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Lesson 1:  Solutions to Polynomial Equations 

 
Classwork 
 

Opening Exercise 

How many solutions are there to the equation 𝑥𝑥2 = 1?  Explain how you know. 

 

 

 

 

 

Example 1:  Prove That A Quadratic Equation Has Only Two Solutions Over The Set Of Complex Numbers  

Prove that 1 and −1 are the only solutions to the equation 𝑥𝑥2 = 1. 

Let 𝑥𝑥 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 be a complex number so that 𝑥𝑥2 = 1. 

a. Substitute 𝑎𝑎 + 𝑏𝑏𝑏𝑏 for 𝑥𝑥 in the equation 𝑥𝑥2 = 1. 
 

 

 
b. Rewrite both sides in standard form for a complex number. 

 

 

 

c. Equate the real parts on each side of the equation and equate the imaginary parts on each side of the 
equation. 

 

 

 

d. Solve for 𝑎𝑎 and 𝑏𝑏, and find the solutions for 𝑥𝑥 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏.  
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Exercises 

Find the product. 

1. (𝑧𝑧 − 2)(𝑧𝑧 + 2) 
 

 

 

 
2. (𝑧𝑧 + 3𝑖𝑖)(𝑧𝑧 − 3𝑖𝑖) 

 

 

 

 

Write each of the following quadratic expressions as the product of two linear factors. 

3. 𝑧𝑧2 − 4 
 

 

 

 
 

4. 𝑧𝑧2 + 4 
 

 

 

 
 

5. 𝑧𝑧2 − 4𝑖𝑖 
 

 

 

 

 
6. 𝑧𝑧2 + 4𝑖𝑖 
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7. Can a quadratic polynomial equation with real coefficients have one real solution and one complex solution?  If so, 
give an example of such an equation.  If not, explain why not. 

 
 

 

 

 

 
 

 

Recall from Algebra II that every quadratic expression can be written as a product of two linear factors, that is, 

𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 = 𝑎𝑎(𝑥𝑥 − 𝑟𝑟1)(𝑥𝑥 − 𝑟𝑟2), 

where 𝑟𝑟1 and 𝑟𝑟2 are solutions of the polynomial equation 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐 = 0. 
 

8. Solve each equation by factoring, and state the solutions. 

a. 𝑥𝑥2 + 25 = 0 
 
 

 

 

 

 

b. 𝑥𝑥2 + 10𝑥𝑥 + 25 = 0 
 
 

 

 

 

 
9. Give an example of a quadratic equation with 2 + 3𝑖𝑖 as one of its solutions. 
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10. A quadratic polynomial equation with real coefficients has a complex solution of the form 𝑎𝑎 + 𝑏𝑏𝑏𝑏 with 𝑏𝑏 ≠ 0.  What 
must its other solution be, and why? 

 
 

 

 

 

 
 

 

 

 

 

11. Write the left side of each equation as a product of linear factors, and state the solutions.  
a. 𝑥𝑥3 − 1 = 0 
 

 

 

 

 
 

 

b. 𝑥𝑥3 + 8 = 0 
 

 

 
 

 

 

 

c. 𝑥𝑥4 + 7𝑥𝑥2 + 10 = 0 
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12. Consider the polynomial 𝑝𝑝(𝑥𝑥) = 𝑥𝑥3 + 4𝑥𝑥2 + 6𝑥𝑥 − 36. 

a. Graph 𝑦𝑦 = 𝑥𝑥3 + 4𝑥𝑥2 + 6𝑥𝑥 − 36, and find the real zero of polynomial 𝑝𝑝.  
 

 

 

 
 

b. Write 𝑝𝑝(𝑥𝑥) as a product of linear factors. 

 

 

 
 

 

c. What are the solutions to the equation 𝑝𝑝(𝑥𝑥) = 0? 

