and use special
triangle ratios to

n
The modulus is 3v/2, and the argument is T The number is 3 — 3i.

. 7t . . (T
v. 3 (COS( 6 ) + 'sm( 6 )) determine the argument.
n
The modulus is 3, and the argument is o The number is — 32—\/? _3 i

V. 1(cos(m) + isin(m))

The modulus is 1, and the argument is t. The number is —1.

b. What is the argument and modulus of each complex number? Explain how you know.
i 2-2i

We have |2 — 2i| = 2v/2, and arg(2 — 2i) = ?T” The point (2,—2) is located in the fourth quadrant.
n
The ray from the origin containing the point is a rotation of T from the ray through the origin

containing the real number 1.

i. 3V3+3i

We huve|3\/§ + 3i| =6, and arg(3\/§ + 3i) = % The point (3+/3, 3) is located in the first quadrant.
b4
The ray from the origin containing the point is a rotation of s from the ray through the origin

containing the real number 1.
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ii. —1-+3i
We huve|—1 - \/§i| =2 and arg(—l - \/§i) = %T The point (—1,—/3) is located in the third

4m
quadrant. The ray from the origin containing the point is a rotation of ? from the ray through the

origin containing the real number 1.

iv. —5i
We have|—5i| = 5,and arg(—5i) = STH The point (0, —5) is located on the imaginary axis. The ray

3n
from the origin containing the point is a rotation of > from the ray through the origin containing the

real number 1.

v. 1
We have |1| = 1, and arg(1) = 0. This is the real number 1.

Exploratory Challenge/Exercises 1-12 (20 minutes)

Students will investigate and ultimately generalize a formula for quickly calculating the value of z™. The class should
work on these problems in teams of three to four students each. Use the discussion questions to help move individual
groups forward as they work through the exercises in this exploration. Each group should have a graph paper for each
group member and access to a calculator to check calculations if needed.

In Exercise 3, most groups will probably expand the number and perform the calculation in rectangular form. Here polar
form offers little advantage. Perhaps when the exponent is a 4, a case could be made that polar form is more efficient
for calculating a power of a complex number.

Be sure to pause and debrief with the entire class after Exercise 5. All students need to have observed the patterns in
the table in order to continue to make progress discovering the relationships about powers of a complex number.

Exploratory Challenge/Exercises 1-12

1. Rewrite each expression as a complex number in rectangular form.
)2
a. (1 + 1)

A+DA+i)=1+2i+i?=1+2i—1=2i

b. (1+i)

A+ =A+D*A+D) =2i(1+i) =2i+2i* =—2+2i

c (+0)*

A+D*=A+D*A+D*=2i-2i=4i*=—-4
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2.

3.

Complete the table below showing the rectangular form of each number and its modulus and argument.

Power of (1 + i) Rectangular Form Modulus Argument

a+° 1 1 0

s
1+i)? 1+i V2 n

s
1+0)? 2i 2 i

2

3
14103 —2+2i 2V2 -f
1+i)* -4 4 T

What patterns do you notice each time you multiply by another factor of (1 + i)?

b4
The argument increases by T The modulus is multiplied by \/2.

Before proceeding to the rest of the exercises in this Exploratory Challenge, check to make sure each group observed the
patterns in the table required for them to make the connection that repeatedly multiplying by the same complex
number causes repeated rotation by the argument, dilation, and by the modulus of the number.

You can debrief the first five exercises by having one or two groups present their findings on the board or document

camera.

Graph each power of 1 + i shown in the table on the same coordinate grid. Describe the location of these numbers

in relation to one another using transformations.

Starting with (1 + i) 0, each subsequent complex number is a 45° rotation and a dilation by a factor of \/E of the

previous one. The graph shows the graphs of z, = (1 +i)" forn =0,1,2,3,4,5.

Predict what the modulus and argument of (1 + i)s would be without actually performing the multiplication.

Z.
o3 2 %2
N
N 283
N 2 2,
N .
\ 48450«
z N s 1.41
4 4 45° 45°
5 4 3 2 45 o111z 2 3 1 5
’
.
s
g
.
566 7 5
.
.
,
2
, -3
.
.
s 2z -4

Explain how you made your prediction.

T _5m

The modulus would be 4+/2, and the argument would be T + & = 2=,

Graph (1 + i)s in the complex plane using the transformations you described in Exercise 5.

See solution to Exercises 4 and 5.

4 4
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7.  Write each number in polar form using the modulus and argument you calculated in Exercise 4.

(1 +)° = 1(cos(0) + isin(0))

1+dt=v2 (cos (g) + isin (g))

1+i?=2 (cos (g) + isin (g))

(1+D3=2V2 (cos (%TT[) + isin (?))

(1 + i)* = 4(cos(m) + isin(m))

8.  Use the patterns you have observed to write (1 + i)s in polar form, and then convert it to rectangular form.

7)

1405 =4/2 (cos (%r) + isin(

9. What s the polar form of (1 + i)zo? What is the modulus of (1 + l.)zo? What is its argument? Explain why

(1 + l.)zo is a real number.

In polar form, the number would be (\/f)zo (cos (2() : %) + isin (2() : %)) The modulus is (ﬁ)zo =210 =1024.

The argument is the rotation between 0 and 21t that corresponds to a rotation of 20 - % = 5m. The argument is .

This rotation takes the number 1 to the negative real-axis and dilates it by a factor of 1024 resulting in the number
—1024 which is a real number.

Pause here to discuss the advantages of considering the geometric effect of multiplication by a complex number when
raising a complex number to a large integer exponent. Lead a discussion so students understand that the polar form of a
complex number makes this type of multiplication very efficient.

= How do you represent multiplication by a complex number when written in polar form?

o The product of two complex numbers has a modulus that is the product of the two factor’s moduli and
an argument that is the sum of the two factor’s arguments.

=  How does understanding the geometric effect of multiplication by a complex number make solving Exercises
10 and 11 easier than repeatedly multiplying by the rectangular form of the number?

@ [fyou know the modulus and argument of the complex number, and you want to calculate z", then the
argument will be n times the argument, and these modulus will be the modulus raised to the n.

. In these exercises, you worked with powers of 1 + i. Do you think the patterns you observed can be
generalized to any complex number raised to a positive integer exponent? Explain your reasoning.

o Since the patterns we observed are based on repeatedly multiplying by the same complex number, and
since the geometric effect of multiplication always involves a rotation and dilation, this process should
apply to all complex numbers.

= How can you quickly raise any complex number of a large integer exponent?

o Determine the modulus and argument of the complex number. Then multiply the argument by the
exponent, and raise the modulus to the exponent. Then you can write the number easily in polar and
then rectangular form.
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This exploration largely relies on students using inductive reasoning to observe patterns in powers of complex numbers.
The formula they write in Exercise 11 is known as DeMoivre’s formula (or DeMoivre’s theorem). More information and a
proof by mathematical induction that this relationship holds can be found at

http://en.wikipedia.org/wiki/De Moivre's formula.

If students have been struggling with this exploration, you can lead a whole class discussion on the next several
exercises, or groups can proceed to work through the rest of this Exploratory Challenge on their own. Be sure to
monitor groups and keep referring them back to the patterns they observed in the tables and graphs as they make their
generalizations. Before students begin, announce that they will be generalizing the patterns they observed in the
previous exercises. Make sure they understand that the goal is a formula or process for quickly raising a complex
number to an integer exponent. Observe groups, and encourage students to explain to one another how they are seeing
the formula as they work through these exercises.

10. If z has modulus r and argument 8, what is the modulus and argument of z°? Write the number 2% in polar form.

The modulus would be %, and the argument would be a rotation between 0 and 2 that is equivalent to 20. z*> =
r2(cos(20) + isin(20))

11. If z has modulus r and argument 6, what is the modulus and argument of z" where n is a nonnegative integer?
Write the number z™ in polar form. Explain how you got your answer.

The modulus would be r™, and the argument would be a rotation between 0 and 2 that is equivalent to nf. z" =
r"(cos(n@) + isin(noh)

1 1
12. Recall that 77 (cos(—B) + isin(—B)). Explain why it would make sense that formula holds for all integer

values of n.

1 1 1
Since ; = z_l, it would make sense that the formula would hold for negative integers as well. If you plot z_Z' 2—3,

etc. you can see the pattern holds.

In Exercise 14, students must consider why this formula holds for negative integers as well. Ask them how they could
verify graphically or algebraically that these formulae could be extended to include negative integer exponents. You may
want to demonstrate this using graphing software such as Geogebra or Desmos.

Close this section by recording the formula shown below on the board. Ask students to summarize to a partner how to
use this formula with the number (1 + i) and to record it in their notes.

=  Given a complex number z with modulus r and argument 8, the n*" power of z is given by
z" = r™(cos(nf) + isin(nf)) where n is an integer.
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Exercises 13—14 (5 minutes)

Students should work these exercises in their small groups or with a partner. After a few minutes, review the solutions
and discuss any problems students had with their calculations.

Exercises 13-14

—in?
13. Compute (%) and write it as a complex number in the form a + bi where a and b are real numbers.
1-i V43
The modulus of ﬁ is 1, and the argument is + The polar form of the number is

17 (cos (7 : '%t) + isin (7 ?Tn))
V2 V2

Converting this number to rectangular form by evaluating the sine and cosine values produces 2z + 2z i.

14. Write (1 + \/§i)6, and write it as a complex number in the form a + bi where a and b are real numbers.
b4
The modulus of 1 + +/3i is 2, and the argument is P The polar form of the number is
12 T
6 s isi s
2 (cos (6 6) + isin (6 6))

Converting this number to rectangular form by evaluating the sine and cosine values produces
64(—1+0-i) =—64.

Closing (5 minutes)

Revisit one of the questions from the beginning of the lesson. Students can write their responses or discuss them with a
partner.
= Describe an additional advantage to polar form that we discovered during this lesson?

o When raising a complex number to an integer exponent, the polar form gives a quick way to express
the repeated transformations of the number and quickly determine its location in the complex plane.
This then leads to quick conversion to rectangular form.

Review the relationship that students discovered in this lesson.

Lesson Summary
Given a complex number z with modulus r and argument 0, the nth power of z is given by

z" = r"(cos(nB) + isin(nh)) where n is an integer.

Exit Ticket (5 minutes)
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Name Date

Lesson 18: Exploiting the Connection to Trigonometry

Exit Ticket

1. Write (2 + 2i)® as a complex number in the form a + bi where a and b are real numbers.

2. Explain why complex number of the form (a + ai)™ will either be a pure imaginary or a real number when n is an
even number.
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Exit Ticket Sample Solutions

Write (2 + 2i)® as a complex number in the form a + bi where a and b are real numbers.