 

 

 
 

 

13. Malaya was told that the volume of a box that is a cube is 4,096 cubic inches.  She knows the formula for the 
volume of a cube with side length 𝑥𝑥 is 𝑉𝑉(𝑥𝑥) = 𝑥𝑥3, so she models the volume of the box with the equation  
𝑥𝑥3 − 4096 = 0.   
a. Solve this equation for 𝑥𝑥. 

 

 
 

 

 

 

b. Malaya shows her work to Tiffany and tells her that she has found three different values for the side length of 
the box.  Tiffany looks over Malaya’s work and sees that it is correct but explains to her that there is only one 
valid answer.  Help Tiffany explain which answer is valid and why. 
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14. Consider the polynomial 𝑝𝑝(𝑥𝑥) = 𝑥𝑥6 − 2𝑥𝑥5 + 7𝑥𝑥4 − 10𝑥𝑥3 + 14𝑥𝑥2 − 8𝑥𝑥 + 8.  
a. Graph 𝑦𝑦 = 𝑥𝑥6 − 2𝑥𝑥5 + 7𝑥𝑥4 − 10𝑥𝑥3 + 14𝑥𝑥2 − 8𝑥𝑥 + 8, and state the number of real zeros of 𝑝𝑝. 

 

 

 
 

 

b. Verify that 𝑖𝑖 is a zero of 𝑝𝑝. 
 

 
 

 

 

 

c. Given that 𝑖𝑖 is a zero of 𝑝𝑝, state another zero of 𝑝𝑝. 
 

 

 

 

 
 

 

d. Given that 2𝑖𝑖 and 1 + 𝑖𝑖 are also zeros of 𝑝𝑝, explain why polynomial 𝑝𝑝 cannot possibly have any real zeros. 

 

 

 
 

 

 

 

 
e. What is the solution set to the equation 𝑝𝑝(𝑥𝑥) = 0? 
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15. Think of an example of a sixth degree polynomial equation that when written in standard form has integer 
coefficients, four real number solutions, and two imaginary number solutions.  How can you be sure your equation 
will have integer coefficients? 
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Problem Set  
 
1. Find all solutions to the following quadratic equations, and write each equation in factored form.   

a. 𝑥𝑥2 + 25 = 0 
b. −𝑥𝑥2 − 16 = −7 
c. (𝑥𝑥 + 2)2 + 1 = 0 
d. (𝑥𝑥 + 2)2 = 𝑥𝑥 
e. (𝑥𝑥2 + 1)2 + 2(𝑥𝑥2 + 1) − 8 = 0 
f. (2𝑥𝑥 − 1)2 = (𝑥𝑥 + 1)2 − 3 
g. 𝑥𝑥3 + 𝑥𝑥2 − 2𝑥𝑥 = 0 
h. 𝑥𝑥3 − 2𝑥𝑥2 + 4𝑥𝑥 − 8 = 0 
 

Lesson Summary 

Relevant Vocabulary 

POLYNOMIAL FUNCTION:  Given a polynomial expression in one variable, a polynomial function in one variable is a 
function 𝑓𝑓: ℝ → ℝ such that for each real number 𝑥𝑥 in the domain, 𝑓𝑓(𝑥𝑥) is the value found by substituting the 
number 𝑥𝑥 into all instances of the variable symbol in the polynomial expression and evaluating.   

It can be shown that if a function 𝑓𝑓: ℝ → ℝ is a polynomial function, then there is some nonnegative integer 𝑛𝑛 and 
collection of real numbers 𝑎𝑎0, 𝑎𝑎1, 𝑎𝑎2,… , 𝑎𝑎𝑛𝑛 with 𝑎𝑎𝑛𝑛 ≠ 0 such that the function satisfies the equation 

𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 + 𝑎𝑎𝑛𝑛−1𝑥𝑥𝑛𝑛−1 + ⋯ + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎0, 

for every real number 𝑥𝑥 in the domain, which is called the standard form of the polynomial function.  The function 
𝑓𝑓(𝑥𝑥) = 3𝑥𝑥3 + 4𝑥𝑥2 + 4𝑥𝑥 + 7, where 𝑥𝑥 can be any real number, is an example of a function written in standard 
form. 

DEGREE OF A POLYNOMIAL FUNCTION:  The degree of a polynomial function is the degree of the polynomial expression 
used to define the polynomial function.  The degree is the highest degree of its terms.  

The degree of 𝑓𝑓(𝑥𝑥) = 8𝑥𝑥3 + 4𝑥𝑥2 + 7𝑥𝑥 + 6 is 3, but the degree of 𝑔𝑔(𝑥𝑥) = (𝑥𝑥 + 1)2 − (𝑥𝑥 − 1)2 is 1 because when 𝑔𝑔 
is put into standard form, it is 𝑔𝑔(𝑥𝑥) = 4𝑥𝑥. 

ZEROS OR ROOTS OF A FUNCTION:  A zero (or root) of a function 𝑓𝑓: ℝ → ℝ is a number 𝑥𝑥 of the domain such that 𝑓𝑓(𝑥𝑥) =
0.  A zero of a function is an element in the solution set of the equation 𝑓𝑓(𝑥𝑥) = 0. 

Given any two polynomial functions 𝑝𝑝 and 𝑞𝑞, the solution set of the equation 𝑝𝑝(𝑥𝑥)𝑞𝑞(𝑥𝑥) = 0 can be quickly found by 
solving the two equations 𝑝𝑝(𝑥𝑥) = 0 and 𝑞𝑞(𝑥𝑥) = 0 and combining the solutions into one set. 

A number 𝑎𝑎 is zero of a polynomial function 𝑝𝑝 with multiplicity 𝑚𝑚 if the factored form of 𝑝𝑝 contains (𝑥𝑥 − 𝑎𝑎)𝑚𝑚.  

Every polynomial function of degree 𝑛𝑛, for 𝑛𝑛 ≥ 1, has 𝑛𝑛 zeros over the complex numbers, counted with multiplicity.  
Therefore, such polynomials can always be factored into 𝑛𝑛 linear factors. 
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2. The following cubic equations all have at least one real solution.  Find the remaining solutions. 

a. 𝑥𝑥3 − 2𝑥𝑥2 − 5𝑥𝑥 + 6 = 0 
b. 𝑥𝑥3 − 4𝑥𝑥2 + 6𝑥𝑥 − 4 = 0 
c. 𝑥𝑥3 + 𝑥𝑥2 + 9𝑥𝑥 + 9 = 0 
d. 𝑥𝑥3 + 4𝑥𝑥 = 0 
e. 𝑥𝑥3 + 𝑥𝑥2 + 2𝑥𝑥 + 2 = 0 
 

3. Find the solutions of the following equations. 
a. 4𝑥𝑥4 − 𝑥𝑥2 − 18 = 0 
b. 𝑥𝑥3 − 8 = 0 
c. 8𝑥𝑥3 − 27 = 0 
d. 𝑥𝑥4 − 1 = 0 
e. 81𝑥𝑥4 − 64 = 0 
f. 20𝑥𝑥4 + 121𝑥𝑥2 − 25 = 0 
g. 64𝑥𝑥3 + 27 = 0 
h. 𝑥𝑥3 + 125 = 0 
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Lesson 2:  Does Every Complex Number Have a Square Root? 

 
Classwork 

Exercises 1–6 

1. Use the geometric effect of complex multiplication to describe how to calculate a square root of 𝑧𝑧 = 119 + 120𝑖𝑖. 
 

 

 

 

 
2. Calculate an estimate of a square root of 119 + 120𝑖𝑖. 

 

 

 

 
 

3. Every real number has two square roots.  Explain why. 

 

 

 

 
 

4. Provide a convincing argument that every complex number must also have two square roots. 

 

 

 
 

 

5. Explain how the polynomial identity 𝑥𝑥2 − 𝑏𝑏 = (𝑥𝑥 − √𝑏𝑏)(𝑥𝑥 + √𝑏𝑏) relates to the argument that every number has 
two square roots. 
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6. What is the other square root of 119 + 120𝑖𝑖? 