We have |2 + 2i| = 22 and arg(2 + 2i) = %

Thus (2 + 20)® = (2v2)" (cos (8 %) +isin (8 - %)) = 212(cos(27) + isin(2m)) = 212(1 + 0i) = 212 + 0i.

Explain why complex number of the form (a + ai)™ where a is a positive real number will either be a pure
imaginary or a real number when n is an even number.

T T
Since the argument will always be Z’ any even number multiplied by this number will be a multiple of E This will

result in a rotation to one of the axes which means the complex number will either be a real number or a pure
imaginary number.

Problem Set Sample Solutions

1.

Write the complex number in a + bi form where a and b are real numbers.

2 (cos (%5 + isin ()

(o) on () 2350

=1-+3i
b.  3(cos(210°) + isin(210°))
3(cos(210°) + isin(210°)) =3 <—§ —%i)
3V3 3,
T2 2

o

(\/E)m (cos (1‘5*_11) + isin (li—"))

(o2 a5 <o) )

V22
=32 (7‘7)
=16V2 — 16V2i

d.  cos(9m) + isin(9m)
cos(9m) + isin(9m) = cos(m) + isin(m)
=—-140i
=-1
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# (cos(3)  tsin(3F) = o4 (- +iF)

—32+/2 +32v2i

f. 6(cos(480°) + isin(480°))
6(cos(480°) + isin(480°)) = 6(cos(120°) + isin(120°))

_ef-1.3,
= 21
=-3+3V3i

2.  Use the formula discovered in this lesson to compute each power of z. Verify that the formula works by expanding
and multiplying the rectangular form and rewriting it in the form a + bi where a and b are real numbers.

a.  (1+v30)

Sincez = 1 ++/3i, we have |z| =1+ 3 = 2,and 0 = g Then

(1+V3i)' =22 <cos (3- g) +isin (3 g)) = 8(cos(n) + isin(m)) = —8.
(1 +V3i)* = (1++V3i)(1+2vV3i—3) = (1 +V3i)(-2+2V3i) = -2+ 2V3i—2/3i—- 6 = -8

b. (-1+i*

Sincez=—1+i,wehave |z| =V1+1=+2,and 0 = 3T7t Then

(—1+i)*= (\/7)4 <cos (4 . %) + isin (4 . ”TB)> = 4(cos(3m) + isin(3m)) = —4.

(F1+D*=(-1+D2(-1+ )% =(1-2i—1)(1—2i—1) = (-2i)(-2i) = —4

c. (2+2i)°
Since z = 2 + 2i, we have |z| = V22 + 22 = 2+/2,and 6 = % Then

@ +20)° = (2v2)° <cos (5 g) +isin (5 : %)) =128V2 <—g—gi) =-128 — 128i.

2+20)5=Q2+2D*2+20)?*2+2))=(4+8i—4)(4+8i—4)(2+2i) = (8i)(8i)(2 + 2i)
= —64(2 + 2i) = —128 — 128i

d 2-20)7
Since z = 2 — 2i, we have |z| = V22 + 22 = 2V/2,and 0 = 74_11 Then
-2 Vi Vi1 1 1
2-2072=(2v2) <cos (—2 T) + isin (—2 . T)) = §(0 +i) = gt
1 1 1 i i 1
2-20)7%= = = o= —=—j
C-20" =G % 2-8i—4 —8ii 8 8
COMMON Lesson 18: Exploiting the Connection to Trigonometry ny
CORE’ Date: 1/5/15 enga.ge 250
. This work is licensed under a
© 2014 Common Core, Inc. Some rights reserved. commoncore.org Kc Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM

Lesson 18 m 0

PRECALCULUS AND ADVANCED TOPICS

WE-0)*

Since z = \/3 — i, we have |z| = \/§2 +12=2,and 8 = %t Then

(/5" =24 con (3 257) + tin (8- 157) = 16 (con (57) s (57) ) =265 - 51)

(V3-i)' = (VB-2(V3-i)? = (3-2v3i—1)(3 - 2v3i— 1) = (2 — 2v3i)(2 - 2V3i)

(3V3 -3i)°

Since z = 3+/3 — 3i, we have |z| =

11 11
(3V3-3i)° = 6 <cos (6 . T”) + isin (6 T")) = 46656(cos(11m) + isin(11m)) = —46656.

= -8 - 8V3i.

=4-8V/3i—12 = -8 —83i

(3v3 - 3i)° = (3V3 — 3i)" (3V3 — 3i)*(3v3 - 3i)°

. 5m
counterclockwise T

= (27 —18v3i—9)(27 — 18v3i - 9)(27 -
= (18 — 18v/3i)(18 — 18v/3i)(18 — 18V3i)
= (324 — 648V3i — 972)(18 — 18V3i) = (—648 — 648+/3i)(18 — 18V3i)
= —11,664 + 11,664V3i — 11,664v3i — 34,992 = —46,656

3. Given z = —1 — i, graph the first five powers of z by applying your knowledge of the geometric effect of
multiplication by a complex number. Explain how you determined the location of each in the coordinate plane.

Multiplication by - 1 — i will dilate by |—1 — i| = V1 + 1 = /2, and rotate by arg(—1 — i) = 54_11 Then the graph
belowshowsz = -1 —i,z> = (-1 - )%, 2> = (-1 -3, z* = (-1 - D% and 2° = (-1 —i)".

(3V3)2+32=1/36=6,and 0 =

11m
T. Then

18V3i—9)

5
4 »”
’
7
3 2
7
2 ’
297 ’
7
7
1 7
7
4 7/
I [
s 3 2 N
7/ N
o 1 N
z N
N
2 o
23

3
-4

To locate each point, multiply the distance from the previous point to the origin by the modulus (v/2), and rotate

4.  Use your work from Problem 3 to determine three values of n for which (—1 — i)™ is a multiple of —1 — i.

5T
Since multiplication by —1 — i rotates the point by T radians, the point (—1 — i)™ is a multiple of the original z =

—1 — i every 8 iterations. Thus, (—1 —i)°, (=1 — )17, (=1 — i)?® are all multiples of (1 — i).
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5. Find the indicated power of the complex number, and write your answer in form a + bi where a and b are real
numbers.

- [2(cos () + isin ()
2 (cos () (] =2 (o5 ) 2sm(s- )
=8 <cos (?) + isin (?))

3

N
= 8<7+71>
=42 + 4/2i
b. [\/f (cos (%) + isin (%))]10
[V2 (cos () + isin ()] = (v2)" (cos (57) + isin (7))
=32(0 + 1i)
=32i

e (cos(g) v 1sin ()

(cos (5?”) + isin (5?”)) = cos (?,()Tn) + isin (3071[)
= cos(5m) + isin(5m)
=-1

4

o fleos(5) +m(E)]
alcos () isn ()] = 3) (o 0 ) wism (2 )

1 .
=81 (cos(6m) + isin(6m))

1
81

-4

o [tleos ) isn(5)
ofens(5)rism(G] =4 (cos(-5) rism(s- )

B 1+\/§
~ 512 512
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Lesson 19: Exploiting the Connection to Trigonometry

Student Outcomes

= Students understand how a formula for the n'" roots of a complex number is related to powers of a complex
number.

= Students calculate the n'"roots of a complex number.

Lesson Notes

This lesson builds on the work from Topic B by asking students to extend their thinking about the geometric effect of
multiplication of two complex numbers to the geometric effect of raising a complex number to an integer exponent
(N-CN.B.5). Itis part of a two day lesson that gives students another opportunity to work with the polar form of a
complex number, to see its usefulness in certain situations, and to exploit that to quickly calculate powers of a complex
number. In this lesson, students continue to work with polar and rectangular form and graph complex numbers
represented both ways (N-CN.B.4). They examine graphs of powers of complex numbers in a polar grid, and then write
the n'" root as a fractional exponent, and reverse the process from Day 1 to calculate the n'" roots of a complex number
(N-CN.B.5). Throughout the lesson, students are constructing and justifying arguments (MP.3), using precise language
(MP.6), and using the structure of expressions and visual representations to make sense of the mathematics (MP.7).

Classwork
Opening (4 minutes)

Introduce the notion of a polar grid. Representing
complex numbers in polar form on a polar grid will
make this lesson seem easier for your students 6
and emphasize the geometric effect of the roots of 5
a complex number.

Display a copy of the polar grid at right and model >

how to plot a few complex numbers in polar form

to illustrate that the concentric circles make it T I I L A R
easy to measure the modulus and the rays at N
equal intervals and make representing the
rotation of the complex number easy as well. o

Plot a point with the given modulus and argument. ;
A: modulus =1, argument = 0° o
B: modulus =3, argument = 90° :9,3
C: modulus =5, argument = 30°
D

: modulus =7, argument = 120°
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Explain to students that each circle represents a distance from the origin (the modulus). Each line represents an angle
measure. To plot a point, find the angle of rotation, then move out to the circle that represents the distance from the

origin given by the modulus.

Opening Exercise (7 minutes)

These exercises give students an opportunity to practice working with a polar grid and to
review their work from the previous day’s lesson. Students should work individually or
with a partner on these exercises. Monitor student progress to check for understanding

and provide additional support as needed.

Opening Exercise

polar grid.

101

023

a. Use the polar grid to identify the modulus and argument of z.

b4
The argument is P and the modulus is 2.

~

A polar grid is shown below. The grid is formed by rays from the origin at equal rotation intervals
and concentric circles centered at the origin. The complex number z = /3 + i is graphed on this

b. Graph the next three powers of z on the polar grid. Explain how you got your answers.

Each power of z is another 30° rotation and a dilation by a factor of 2 from the previous number.

Scaffolding:
= For struggling students,
encourage them to label
the rays in the polar grid
with the degrees of
rotation.

= Provide additional practice
plotting complex numbers
in polar form. Some
students may find working
with degrees easier than
working with radians.
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c. Write the polar form of the number in the table below, and then rewrite it in rectangular form.
Power of z Polar Form Rectangular Form
T ..y .
V3+i 2 (cos (g) + isin (g)) V3+i
(3 +i) 4(cos (E) + isin (E)) 2 +2v3i
3 3
T ’[2
(\/§ + i)3 8 (cos (E) + isin (E)) 8i
N4 21 .. (2@ )
(\/§ + 1) 16 (cos (?> + isin (?» 8 — 8V3i

Have early finishers, check their work by calculating one or two powers of z by expanding and then multiplying the
rectangular form. Examples are shown below.