 

 
 

 

 

Example 1:  Find the Square Roots of 𝟏𝟏𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏  

Find the square roots of 119 + 120𝑖𝑖 algebraically. 

Let 𝑤𝑤 = 𝑝𝑝 + 𝑞𝑞𝑞𝑞 be the square root of 119 + 120𝑖𝑖.  Then 

𝑤𝑤2 = 119 + 120𝑖𝑖 

and 

(𝑝𝑝 + 𝑞𝑞𝑖𝑖)2 = 119 + 120𝑖𝑖. 

a. Expand the left side of this equation.  

 

 

 
 

 

b. Equate the real and imaginary parts, and solve for 𝑝𝑝 and 𝑞𝑞. 

 

 
 

 

 

 

 

 
 

 

 

c. What are the square roots of 119 + 120𝑖𝑖? 
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Exercises 7–9  

7. Use the method in Example 1 to find the square roots of 1 + √3𝑖𝑖. 
 

 

 
 

 

 

 

 
 

 

 

8. Find the square roots of each complex number. 
a. 5 + 12𝑖𝑖 
 

 

 

 

 
 

 

 

 

 
 
b. 5 − 12𝑖𝑖 
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9. Show that if 𝑝𝑝 + 𝑞𝑞𝑞𝑞 is a square root of 𝑧𝑧 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏, then 𝑝𝑝 − 𝑞𝑞𝑞𝑞 is a square root of the conjugate of 𝑧𝑧, 𝑧𝑧̅ = 𝑎𝑎 − 𝑏𝑏𝑏𝑏. 
a. Explain why (𝑝𝑝 + 𝑞𝑞𝑞𝑞)2 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏. 
 

 

 
 

 

 

 

 
b. What do 𝑎𝑎 and 𝑏𝑏 equal in terms of 𝑝𝑝 and 𝑞𝑞? 

 

 

 

 
 

 

 

 

c. Calculate (𝑝𝑝 − 𝑞𝑞𝑞𝑞)2.  What is the real part, and what is the imaginary part? 
 

 
 

 

 

 

 
 

d. Explain why (𝑝𝑝 − 𝑞𝑞𝑞𝑞)2 = 𝑎𝑎 − 𝑏𝑏𝑏𝑏. 
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Problem Set 
 
Find the two square roots of each complex number by creating and solving polynomial equations. 

1. 𝑧𝑧 = 15 − 8𝑖𝑖 
 

2. 𝑧𝑧 = 8 − 6𝑖𝑖 
 

3. 𝑧𝑧 = −3 + 4𝑖𝑖 
 

4. 𝑧𝑧 = −5 − 12𝑖𝑖 
 

5. 𝑧𝑧 = 21 − 20𝑖𝑖 
 

6. 𝑧𝑧 = 16 − 30𝑖𝑖 
 

7. 𝑧𝑧 = 𝑖𝑖  
 

A Pythagorean triple is a set of three positive integers 𝑎𝑎, 𝑏𝑏, and 𝑐𝑐 such that 𝑎𝑎2 + 𝑏𝑏2 = 𝑐𝑐2.  Thus, these integers can be 
the lengths of the sides of a right triangle. 

8. Show algebraically that for positive integers 𝑝𝑝 and 𝑞𝑞, if  

𝑎𝑎 = 𝑝𝑝2 − 𝑞𝑞2 
𝑏𝑏 = 2𝑝𝑝𝑝𝑝 
𝑐𝑐 = 𝑝𝑝2 + 𝑞𝑞2 

then 𝑎𝑎2 + 𝑏𝑏2 = 𝑐𝑐2,  
 

9. Select two integers 𝑝𝑝 and 𝑞𝑞, use the formulas in Problem 8 to find 𝑎𝑎, 𝑏𝑏, and 𝑐𝑐, and then show those numbers satisfy 
the equation 𝑎𝑎2 + 𝑏𝑏2 = 𝑐𝑐2. 
 

  

Lesson Summary 

The square roots of a complex number 𝑎𝑎 + 𝑏𝑏𝑏𝑏 will be of the form 𝑝𝑝 + 𝑞𝑞𝑞𝑞 and −𝑝𝑝 − 𝑞𝑞𝑞𝑞 and can be found by solving 
the equations 𝑝𝑝2 − 𝑞𝑞2 = 𝑎𝑎 and 2𝑝𝑝𝑝𝑝 = 𝑏𝑏. 
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10. Use the formulas from Problem 8, and find values for 𝑝𝑝 and 𝑞𝑞 that give the following famous triples. 
a. (3,4,5) 
b. (5,12,13) 
c. (7,24,25) 
d. (9,40,41) 
 

11. Is it possible to write the Pythagorean triple (6,8,10) in the form 𝑎𝑎 = 𝑝𝑝2 − 𝑞𝑞2, 𝑏𝑏 = 2𝑝𝑝𝑝𝑝, 𝑐𝑐 = 𝑝𝑝2 + 𝑞𝑞2 for some 
integers 𝑝𝑝 and 𝑞𝑞?  Verify your answer.  
 

12. Choose your favorite Pythagorean triple (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) that has  𝑎𝑎 and 𝑏𝑏 sharing only 1 as a common factor, for example 
(3,4,5), (5,12,13),  or (7,24,25),…  Find the square of the length of a square root of 𝑎𝑎 + 𝑏𝑏𝑏𝑏; that is, find |𝑝𝑝 + 𝑞𝑞𝑞𝑞|2, 
where 𝑝𝑝 + 𝑞𝑞𝑞𝑞 is a square root of 𝑎𝑎 + 𝑏𝑏𝑏𝑏.  What do you observe? 
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8. Expand the expression (𝑢𝑢 + 𝑣𝑣)3. 
 

 

 

 
 

9. Expand the expression (𝑢𝑢 + 𝑣𝑣)4. 

 

 

 
 

 

10.  

a. Multiply the expression you wrote in Exercise 4 by 𝑢𝑢. 

 
 

 

 

 

b. Multiply the expression you wrote in Exercise 4 by 𝑣𝑣. 
 

 

 

 

 

c. How can you use the results from parts (a) and (b) to find the expanded form of the expression (𝑢𝑢 + 𝑣𝑣)5? 
 

 

 
 

 

11. What do you notice about your expansions for (𝑢𝑢 + 𝑣𝑣)4 and (𝑢𝑢 + 𝑣𝑣)5?  Does your observation hold for other 
powers of (𝑢𝑢 + 𝑣𝑣)? 
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12. Use the binomial theorem to expand the following binomial expressions. 

a. (𝑥𝑥 + 𝑦𝑦)6 
 

 
 

 

 

 

b. (𝑥𝑥 + 2𝑦𝑦)3 
 

 
 

 

 

 
c. (𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)4 

 

 

 

 

 
 

d. (3𝑥𝑥𝑥𝑥 − 2𝑧𝑧)3 
 

 

 

 
 

 

e. (4𝑝𝑝2𝑞𝑞𝑞𝑞 − 𝑞𝑞𝑟𝑟2)5 
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Lesson Summary  

Pascal’s triangle is an arrangement of numbers generated recursively:  

Row 0:       1      
Row 1:      1  1     
Row 2:     1  2  1    
Row 3:    1  3  3  1   
Row 4:   1  4  6  4  1  
Row 5:  1  5  10  10  5  1 
  ⋮  ⋮  ⋮  ⋮  ⋮  ⋮ 

For an integer 𝑛𝑛 ≥ 1, the number 𝑛𝑛! is the product of all positive integers less than or equal to 𝑛𝑛.   
We define 0! = 1.  