(V3+i) =3+ 2v3i+i2=2+2V3i
(V3+1) = (V3+0)(2 +2V30) = 2V3 + 6i + 2i + 2V3i? = 8i

Debrief by having one or two students explain their process to the class. Remind them again of the efficiency of working
with complex numbers in polar form and the patterns that emerge when we graph powers of a complex number.

=  Which way of expanding a power of a complex number would be quicker if you were going to expand
10
(V3+i) ?
@ Using the polar form would be far easier. It would be 2° (cos (5?") + isin (5?”))

=  How could you describe the pattern of the numbers if we continued graphing the powers of z?
o The numbers are spiraling outward as each number is on a ray rotated 30° from the previous one and
further from the origin by a factor of 2.

Next, transition to the main focus of this lesson by giving students time to consider the next question. Have them
respond in writing and discuss their answers with a partner.

= How do you think we could reverse this process, in other words undo squaring a complex number or undo
cubing a complex number?

o That would be like taking a square root or cube root. We would have to consider how to undo the
rotation and dilation effects.

Exercises 1-3 (7 minutes)

In these exercises, students will explore one of the square roots of a complex number. Later in the lesson you will show
students that complex numbers have multiple roots just like a real number has two square roots (e.g. the square roots of
4 are 2 and —2). Students should work these exercises with a partner. If the class is struggling to make sense of Exercise
3, work that one as a whole class.
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Exercises 1-3

The complex numbers z, = (—1 + \/§i)2 and z, are graphed below.

%

4

31

1.  Use the graph to help you write the numbers in polar and rectangular form.
21 VAL
zy=2 (cos (?) + isin (T)) =-1++3i

z, = 4<cos (4?”) + isin (4?”)) =-2-2v3i

2. Describe how the modulus and argument of z; = —1 + V/3i are related to the modulus and argument of
2
7y = (—1++3i)".

The modulus and argument are both cut in half.

3. Why could we call —1 + +/3i a square root of —2 — 2+/3i?

2
Clearly, (—1 ++/3 i) = —2 — 2+/3. We can demonstrate this using the rectangular or polar form and verify it using
transformations of the numbers when they are plotted in the complex plane. So it would make sense then that

1
raising both sides of this equation to the E power should give use the desired result.

Start with the equation, (—1 +v/3i)" = —2 — 2V/3i.

1
2

((-1+ \/§i)2)% = (-2 -2v3i)

—-14++3i= /—2 —2/3i

1
Alternately, using the formula from Lesson 17, replace n with >

z" = r"(cos(n0) + isin(ndh))

101 1‘9 . 10
2 =172 — —
V4 T (COS (2 )+ sin (2 ))

So, a square root of —2 — 2+/3i would be

4% (cos (%4?”) + isin (% : 4?”)) =2 (cos (Z?H) + isin (2?”)) =-1++3i
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After giving students a few minutes to work these exercises with a partner, make sure they understand that the modulus
is cut in half because 2 - 2 = 4 shows a repeated multiplication by

2. 101
=  How would this problem change if the modulus was 9 8,3
instead of 4? How would this problem change if the

modulus was 3 instead of 4? 64%

o The new modulus would have to be a number .214

that when squared equals 9 so we would need 24

the new modulus to be the square root of the
original modulus.

24
If students seem to think that the modulus would always be _4J§
divided by 2 instead of it being the square root of the original |
modulus, then you can model this using Geogebra. A sample ’6'3
screen shot is provided below showing a complex number with 22 -8 |
the same argument and a modulus of 9. Notice that the modulus —10‘3

of z; is 3 while the argument is still cut in half.

Discussion (7 minutes): The n* Roots of a Complex Number

In this discussion, you will model how to derive a formula to find all the n'" roots of a complex number. Begin by
reminding students of the definition of square roots learned in Grade 8 and Algebra 1.

= Recall that each real number has two square roots. For example, what are the two square roots of 4? The two
square roots of 10? How do you know?
o They are 2 and —2 because (2)? = 4, and (—2)? = 4. The two square roots of 10 are /10 and —/10.
=  How many square roots do you think a complex number has? How many cube roots? Fourth roots, etc.?

o Since all real numbers are complex numbers, complex numbers should have two square roots as well.
Since roots are solutions to an equation x™ = r, it would make sense that if our solution set is the
complex numbers, then there would be three cube roots whenn = 3 and four fourth roots when n = 4.

Thus complex numbers have multiple n'" roots when 7 is a positive integer. In fact, every complex number has 2 square
roots, 3 cube roots, 4 fourth roots, etc. This work relates back to Module | and Il in Algebra Il where students learned
that a degree n polynomial equation has n complex zeros and to previous work extending the properties of exponents to
the real number exponents. Students should take notes as you present the work shown below.

Using the formula from Lesson 17, suppose we have an n'" root of z, w = s(cos(a) + isin(a)). Thenforr > 0,s > 0
we have

wh =z
s™(cos(na) + isin(na)) = r(cos(0) + isin(h))

Equating the moduli, s™ = r which implies that s = V/r.
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Equating the arguments, na = 6. However, since the sine and cosine functions are periodic functions with period 2,
this equation does not have a unique solution for @. We know that cos(8 + 2rnk) = cos(0) and sin(6 + 2wk) = sin(0)
for integer values of k and real numbers 6.

Therefore,

na = 6 + 2wk

6 k .
Or,a = - + 2% for values of k up ton — 1. When k = n or greater, we start repeating values for a.

Going back to your work in Example 1 and Exercise 6, we can find both roots of —2 — 2+/3i and all three cube roots of
this number.

Example 1 (5 minutes): Find the Two Square Roots of a Complex Number

Example 1: Find the Two Square Roots of a Complex Number

Find both of the square roots of —2 — 2+/3i.

The polar form of this number is 4 (cos (‘%n) + isin (%T)) The square roots of this number will have modulus V4 = 2

and arguments given by a = % + 2% fork = 0,1 where 0 = %T Thus,

_1(4n+2 0)_27:
“=23 7073

and
The square roots are

and

Have students go back and add the graph of the second square root to the graph at the beginning of Exercise 1.

Exercises 4—6 (7 minutes)

Students work with the formula developed in the discussion and presented in the Lesson Summary. Students can work
individually or with a partner. If time is running short, you can assign these as problem set exercises as well.
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Exercises 4-6

4.  Find the cube roots of —2 = 2+/3i.

—-2-2V3i=4 (cos (4?") + isin (%”))

The modulus of the cube roots will be V4. The arguments for k = 0, 1, and 2 are given by a = g + ZTnk where

4 10w 16

T
6= 4% and n = 3. Using this formula, the arguments are ?, T’ and T The three cube roots of —2 — 2+/3i

Va (cos (4?”) + isin (4?”))
Va (cos (12—”) + isin (IOT”))

Va (cos (12—”) + isin (an))

are

5.  Find the square roots of 4i.
4i=4 (cos (g) + isin (g))
6 2wk T

The modulus of the square roots is /4 = 2. The arguments for k = 0 and 1 are given by a = n + - where 0 =

N

T 3w
and n = 2. Using this formula, the arguments are 2 and + The two square roots of 4i are

2 (cos (%) + isin (g)) =2 ++2i

and

2 (cos (?%T) + isin (%Tn)) =2 ++2i

6.  Find the cube roots of 8.
In polar form,
8 = 8(cos(0) + isin(0))
2k

The modulus of the cube roots is /8 = 2. The arguments for k = 0, 1, and 2 are given by a = g + - where

2n 4
0 = 0 and n = 3. Using this formula, the arguments are 0, ?, and ? The three cube roots of 8 are
2(cos(0) + isin(0)) =2
21 2w
2 (cos (?) + isin (?)) =-1++/3i

2 (cos (4?") + isin (%”)) =-1-+3i

You may wish to point out to students that the answers to Exercise 9 are the solutions to the equation x3 — 8 = 0.
x3-8=0
(x—2)(x?2+2x+4)=0
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One solution is —2, and the other two are solutions to x% + 2x + 4 = 0. Using the quadratic formula, the other two
solutions are given by

2+ /22— 4() ()
= 2

This expression gives the solutions —1 + V3i, and —1 — +/3i. This connection with the work in Grade 11, Module 2 will
be revisited in the last few exercises in the Problem Set.

Closing (3 minutes)

Ask students to respond to this question either in writing or with a partner. They can use one of the exercises above to
explain the process. Then review the formula that was derived during the discussion portion of this lesson.
= How do you find the n'" roots of a complex number?
o Determine the argument and the modulus of the original number. Then the modulus of the roots is the
n' root of the original modulus. The arguments are found using the formula a = % + znikfor k is the
integers from 0 ton — 1. Write the roots in polar form. If you are finding the cube roots there will be

three of them; if you are finding fourth roots there will be four, etc.

Review the formula students can use to find the n'" roots of a complex number.

Lesson Summary

Given a complex number z with modulus 7 and argument 0, the n*'roots of z are given by
n 0 2mk .. (0 2mk

Vr (cos (— + —) + isin (— + —))

n n n n

for integers k and nsuchthatn > 0and 0 < k < n.

Exit Ticket (5 minutes)
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Exit Ticket

Find the fourth roots of —2 — 2+/3i.
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Find the fourth roots of —2 — 2+/3i.

3
-2 —2+/3i

4
The modulus is 4, and the argument is 3 Use the formula, the modulus of the fourth roots will be Y4, and the

1/4n 1
arguments will be : (—) + : (2mk) for k = 0,1,2,3. This gives the following complex numbers as the fourth roots of

W(cos (g) + isin (g)) =1 4(

Problem Set Sample Solutions

1.  For each complex number what is z%?
a.  1++3i
-2+ 2v3i
b 3-3i
—18i
c 4i
-16
V3 1.
d. —7"‘51
1 V3,
22"
1 + 1
e PP i
2.
81"
f -1
1
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a. 1++3i

2.  For each complex number, what are the square roots of z?

z=1++/3i,r =2,arg(z) =§,

b. 3-3i

z=3-3i,r =V18,arg(z) = ?T”

8

w, = Vﬁ(cos7—+ i sm7—n)

1(m n 7m
a= E(? + an) ,k=0o0rl.a= A Let the square roots of z be w, and w,.
6
w1=\/7(cos6+l sm (? %l)
WZZﬁ(COS%+l sm—) \/_(Tﬁ—%z)

15m
a= %(74—” + Zn'k) ,k=0o0rl. a= 7m or < Let the square roots of z be w, and w,

8 8
w, = 18 (cos% +i- smi)
c. 4i
z=0+4ir=4arg(z) = %
a= l(E+ an) k=0orl. a= Eors—” Let the square roots of z be w, and w.
22 , g 1% 1 2
_ V2 V2 _ .
wl—\/z(cos4+l sm4) 2(2 +71) =2 ++/2i
wzzﬂ(cossT+l sms—n)—2(7ﬁ+—)=—\/_ V2i
V3 1.
d. - 7 + E 13
_ =3, 1. _5m
zZ= T+§l,r =1,arg(z) = x
a= 1 (51'[ + Zn'k) k=0orl. a= s—norﬂ—n Let the square roots of z be w, and w
26 127 12° 1 2
B 51 51 51 51
w, = \/T(cosﬁ+ i-sin 12) = cos , +i-sing;
_ 5m 5m 17 . . 17n
w, = \/T(cos 17 +i-sin 12) = cos 5+ i-sin— 5
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1,1
e 9 91
1,1, 2 _m
—§+§.r—3.arg(2)—;,
1/ b4
a—i(z+2nk),k—00r1.a——

wy = \/‘Tg(cos%+ i sin%r) = ;ﬂ(cos%+ i sin‘%n)

Q(COSS—”-I- i- sins—n) = 4g(coss—”+i-sin5—”)

W2=479 12 12 12 12

f. -1
z=-14+0i,r=1arg(z)=m

a=%(n’+27tk),k=00r1. a=2

m,. T .
w1=1(cos—+z-s1n—)=l

2 2
w, = 1(c0537n+i-sin37n) =—i

3.  For each complex number, graph z, z2, and z> on a polar grid.

a. 2 (cos (g) + isin (g))

9
gor N Let the square roots of z be w, and w,

3
2 or <z Let the square roots of z be w; and w,

w
r= 2, 0= §
3
o r= 2. o= g
L SN S
o s LT R 1 ) 3 4
-1
-
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b.  3(cos(210°) + isin(210°))
r=3,0=210

w
r= 2,0 :E
24 ™
“ =20=—
% 1
[ ]
0
S —— P L S L
A4 3 -2 -1 bl 1 2 3
“1q
o4
d. cos(m) + isin(m)
r=10=mn
1
r=1,0=7m
e — I S— S— —
-4 3 2 e 0 1
-
3
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e. 4 (cos (3Tn) +isin (3Tn))

3
T'—4-,0—T
R 3
3
r=46="1 \

f. %(cos(60°) + isin(60°))

6 6 2

w3=§/§(cos11n+l snlln (

5.  What are the fourth roots of 64?7

z=64+0i,r =64,arg(z) =0

(()+21tk)k 0,1,2,0r3. a=0,3,

w, = V64 (cos

2

2

1, .
r—7,9—60
21
! =-,0=60°
L]
T R SR | M N S
; 3 IZ 1 0 1r 2
19
4.  What are the cube roots of - 3i?
z=0-— 31r—3arg(z)=7n
_1/3m n 7n
a=3z(5 +2mk),k=010r2. a =5,
wy = \/§(cos2+z s1n) YBO+i)=¥Y3-i

w, = \/§(cos7—+l sm7—n) = §/§<_\/— LY

w; = Y64(cos0 + i - sin0) = 2v/2(1 + 0) = 2v/2

w; = V64(cosm + i - sinm) = 2v/2(-1+0) =

W = Y64 (cos 3T +i-sin ) = 2v2(0 — i) = ~2VZ -

11n
or——. Let the cube roots of zbe wy,w, and w3

3n
T, or 2 Let the fourth roots of z be wy,w,, w3 and w,

+i-sin ) 2V2(0+i) =2vV2-i
-2v2
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z=27+0i,r=27,arg(z) =0
3(0+21tk)k 01,0r2 a=02"

wy = 3/27(cos0 + i - sin) = 3(1+0) = 3
2m . . 2m\ _ 1
cosT+l-sm—) 3(—5

WZ:W( 3

6. What are the square roots of —4 — 4i?
=—4—4i,r =4/2,arg(z) =
51 5T 13w
a= 2( +2r k) k=0orl. a= Rk orT Let the square roots of z be wy,and w,
5m
wy = 2\/—(cos— +i- sm?)
w, = ZW(cosléTn +i- sin%t)
7.  Find the square roots of —5. Show that the square roots satisfy the equation x> + 5 = 0.
z=-5+4+0i,r=5arg(z)=m
1 o 3m
= E(n’ +2mk),k=0o0rl. a= Zor <z Let the square roots of zbe w,,and w,
w1=\/§(cos2+z sin ) V5(0+i)=+/5-i
3w .
w2=\/§(c057+1 sin ) V5(0—-i)=—/5"i
2
(V5-i) +5=-5+5=0
2
(—V5-i) +5=-5+5=0
8.  Find the cube roots of 27. Show that the cube roots satisfy the equation x> — 27 = 0.

W3:3\/27(COS4T1T+i'Sin4TT[)=3(—%—
(3)3-27=0
3
1,43, _ -1 3/3
<3(_E+Tl)> _27__27(?_7
1 30Y 1,3/3
<3(_E_Tl)> _27:_27(§+Tl

4
or? Let the cube roots of z be wy,w, and wy

@-)__EJrﬂ-
2t =272t
E-)__é_i?-
2Y="2-=2¢
i+o+ %gz)—27=—27(1)—27=0
9 3/3. _ _
—5—71)—2 =-27(-1)-27=0
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E Lesson 20: Exploiting the Connection to Cartesian

Coordinates

Student Outcomes

=  Students interpret complex multiplication as the corresponding function of two real variables.

= Students calculate the amount of rotation and the scale factor of dilation in a transformation of the form
L(x,y) = (ax — by, bx + ay).

Lesson Notes

This lesson leads into the introduction of matrix notation in the next lesson. The primary purpose of this lesson is to
formalize the idea that when we identify the complex number x + iy with the point (x, ¥) in the coordinate plane,
multiplication by a complex number performs a rotation and dilation in the plane. All dilations throughout this lesson
and module are centered at the origin. When we write out the formulas for such rotation and dilation in terms of the
real components x and y of z = x + iy, we see that the formulas are rather cumbersome, leading us to the need for a
new notation using matrices in the next lesson. This lesson serves to solidify many of the ideas introduced in Topic B and
link them to matrices. This lesson has a coherent connection to the standards within F-IF domain. For example, students
connect operations with complex numbers to the language and symbols of functions.

Classwork

Opening Exercise (6 minutes)

a.

Opening Exercise

Find a complex number w so that the transformation L (z) = wz
produces a clockwise rotation by 1° about the origin with no dilation.

Because there is no dilation, we need |w| = 1, and because there is
rotation by 1°, we need arg(w) = 1°. Thus, we need to find the point
where the terminal ray of a 1° rotation intersects the unit circle. From
Algebra Il, we know the coordinates of the point are

(x,y) = (cos(l"),sin(l")),
so that the complex number w is
w = x + iy = cos(1°) + isin(1°).

(Students may use a calculator to find the approximation w = 0.99998 +
0.01745i.)
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Scaffolding:

For struggling students scaffold
part (a) by first asking them to
write a complex number with
modulus 1 and argument 1°, then
ask the question stated. This will
help students see the connection.
Do the same for part (b).

Ask advanced students to find
complex numbers w so that:

a) the transformation

L,(z) = wz produces a clockwise
rotation by a® about the origin with
no dilation, and

b) the transformation
L,(z) = wz produces a dilation
with scale factor r with no rotation.
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b. Find a complex number w so that the transformation L,(z) = wz produces a dilation with scale factor 0. 1
with no rotation.

In this case, there is no rotation so the argument of w must be 0. This means that the complex number w
corresponds to a point on the positive real axis, so w has no imaginary part; this means that w is a real
number,andw = a + bi = a. Thus, [w|=a=0.1,sow =0.1.

Discussion (8 minutes)
This teacher-led discussion provides justification for why we need to develop new notation.

=  We have seen that we can use complex multiplication to perform dilation and rotation in the coordinate plane.

= By identifying the point (x, y) with the complex number (x + yi), we can think of L(z) = wz as a
transformation in the coordinate plane. Then complex multiplication gives us a way of finding formulas for
rotation and dilation in two-dimensional geometry.

=  Video game creators are very interested in the mathematics of rotation and dilation. In a first-person video
game, you are centered at the origin. When you move forward in the game, the images on the screen need to
undergo a translation to mimic what you see as you walk past them. As you walk closer to objects they look
larger, requiring dilation. If you turn, then the images on the screen need to rotate.

=  We have established the necessary mathematics for representing rotation and dilation in two-dimensional
geometry, but in video games we need to use three-dimensional geometry to mimic our three-dimensional
world. Eventually, we’ll need to translate our work from two dimensions into three dimensions.

= Complex numbers are inherently two-dimensional, with our association x + iy < (x,y). We will need some
way to represent points (x, y, z) in three dimensions.

= Before we can jump to three-dimensional geometry, we need to better understand the mathematics of two-
dimensional geometry.

1. First, we will rewrite all of our work about rotation and dilation of complex numbers x + iy in terms of
points (x, y) in the coordinate plane, and see what rotation and dilation looks like from that
perspective.

2. Then, we will see if we can generalize the mathematics of rotation and dilation of two-dimensional
points (x, y) to three-dimensional points (x, y, z).

=  We will address point (1) in this lesson and the ones that follow and leave point (2) until the next module.
»  Using the notation of complex numbers, if w = a + bi, then |w| = Va? + b?, and arg(w) = arg(a + bi).
=  Then, how can we describe the geometric effect of multiplication by w on a complex number z?

s The geometric effect of multiplication wz is dilation by |w| and counterclockwise rotation by arg(w)
about the origin.
= Now, let’s rephrase this more explicitly as follows: Multiplying x + yi by a + bi rotates x + yi about the origin
through arg(a + bi) and dilates that point from the origin with scale factor Va2 + b2.
= We can further refine our statement: The transformation (x + yi) = (a + bi)(x + yi) corresponds to a
rotation of the plane about the origin through arg(a + bi) and dilation with scale factor vVa? + b2.
= How does this transformation work on points (x, y) in the plane? Rewrite it to get a transformation in terms
of coordinate points (x, y).
s We have (x + iy) = (a + bi)(x + yi) and (a + bi)(x + yi) = (ax — by) + (bx + ay)i, so we can
rewrite this as the transformation (x,y) - (ax — by, bx + ay).
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= Finally! This is the formula we want for rotation and dilation of points (x, y) in the coordinate plane.
For real numbers a and b, the transformation L(x,y) = (ax — by, bx + ay) corresponds to a
counterclockwise rotation by arg(a + bi) about the origin and dilation with scale factor vVa? + b2.

= We have just written a function in two variables. Let’s practice that. If L(x,y) = (2x,x + y), how can we find
L(2,3)? Explain this in words.

@ We would substitute 2 in for x and 3 for y.
=  Whatis L(2,3)?
= L(2,3)=(45)
= How can L(2,3) be interpreted?
o When L(2,3) is multiplied by a + bi, it is transformed to the point (4, 5).
. Returning back to our formula, explain how the quantity ax — by was derived and what it represents in the
formula L(x, y).

©  When multiplying (x + yi) by (a + bi), the real component is ax — by. This represents the
transformation of the x component.

Exercise 1-4 (12 minutes)

These exercises link the geometric interpretation of rotation and dilation to the analytic formulas. Have students work
on these exercises in pairs or small groups. Use these exercises to check for understanding. The exercises can be
modified and/or assigned as instructionally necessary.

Exercises 1-4
1.
a. Find values of @ and b so that L,(x,y) = (ax — by, bx + ay) has the effect of dilation with scale factor 2
and no rotation.
We need arg(a + bi) = 0 and Va? + b? = 2. Since arg(a + bi) = 0, the point corresponding to a + bi lies
along the positive x-axis, so we know that b = 0 and a > 0. Then we have Va? + b% = VaZ = a,soa=2.
Thus, the transformation L{(x,y) = (2x — 0y, 0x + 2y) = (2x, 2y) has the geometric effect of dilation by
scale factor 2.
b.  Evaluate L, (L, (x,¥)), and identify the resulting transformation.
Li(Ly(x, ) = L;(2x,2y)
= (4x,4y)
If we take L, (L(x,y)), we are dilating the point (x,y) with scale factor 2 twice. This means that we are
dilating with scale factor 2 - 2 = 4.
2.
a. Find values of a and b so that L, (x,y) = (ax — by, bx + ay) has the effect of rotation about the origin by
180° counterclockwise and no dilation.
Since there is no dilation, we have Va* + b* = 1, and arg(a + bi) = 180° means that the point (a, b) lies on
the negative x-axis. Thena < 0 and b = 0, soVa? + b2 =Va? = |a| = 1, so a = —1. Then the
transformation L,(x,y) = (—x — 0y, 0x — y) = (—x, —Y) has the geometric effect of rotation by 180°
without dilation.
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b.
3.

a.

b.
4.

a.

b.

Evaluate L, (Lz (x, y)), and identify the resulting transformation.

Lz(Lz(x’ }’)) = Ly(—x,—y)
= (=(=x0),-(-»)
=)

Thus, if we take L, (Lz x,y) ), we are rotating the point (x,y) by 180° twice, which results in a rotation of
360° and has the net effect of doing nothing to the point (x,y). This is the identity transformation.

Find values of a and b so that L;(x,y) = (ax — by, bx + ay) has the effect of rotation about the origin by
90° counterclockwise and no dilation.

Since there is no dilation, we have Va2 + b%2 = 1, and since the rotation is 90° counterclockwise, we know
that a + bi must lie on the positive imaginary axis. Thus, a = 0, and we must have b = 1. Then the
transformation L3(x,y) = (0x — y,x + 0y) = (—y, x) has the geometric effect of rotation by 90°
counterclockwise with no dilation.

Evaluate L3(L3(x,)), and identify the resulting transformation.

L3(L3(x,3)) = L3(=y,%)
= (_xr —)’)
= LZ (xv )’)

Thus, if we take Ly (L3 x,y) ), we are rotating the point (x,y) by 90° twice, which results in a rotation of
180°. This is the transformation L.

Find values of @ and b so that L;(x,y) = (ax — by, bx + ay) has the effect of rotation about the origin by
45° counterclockwise and no dilation.

Since there is no dilation, we have Va2 + b2 = 1, and since the rotation is 45° counterclockwise, we know
that the point (a, b) lies on the line y = x, and thus a = b. Then+a? + b% = Va? + a% = 1, so 2a® = 1 and

V2 V2 N2 V2

thus a = g, so we also have b = Q Then the transformation L(x,y) = ( SV xt5 y) has the

7
geometric effect of rotation by 45° counterclockwise with no dilation.

(Students may also find the values of a and b by +bi = cos(45°) + isin(45°).)

Evaluate L4(L4(x, y)), and identify the resulting transformation.

We then have

Ly(Ls(x,3))

V2 VZ VZ VZ
<7 ‘TY'T"*?y)

VE(VZ_ N2\ NZ(VE V2 \VE(VZ_ N2\ VZ(VZ V2
7(7 2 )‘7(7 27 >7<—"‘7y)+7<?“7y)
1 1 1 1 1 1

=((5"‘§y) (_”Ey)'(ix_i) (‘“zy))

=(-y,%)

=L3(x,J’)

Thus, if we take L, (L4 x,y) ), we are rotating the point (x,y) by 45° twice, which results in a rotation of 90°.
This is the transformation L.
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These exercises encourage students to question whether a given analytic formula represents a rotation and/or dilation.
Have students work on these exercises in pairs or small groups.

Exercises 5-6

your figure.

your figure.

dilation.

5. The figure below shows a quadrilateral with vertices 4(0,0), B(1,0), €C(3,3), and D(0, 3).
a. Transform each vertex under L; = (3x + y, 3y — x), and plot the transformed vertices on the figure.

2 c"

b. Does Ls represent a rotation and dilation? If so, estimate the amount of rotation and the scale factor from

The transformed image is roughly three times larger than the original and rotated about 20° clockwise.

c. If L represents a rotation and dilation, calculate the amount of rotation and the scale factor from the
formula for L. Do your numbers agree with your estimate in part (b)? If not, explain why there are no
values of a and b so that L (x,y) = (ax — by, bx + ay).

From the formula, we have a = 3 and b = —1. The transformation dilates by the scale factor |a + bi| =
/33 + (—1)2 =10 ~ 3.16, and rotates by arg(a + bi) = arctan (2) = arctan (— %) ~ —18.435°.

6. The figure below shows a figure with vertices A(0,0), B(1,0), C(3,3), and D(0, 3).
a. Transform each vertex under L = (2x + 2y,2x — 2y), and plot the transformed vertices on the figure.

b. Does L represent a rotation and dilation? If so, estimate the amount of rotation and the scale factor from

The transformed image is dilated and rotated but is also reflected, so transformation L is not a rotation and

COMMON Lesson 20:
CORE"‘ Date:

© 2014 Common Core, Inc. Some rights reserved. commoncore.org

Exploiting the Connection to Cartesian Coordinates
1/5/15

engage™ 2

ch BY-NC-SA This work is licensed under a
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US

NYS COMMON CORE MATHEMATICS CURRICULUM Lesson 20 m 0

PRECALCULUS AND ADVANCED TOPICS

c. If L5 represents a rotation and dilation, calculate the amount of rotation and the scale factor from the
formula for Lg. Do your numbers agree with your estimate in part (b)? If not, explain why there are no
values of a and b so that L¢(x,y) = (ax — by, bx + ay).

Suppose that (2x + 2y,2x — 2y) = (ax — by, bx + ay). Then a = 2 and a = —2, which is not possible.
This transformation does not fit our formula for rotation and dilation.

Closing (4 minutes)
= Ask students to summarize the lesson in writing or orally with a partner. Some key elements are summarized

below.

Lesson Summary

For real numbers a and b, the transformation L(x,y) = (ax — by, bx + ay) corresponds to a counterclockwise
rotation by arg(a + bi) about the origin and dilation with scale factor VaZ? + b?.

Exit Ticket (5 minutes)
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Name Date

Lesson 20: Exploiting the Connection to Cartesian Coordinates

Exit Ticket

1. Find the scale factor and rotation induced by the transformation L(x,y) = (—6x — 8y, 8x — 6y).

2. Explain how the transformation of complex numbers L(x + iy) = (a + bi)(x + iy) leads to the transformation of
points in the coordinate plane L(x,y) = (ax — by, bx + ay).
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Exit Ticket Sample Solutions

1.  Find the scale factor and rotation induced by the transformation L(x,y) = (—6x — 8y,8x — 6y).

This is a transformation of the form L(x,y) = (ax — by, bx + ay) with a = —6 and b = 8. The scale factor is then
J(—6)% + 82 = 10.

The rotation is the arctan (_is) ~ —51.13°.

2. Explain how the transformation of complex numbers L(x + iy) = (a + bi)(x + iy) leads to the transformation of
points in the coordinate plane L(x,y) = (ax — by, bx + ay).

First, we associate the complex number x + iy to the point (x,y) in the coordinate plane. Then the point associated
with the complex number (a + bi)(x + iy) = (ax — by) + (bx + ay)iis (ax — by, bx + ay). Thus, we can
interpret the original transformation of complex numbers as the transformation of points

L(x,y) = (ax — by, bx + ay).

Problem Set Sample Solutions

1.  Find real numbers a and b so that the transformation L(x,y) = (ax — by, bx + ay) produces the specified rotation
and dilation.

1
a. Rotation by 270° counterclockwise and dilation by scale factor >

1
We need to find real numbers a and b so that a + bi has modulus 2 and argument 270°. Then (a, b) lies on
1
the negative y-axis, soa = 0 and b < 0. We needE = |a + bi| = |bi| = |b|, so this means that b = —%.

1
Thus, the transformation L(x,y) = (% y, - %x) will rotate by 270° and dilate by a scale factor of >

b. Rotation by 135° counterclockwise and dilation by scale factor v/2.

We need to find real numbers a and b so that a + bi has modulus \'2 and argument 135°. Thus, (a, b) lies in
the second quadrant on the diagonal line with equation y = —x, so we know that a > 0 and b = —a. Since
V2 =Va? + b2 and a = —b, we have V2 = \/a? + (—a)? so V2 = V2aZ ,and thus a = 1. It follows that

b = —1. Then the transformation L(x,y) = (x + y, —x + y) rotates by 135° counterclockwise and dilates by
a scale factor of \/2.

c. Rotation by 45° clockwise and dilation by scale factor 10.

We need to find real numbers a and b so that a + bi has modulus 10 and argument 45°. Thus (a, b) lies in
the first quadrant on the line with equation y = x, so we know that a = band a > 0, b > 0. Since 10 =
J (@2 + b2) = VaZ + a?, we know that 2a* = 100, and a = b = 5v/2. Thus, the transformation

L(x,y) = (Sx/fx - 5\/7y, 5v2x + 5v2, y) rotates by 45° counterclockwise and dilates by a scale factor of
10.
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2.

d. Rotation by 540° counterclockwise and dilation by scale factor 4.

Rotation by 540° counterclockwise has the same effect as rotation by 180° counterclockwise. Thus, we need
to find real numbers a and b so that the argument of (a + bi) is 180° and |a + bi| = Va? + b? = 4. Since
arg(a + bi) = 180°, we know that the point (a, b) lies on the negative x-axis, and we have

a < 0andb = 0. We then have a = —4 and b = 0, so the transformation L(x,y) = (—4x,—4y) will rotate
by 54:0° counterclockwise and dilate with scale factor 4.

Determine if the following transformations represent a rotation and dilation. If so, identify the scale factor and the
amount of rotation.

3.
C' B
D C
1
D' Ao |A B
-3 2 - 0o 1 2

a. L(x,y)=3x+4y4x+3y)

If L(x,y) is of the form(x,y) = (ax — by, bx + ay), then a = 3 and b must be both 3 and - 3. Since this is
impossible, this transformation does not consist of rotation and dilation.

b. L(x,y)=(-5x+12y,—12x — 5y)

Ifweleta = —5 and b = —12, then L(x,y) is of the form (x,y) = (ax — by, bx + ay). Thus this

transformation does consist of rotation and dilation. The dilation has scale factor \/ (—5)% + (—12)2 = 13,

and the transformation rotates through arg(—5 — 12i) = arctan (1—52) ~ 67.38°.

c. L(x,y) = (3x+3y,—3y +3x)

If welet a = 3 and b = —3, then L(x,y) is of the form (x,y) = (ax — by, bx + ay). Thus the
transformation does consist of rotation and dilation. The dilation has scale factor \/(3)% + (—3)% = 3V2,
and the transformation rotates through arg(3 — 3i) = 315°.

Grace and Lily have a different point of view about the transformation on cube ABCD that is shown above. Grace
states that it is a reflection about the imaginary axis and a dilation of factor of 2. However, Lily argues it should be a
90° counterclockwise rotation about the origin with a dilation of a factor of 2.

a. Who is correct? Justify your answer.

Lily is correct because the vertices of the cube stay the same with respect to each other.

b. Represent the above transformation in the form L(x,y) = (ax — by, bx + ay).
Rotating 90° with a dilation of a factor of 2: a + bi = 2(c0s90° + i - sin90°) = 2(0 + 1i) = 0 + 2i

Therefore,a = 0,b = 2,L(x,y) = (0x — 2y,2x + 0y) = (—2y,2x)
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4.  Grace and Lily still have a different point of view on this transformation on triangle ABC shown above. Grace states
that it is reflected about the real axis first, then reflected about the imaginary axis, and then is dilated with a factor
of 2. However, Lily asserts that it is a 180° counterclockwise rotation about the origin with a dilation of a factor of

2.

c

14
B oA B
5 % 3 2 1-lo 1 2

_‘I.

C’
_2.

a. Who is correct? Justify your answer.

Both are correct. Both sequences of transformations result in the same image.

b.  Represent the above transformation in the form L(x,y) = (ax — by, bx + ay).

Rotating 180° with a dilation of a factor of 2: a + bi = 2(cos180° + i - sin180°) = 2(—1+ 0i) = -2 +
0i.

Therefore,a —2,b = 0,L(x,y) = (—2x — 0y, 0x — 2y) = (—2x,—2y)

5. Givenz =3 +1i.

a. Find the complex number w that will cause a rotation with the same number of degrees as z without a
dilation.

z=V3+ilz=2w=2(\3+i)

b. Can you come up with a general formula L(x,y) = (ax — by, bx + ay) for any complex number z = x + yi
to represent this condition?

w=x+yi|z|=x*+y2,a=xb=y,

1 1
L(x,y) = (xx—y-yy-x+xy= (x* — y%,2xy)
X242 x24+y?
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Lesson 21: The Hunt for Better Notation

Student Outcomes

= Students represent linear transformations of the form L(x,y) = (ax + by, cx + dy) by matrix multiplication
X\ _(a b\ (X
()= 6

. . . XN\ _(a b
=  Students recognize when a linear transformation of the form L (y) = (

X
c d) ( ) represents rotation and

y
dilation in the plane.

) . a b\ X
Students multiply matrix products of the form(c d) (y)

Lesson Notes

This lesson introduces 2 X 2 matrices and their use for representing linear transformation through multiplication
(N-VM.C.11, N-VM.C.12). Matrices provide a third method of representing rotation and dilation of the plane, as well as
other linear transformations that the students have not yet been exposed to in this module, such as reflection and
shearing.

Classwork
Opening Exercise (5 minutes)

Have students work on this exercise in pairs or small groups. Students will see how cumbersome this notation can be.

Opening Exercise

Scaffolding:
Suppose that L, (x,y) = (2x — 3y,3x + 2y) and L, (x,y) = (3x + 4y, —4y + 3x). )
Find the result of performing L, and then L on a point (p, q). That s, find L,(L,(p, q)). * Have struggling students
evaluate L,(1,2) and

L,(1,2).

= Have advanced learners
find Lz(Ll(p, q)) and
L1(L2(p: CI)) and
determine values of p and

Discussion (6 minutes) Z Vg:ege L;)(Ll (», Q))Iand
1(Ly(p,q)) are equal.

Ly(L1(p.@)) = L,(2p — 3q,3p + 2q)
=(32p—3q) +4Bp +2q),—4(2p - 3q) + 3(3p + 2q))
=(6p—9q+12p +8q,—8p +12q + 9p + 6q)
=(18p—q,p +18q)

Use this discussion to review the answer to the Opening Exercise and to motivate and
introduce matrix notation.

=  What answer did you get to the Opening Exercise?

° Ly(Li(p,q)) = (18p — q,p + 18q)
= How do you feel about this notation? Do you find it confusing or cumbersome?

o Answers will vary, but most students will find the composition confusing or cumbersome or both.
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=  What if | told you there was a simpler way to find the answer? We just have to learn some new mathematics
first.

= Inthe mid 1800’s and through the early 1900’s, formulas such as L(x,y) = (ax — by, bx + ay) kept popping
up in mathematical situations, and people were struggling to find a simpler way to work with these
expressions. Mathematicians used a representation called a matrix. A matrix is a rectangular array of

a a
numbers that looks like (b) or [b] We can represent matrices as soft or hard brackets, but a matrix is a
rectangular array of numbers. These matrices both have 1 column and 2 rows. Matrices can be any size. A
square matrix has the same number of rows and columns and could look like [Z Z] We call thisa 2 X 2

matrix because it has 2 columns and 2 rows.

X
= A matrix with one column can be used to represent a point ( )

y
" Itcan also represent a vector from point A to point B. If A(a,, a,) and B(by, by), then AB can be represented
b, —a
as [ 1 1]. This translation maps A to B.
b, —a,

= Explain what we have just said about a matrix and a vector to your neighbor.
= Let’s think about what a transformation L(x,y) = (ax + by, cx + dy) does to the components of the point (or
X
vector) (x,y). It will be helpful to write a point (x, y) as (y) Then the transformation becomes
x ax + by
L (y) - (cx + dy)
= The important parts of this transformation are the four coefficients a, b, ¢, and d. We will record them in a

matrix: (Ccl Z)

= A matrix is a rectangular array of numbers, symbols, or expressions, arranged in rows and columns.

ax + by)

=  We can define a new type of multiplication so that (a b) (x) = (
c cx + dy

a’\y
= Based on this definition, explain how the entries in the matrix are used in the process of multiplication.

o When we use matrix multiplication, we think of multiplying the first row of the matrix (a  b) by the

X x
column (y) sothat (a b) - (y) = ax + by, and we write that result in the first row. (This

X
multiplication (a  b) (y) = ax + by is called a dot product. You may choose whether or not to
share this terminology with your students.) Then we multiply the second row of the matrix (¢ d) by
x X
the column (y) sothat (¢ d)- (y) = cx + dy, and we write that result in the second row, giving the

final answer.

Example 1 (6 minutes)

Do the following numerical examples to illustrate matrix-vector multiplication. You may need to do more or fewer
examples based on your assessment of your students’ understanding.

=  Evaluate the product (; Z) (2)

- (3 DEO=G:2120-=G)
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= Evaluate the product (31) i) (_25)

1-10+2- (—6)\ /-
° (; i)(i2)=(3-10i4-(—6))=(62)

=  Evaluate the product (; Z) (;)

G D6)-(65D)

Exercises 1-2 (6 minutes)

Have students work these exercises in pairs or small groups.

Exercises 1-2

1. Calculate each of the following products.
3 -2\r1
» (5 )6

(—31_+1200) - (IZ)

@ :i) (—32) = (165182) - G‘;)
2. Find avalue of k so that (1 2) ( 3 ) = ( 1 )

k 1/\-1 11

Multiplying this out, we have (li i) (_31) = (3k1_ 1) = (111) so3k —1 =11, and thus k = 4.

Example 2 (6 minutes)
Use this example to connect the process of multiplying a matrix by a vector to the geometric transformations of rotation
and dilation in the plane we have been doing in the past few lessons.

= We know that a linear transformation L(x,y) = (ax — by, bx + ay) has the geometric effect of a
counterclockwise rotation in the plane by arg(a + bi) and dilation with scale factor |a + bi|. How would we
represent this rotation and dilation using matrix multiplication?

c ()= 6)
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= What is the geometric effect of the transformation L (;) = (; _12) (;) ?

s This corresponds to the transformation L(x,y) = (ax — by, bx + ay) witha = 1 and b = 2, so the

geometric effect of this transformation is counterclockwise rotation through arctan (I) and dilation

with scale factor |1 + 2i| = /5.

1 -2\/1
Evaluate the product (2 1 ) (0) Scaffolding:
(1 —2) (1) _ (1 14 (=2)- 0) _ (1) = Remember from Algebra Il
2 17\ 2:-1+1-0 2 b
that & = arctan(-) means
= The poi dby (1) and (1) are sh he axes below. W ‘
e points represented by (0) an (2) are shown on the axes below. We see we are finding the angle 6
b
that the point (;) is the image of the point ((1)) under rotation by such that tan(6) = —.
arg(1 + 2i) = arctan(2) ~ 63.435° and dilation by|1 + 2i| = V5 ~ 2.24. = We know tan G) =1,50
arctan(1) = %.
1
(3)
arctan(2)
1
)

Exercises 3-9 (8 minutes)

Have students work in pairs or small group on these exercises.

Exercises 3-9

3.  Find a matrix (z Z) so that we can represent the transformation L(x,y) = (2x — 3y,3x + 2y) by
()= 26
The matrix is (; _23)

. X a b\ X . . o
4. If atransformation L ( ) = ( ) ( ) has the geometric effect of rotation and dilation, do you know about the

values a, b, c, and d?

. L . . x a —b\(x
Since the transformation is L(x,y) = (ax — by, bx + ay) has matrix representation L (y) = ( b ) (y)’ we

know that a = d and ¢ = —b.
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. . (a b . X\ _(a b\ X .
5. Describe the form of a matrix (c d) so that the transformation L (y) = (c d) (y) has the geometric effect of

only dilation by a scale factor r.

The transformation that scales by factor r has the form L(x,y) = r(x,y) = (rx,ry) = (rx — 0y, 0x + ry), so the
. r 0
matrix has the form ( 0 r)'

X X
6. Describe the form of a matrix (‘:- b) so that the transformation L ( ) = (‘Cl b) ( ) has the geometric effect of

d y a’\y
only rotation by 6. Describe the matrix in terms of 6.

a

The matrix has the form (b _ab)' where arg(a + bi) = 0. Thus, a = cos(0) and b = sin(0), so the matrix has

cos(0) —sin(G))

the form (sin(e) cos(0)

X X
7. Describe the form of a matrix (z b) so that the transformation L ( ) = (‘; b) ( ) has the geometric effect of

d y a’\y
rotation by 6 and dilation with scale factor r. Describe the matrix in terms of 8 and r.

a
b

so the matrix has the form (

The matrix has the form ( _ab)' where arg(a + bi) = @ andr = |a + bi|. Thus, a = r cos(0) and b = r sin(0),
rcos(0) —rsin(O))

rsin(@) rcos(0)

8.  Suppose that we have a transformation L (;) = ((1) i) (;)

a. Does this transformation have the geometric effect of rotation and dilation?

No; the matrix is not in the form (a

b _ab)' so this transformation is not a rotation and dilation.

b. Transform each of the points A = (0), B = (1) ,C = (1), and D = (0

0 0 1 1) and plot the images in the plane

shown.

D C D’ c’
1
0

3 2 1 4]0 gl 2 3
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X
9. Describe the geometric effect of the transformation L (y)

(0 1

This transformation does nothing to the point (x,y) in the plane; it is the identity transformation.

)G

Closing (3 minutes)

below.

Ask students to summarize the lesson in writing or orally with a partner. Some key elements are summarized

Lesson Summary

X
multiplication by L ()

2= @G (T 2)G)

the plane.

] L(;) _ (cos(B)

sin(6) —cf)l:((:))) (;)

()= 6 W6)

For real numbers a, b, ¢, and d, the transformation L(x,y) = (ax + by, cx + dy) can be represented using matrix
_ (ax + by
“\ex+dy

The transformation is a counterclockwise rotation by 0 if and only if the matrix representation is

The transformation is a dilation with scale factor k if and only if the matrix representation is

The transformation is a counterclockwise rotation by arg(a + bi) and dilation with scale factor

. . . L x a
|a + bi| if and only if the matrix representation is L ( ) = (

Y b a’/\y
x —7rsi x
0 = arg(a + bi), then the matrix representation is L (y) = (:z(:lfgzi r’;f:sn((:))) ( )

x
) and the (y) represents the point (x,y) in

_b) (x) If we letr = |a + bi| and

Exit Ticket (5 minutes)
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Name Date

Lesson 21: The Hunt for Better Notation

Exit Ticket

1. Evaluate the product (i(g); _25) (_32)

2. Find a matrix representation of the transformation L(x,y) = (3x + 4y,x — 2y).

3. Does the transformation L (x) = ( 5 2) (x) represent a rotation and dilation in the plane? Explain how you
y -2 5/\

know.
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Exit Ticket Sample Solutions

1. Evaluate the product (12 2 )( 3 )
(1% _25) (_32) = (—?2,21:0)
_ ( 26 )
-14
2. Find a matrix representation of the transformation L(x,y) = (3x + 4y,x — 2y).
16)=G 56

5 2

X
3. Does the transformation L (y) = (_2 5

know.

effect of counterclockwise rotation by arg(5 — 2i) and dilation by |5 — 2i|.

X
) (y) represent a rotation and dilation in the plane? Explain how you

Yes; this transformation can also be represented as L(x,y) = (5x — (—2)y, —2x + 5Y), which has the geometric

Problem Set Sample Solutions

1. Perform the indicated multiplication.

= (o)
(2

o (5 %G

d. (45} ;) (11000)
(520)

e (3 2(3)
(%)
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cos(f) —sin(0)) /x
(sin(e) cos(0) )(J’)
(xcos(ﬂ) - ysin(e))

xsin(0) + ycos(0)

o (7 ()
(10~ %)

2.  Find avalue of k so that (: i) (g) =

s 1)~ (o sk

(6
We have (

k=-2.

3.  Find values of k and m so that (_kz 3!) (i) = (_10)'

4.  Find values of k and m so that (_12 :) (11:1) = (_09)

Since ( k +2m

k=2andm = —1.

5.  Write the following transformations using matrix multiplication.
a. L(x,y)=(3x—2y,4x—5y)

13)=G 30)

b. L(xy) = (6x+10y,—2x+y)
L(5)=(5 1)6)

c.  L(xy) = (25x+10y,8x — 64y)

L (;) _ (285 10

Z6))

d. L(x,y)=(mrx—y,—2x+3y)

()= 3)6)

), so4k +15=7,and 16 + 5k = 6. Thus, 4k = —8, and 5k = —10, so

We have (_k2 31) (i) = (_10), so5k+ 12 =7 and —10 + 4m = —10. Therefore, k = —1 and m = 0.

_12 é) (71:1) = (—Zk + Sm)' we need to find values of k and m so that k + 2m = 0 and

—2k + 5m = —9. Solving this first equation for k gives k = —2m, and substituting this expression for k into the
second equation gives -9 = —2(—2m) + 5m = 9m, so we have m = —1. Then k = —2m gives k = 2. Therefore,
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e. L(x,y)=(10x,100x)
L (;) = (11000 g) (;)
f. L(x,y) = (2y,7x)

13)=G 0)6)

6. Identify whether or not the following transformations have the geometric effect of rotation only, dilation only,
rotation and dilation only, or none of these.

=+ 1l)=(G 36)

The matrix (i 2) cannot be written in the form (Z _ab) because 3 + —35, so this is neither a rotation nor

-5
a dilation. The transformation L is not one of the specified types of transformations.

o 1) = (7 2))

This transformation has the geometric effect of dilation by a scale factor of 42.

e« 1l)=(5 2D6)

2
the geometric effect of rotation and dilation.

The matrix( :i) has the form (Z _ab) with a = —4 and b = 2. Therefore, this transformation has

¢ 1ly)=(5 $)6)

. (5 a
The matrix (_ 1 5 b

rotation nor a dilation. The transformation L is not one of the specified types of transformations.

) cannot be written in the form ( _ab) because —1 # —(—1), so this is neither a

e 1l)=(7 )6

The matrix (_17 a

1 . .
7) cannot be written in the form ( b

a dilation. The transformation L is not one of the specified types of transformations.

_ab) because —7 # 7, so this is neither a rotation nor

cos (%) —/2sin (%)
V2Zsin (%) cos (g)

T
dilation by V2 and rotation by E

We see that ((2) _2) = , so this transformation has the geometric effect of

0

7. Create a matrix representation of a linear transformation that has the specified geometric effect.

a. Dilation by a factor of 4 and no rotation.

1(3)=G 26)
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b. Rotation by 180° and no dilation.

(180°) —sin(180°) /X
L (;) - (Z(i)rf(lBO") cf)lsn(180°) )(y)

-(o 2)6)

c. Rotation by -g rad and dilation by a scale factor of 3.
3cos (— E) —3sin (— E)
L(y)= : = |6)

3sin (— E) 3cos (— E)
(5 90

d. Rotation by 30° and dilation by a scale factor of 4.

4cos(30°) —4sin(30°)
L (;) = (42?1:(30% 4;‘:(300) )(;)

-5 24)0)

8. Identify the geometric effect of the following transformations. Justify your answer.
2 2
X -2 T2\
. L =
a (y) 2z (y)
2 2
. 3m\ _ V2 . o3m\ V2 . . X\ _
Since cos (T) =-5 and sin (T) =2 this transformation has the form L (y) =
3m . (3w
cos () —sin(F)) x I
37 37 (y)’ and thus represents counterclockwise rotation by — with no dilation.
sin (T) cos (T) 4

5cos (E) —5sin (E)

Since cos (g) = 0 and sin (g) = 1, this transformation has the form L (;) = ssi (ﬁ) 5 (”2) (;),
sin (5 cos (5

b4
and thus represents counterclockwise rotation by Z and dilation by a scale factor 5.

X — X
¢ L (y) = ( ;0 —(;o) (y)
Since cos(1t) = —1 and sin(1) = 0, this transformation has the form L (;) =
(10cos(n’) —10sin(m)
10sin() 10cos(m)
factor 10.

X
) (y), and thus represents counterclockwise rotation by 1t and dilation by a scale
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d- L(;):(_;/g 6?)(;)

Since cos (53—”) = % and sin (STH) =

12cos (53—”) —12sin (STH)

12sin (53—”) 12cos (53—”)

scale factor 12.

V3
T2

X
this transformation has the form L (y) =

X 5T
(y)’ and thus represents counterclockwise rotation by ? and dilation with
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Lesson 22: Modeling Video Game Motion with Matrices

Student Outcomes

=  Students use matrix transformations to represent motion along a straight line.

Lesson Notes

This is the first of a two-day lesson where students use their knowledge of 2 X 2 matrices and their transformations to
program video game motion. Lesson 22 focuses on straight line motion. In Lesson 23, students extend that motion to
include rotations. In programming students multiply matrices and vectors (N-VM.C.11) and use matrices to perform
transformations in the plane (N-VM.C.12). This lesson focuses on MP.4 as students use mathematics (matrices and
transformations) to model a real world situation (video game programming).

Classwork

Opening Exercise (2 minutes)

Opening Exercise

()= (g 3)()

a. Plot the point (i)

b. FindD (i) and plot it.

.

X X
c. Describe the geometric effect of performing the transformation (y) - D (y)

Each point in the plane gets dilated by a factor of 3. In other words, a point P gets moved to a new location
that is on the line through P and the origin, but its distance from the origin increases by a factor of 3.
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Discussion (9 minutes): Motion along a Line

Scaffolding:
Let f(t) = £ 0y(3 . = Support students in
(0 t) (1) understanding the
= Find £(0), f(1), f(2), f(3),and f(4). functions defined by
5 (0 0\/3\_ (0 matrices using simpler
fo) = (0 0) (1) B (0) examples.
1 0\/3 3 .
° f(l):( )( )Z( ) = Let f(t) = 3t. Find
o e FOL (D), £, F(3), F(4).
= f@)= (0 2) (1) = (2) = Explain how you
. (3 0\/3\ _ /9 determined your answer.
&)= (0 3) (1) - (3) = Advanced learners can be

o f(4) = (4' 0) (3) = (12)_ given the following

0 4 1 4 ) prompt without
= Plot each of these points on a graph. What do you notice? supporting questions.

o Each point appears to lie on a straight line through the origin. = Suppose you were

designing a computer
game. You want an object
to travel along a line from
the origin to the point
MPp.7 + (30,10) in 20 seconds.
MP.8 sl . Can you design a function
T h(t) that does this?

a4

= LetP = f(t). How can we be sure that P actually does trace out a straight line as t varies?
o We could check to see if every pair of points forms a segment with the same slope.
= What is the slope of the segment that joins f(1) and f(4)?

s Since f(1) = (3,1) and f(4) = (12,4), the slope is% = g = %

=  Now let’s check to see if every pair of points forms a segment with slope § also. Let t; and t, be two arbitrary

times in the domain of f. What is the slope of the segment that joins f(t;) and f(t,)?
o Since f(t,) = (3ty, t;) and f(t,) = (3t,, t,), the slope of the segment is 2~ = 271 — 1 gince
3ty,—-3t;  3(tz—t;) 3
the slope of every segment is constant, we can conclude that the path traced out by P is indeed a

straight line.
=  Now suppose that t represents time, measured in seconds, and f(t) represents the location of an object at
time t. How long would it take the object to travel from the origin to the point (30, 10)?

o We need to find a value of t such that (S 2) (i) = (ig

would take 10 seconds for the object to reach this point.

). Apparently t = 10 works, which means it
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"  Nowletg(t) = (Zot ZOt) (i) Do you think the object will reach (30,10) faster or slower? Go ahead and find

out.
30

o |fwe choose t so that 2t = 10, then we’d have (10 0 ) (3) = (10

o 10/ ), so t must be 5. Therefore, the

object reaches the desired location in 5 seconds.

= Suppose you were designing a computer game. You want an object to travel along a line from the origin to the
point (30,10) in 20 seconds. Can you design a function h(t) that does this?

k-20 0 ) (3

o We need to find a scale factor k such that h(20) = ( 0 2001

) = Gg) Seeing that we need

1
-t 0

to have 20k = 10 for this to work, we must have k = % Thus h(t) = | * 1 (i)
0 -t

= Before we move on, try to make sense of the relationship between f(t), g(t), and h(t). Take about half a
minute to think about this for yourself, then share with a partner, and then we’ll discuss your responses as a
whole class.

= f(t), g(t), and h(t) use scale factors of t, 2t, and % t, respectively.

@ Since g doubles the t-value, it makes sense that the object is moving twice as fast. For instance, to

make the scale factor equal 10, we can use t = 5, since 2(5) = 10. So it takes 5 seconds instead of 10
to reach the desired point.

@ On the other hand, h cuts the t-value in half, so it would make sense to say that the object should move
only half as fast. In particular, to make the scale factor 10, we have to use t = 20, because % (20) =

10. Thus it took 20 seconds instead of 10 to reach the desired point, which is twice as much time as it
took originally.

Exercises 1-2 (3 minutes)

Give students time to perform the following exercises, then instruct students to compare their responses with a partner.
Select students to share their responses with the whole class.

Exercises 1-2

1. Letf(t) = (5 (:)(‘21-), where t represents time, measured in seconds. P = f(t) represents the position of a moving

object at time t. If the object starts at the origin, how long would it take to reach (12,24)?

((t) (t])(i)=(;i).tx2+0x4=12,2t=12,t=6.or

((t, (t))(i)=(;i),0x2+tx4=24-,4t=24,t=6

_/kt 0,2
2. Letg®=(y D)
a. Find the value of k that moves an object from the origin to (12, 24) in just 2 seconds.
_ 2k 0\ (2\_ (12 _ _12
t—Z,(O Zk)(4)—(24),2k><2+()x4—12,k—4—3,or
_ 2k 0\ /2\ _ (12 _ _ 24 _
e=2,(% ) (3)=(52) 0x2k+2kx4=24k=F=3.
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b.  Find the value of k that moves an object from the origin to (12,24) in 30 seconds.

t=30,(3%F 0 (2)=(12) 30kx2+0x4=12k=¢2=1or

0 30k/\4 24 60 5
t=30,(38k ng)(i):(;i),0x30k+30kx4:24,k:%:%.

Example 1 (3 minutes)

= Let’s continue our exploration of the function f(t) = (8 (t)) @) To get some practice with different ways of

x(t)>'

representing transformations, let’s write f(t) in the form (y(t)

([t 0\/3\_ /3t+0\_ (3t
o 0=, )G)=Core)=(7)
= Let’s suppose that an object is moving in a straight line, with the x-coordinate increasing at 3 units per second
and the y-coordinate increasing at 1 unit per second, as with f(t) above. If the object starts at (12,4), how
long would it take to reach (30,10)?
o The x-coordinate is increasing at 3 units per second, so we have 12 + 3t = 30, which givest = 6
seconds.
@ The y-coordinate is increasing at 1 unit per second, so we have 4 + t = 10, which also givest = 6
seconds. So our results corroborate each other.

= Can you write a new function g(t) that gives the position of the object above after t seconds?

12 + 3t)

o Wehave x(t) = 12 + 3t and y(t) = 4 + t, so that gives g(t) = ( 44t

= Canyou find a way to write g(t) as a matrix transformation?

. _ (1243t _ 3(4+t)) . . I )
gt) = ( 44t ) = (1(4 +0)) This looks like a dilation of (3, 1) with scale factor 4 + t, so the
) . . oo _(4+t 0 3
matrix representation of this transformation is g(t) = ( 0 4+ t) ( 1).

Exercises 3—4 (3 minutes)

Give students a minute to perform the following exercises; monitor their responses. Then present the solutions, and ask
students to check their answers.

Exercises 3—4

2+t 0
3. etf@=Cg" L,

moving object at time t.

)(3), where t represents time, measured in seconds, and f(t) represents the position of a

a. Find the position of the objectatt = 0,t = 1,and t = 2.

t=0(5 2)(3)= (651 2%7) = (g)orro+ 4t

t=1(; 3)(9)= (%5 5%7) = Gahorts+au

e=2(5 )G)= (ks iaky) = (zg)orzo2ei
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b.  Write f(t) in the form (;Eg)
(o' 2300G)=Gais

Write the transformation g(t) = (

Answers vary based on factoring of fac

they all end up having the same result:

(230 =(Gan) =

15+ 5t
-6 — 2t

53 +1)
23 +1)

3+t
0

15 + 5t
—6—

)

Zt) as a matrix transformation.

tors. However, they start at different points that are all from the line, and

g = (15+54)
(2cs-0)

5
-2

-3-t
0

0

-6 — 2t
1ol 3¢

3+t )O'(iitzi

—5(=3-1)
2(-3-1)

) (

Example 2 (4 minutes)

Let f(t) = (1at 1gt) (i)

Graph the path traced out by P = f(
We have f(0) = (3,1), f(1)

a

t)with0 < t < 3.

= (0,0), f(2) = (=3,=1), and f (3) = (=6,=3).

= Write f(t) in the form (;Eg)
© = (1 8 ‘ 1 2 t) (i) - ((()1+_(§)£32)-|(-1(;) - (31—_3;)'

Now suppose that an object starts at

(20, 16) and moves along a line, reaching the origin in 4 seconds. Write

an equation P = h(t) for the position of the object at time t.

o

Looking at the x-coordinates,

we see that 20 — k(4) = 0, which means that k = 5. That is, the x-

coordinate of the point is decreasing at 5 units per second. Thus, x(t) = 20 — 5t.

Looking at the y-coordinates,

we see that 16—m(4) = 0, which means that m = 4. That is, the y-

coordinate of the point is decreasing at 4 units per second. Thus, y(t) = 16 — 4t.

o

5(4 —
4(4 —

20 -5t
16 — 4t

0= (3=
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Putting these two results together, we get h(t) = (

Modeling Video Game Motion with Matrices

20 — 5t
16 — 4t

).

).

Write h(t) as a matrix transformation.

t)
t)

4—t
0

0
4—t

5
4

)= (

)(
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Exercise 5 (2 minutes)

Give students a minute to perform the following exercise, and monitor their responses. Have students compare their
responses with a partner; then select students to share their responses with the whole class.

Exercise 5

5.  An object is moving in a straight line from (18, 12) to the origin over a 6-second period of time. Find a function

x(t))’ then

f(t) that gives the position of the object after t seconds. Write your answer in the form f(t) = (y(t)

express f(t) as a matrix transformation.

For the x-coordinates, we have 18 — 6k = 0,k = 3. The x-coordinate of the point is decreasing at 3 units per
second. Thus, x(t) = 18 — 3t

For the y-coordinates, we have 12 — 6m = 0,m = 2. The y-coordinate of the point is decreasing at 2 units per
second. Thus, x(t) = 12 — 2t

F0=(8-3- () -5 )

Discussion (7 minutes): Translations

= In a video game, the player controls a character named Steve. When Steve climbs a certain ladder, his vertical
position on the screen increases by 5 units.

= Let (x,y) = V(x,y) represent the change in Steve’s position when he climbs the ladder. The input represents
his position before climbing the ladder, and the output represents his position after climbing the ladder. Find
the outputs that correspond to each of the following inputs.

= (34)

= (34) - (39)
s (10,12)

= (10,12) - (10,17)
o (7,20)
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= (7,20) - (7,25)
= Let’s look more closely at that last input-output pair. Can you carefully explain the thinking that allowed you
to produce the output here?
o Climbing a ladder does not affect Steve’s horizontal position, so the x-coordinate is still 7. To get the
new y-coordinate, we add 5 to 20, giving 20 + 5 = 25.
=  To reveal the underlying structure of this transformation, let’s write (7,20) — (7,20 + 5). Now let’s
generalize: What is the output that corresponds to a generic input (x, y)?
= (xy)=(xy+5)
= Now let’s write the transformation using the column notation that we have found useful for our work that

involves matrices: (;) - (y f_ 5).

= Next let’s analyze horizontal motion. When the player presses the control pad to the right, Steve moves to the
right 3 units per seco