The binomial coefficients 𝐶𝐶(𝑛𝑛, 𝑘𝑘) are given by 𝐶𝐶(𝑛𝑛, 𝑘𝑘) = 𝑛𝑛!
𝑘𝑘!(𝑛𝑛−𝑘𝑘)

! for integers 𝑛𝑛 ≥ 0 and 0 ≤ 𝑘𝑘 ≤ 𝑛𝑛. 

THE BINOMIAL THEOREM:  For any expressions 𝑢𝑢 and 𝑣𝑣,  

(𝑢𝑢 + 𝑣𝑣)𝑛𝑛 = 𝑢𝑢𝑛𝑛 + 𝐶𝐶(𝑛𝑛, 1)𝑢𝑢𝑛𝑛−1𝑣𝑣 + 𝐶𝐶(𝑛𝑛, 2)𝑢𝑢𝑛𝑛−2𝑣𝑣2 + ⋯ + 𝐶𝐶(𝑛𝑛, 𝑘𝑘)𝑢𝑢𝑛𝑛−𝑘𝑘𝑣𝑣𝑘𝑘 + ⋯ + 𝐶𝐶(𝑛𝑛, 𝑛𝑛 − 1)𝑢𝑢 𝑣𝑣𝑛𝑛−1 + 𝑣𝑣𝑛𝑛.  

That is, the coefficients of the expanded binomial (𝑢𝑢 + 𝑣𝑣)𝑛𝑛 are exactly the numbers in Row 𝑛𝑛 of Pascal’s triangle.  

 
 
Problem Set  
 
1. Evaluate the following expressions.  

a. 9!
8!

 

b. 7!
5!

 

c. 21!
19!

 

d. 8!
4!

 

 

2. Use the binomial theorem to expand the following binomial expressions. 
a. (𝑥𝑥 + 𝑦𝑦)4 
b. (𝑥𝑥 + 2𝑦𝑦)4 
c. (𝑥𝑥 + 2𝑥𝑥𝑥𝑥)4 
d. (𝑥𝑥 − 𝑦𝑦)4 
e. (𝑥𝑥 − 2𝑥𝑥𝑥𝑥)4   
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3. Use the binomial theorem to expand the following binomial expressions. 

a. �1 + √2�
5
 

b. (1 + 𝑖𝑖)9 
c. (1 − 𝜋𝜋)5  (Hint:  1 − 𝜋𝜋 = 1 + (−𝜋𝜋) .) 

d. �√2 + 𝑖𝑖�
6
 

e. (2 − 𝑖𝑖)6 
 

4. Consider the expansion of (𝑎𝑎 + 𝑏𝑏)12.  Determine the coefficients for the terms with the powers of 𝑎𝑎 and 𝑏𝑏 shown. 
a. 𝑎𝑎2𝑏𝑏10 
b. 𝑎𝑎5𝑏𝑏7 
c. 𝑎𝑎8𝑏𝑏4 
 

5. Consider the expansion of (𝑥𝑥 + 2𝑦𝑦)10.  Determine the coefficients for the terms with the powers of 𝑥𝑥 and 𝑦𝑦 shown. 
a. 𝑥𝑥2𝑦𝑦8 
b. 𝑥𝑥4𝑦𝑦6 
c. 𝑥𝑥5𝑦𝑦5 
 

6. Consider the expansion of (5𝑝𝑝 + 2𝑞𝑞)6.  Determine the coefficients for the terms with the powers of 𝑝𝑝 and 𝑞𝑞 shown. 
a. 𝑝𝑝2𝑞𝑞4 
b. 𝑝𝑝5𝑞𝑞 
c. 𝑝𝑝3𝑞𝑞3 
 

7. Explain why the coefficient of the term that contains 𝑢𝑢𝑛𝑛 is 1 in the expansion of (𝑢𝑢 + 𝑣𝑣)𝑛𝑛. 

 

8. Explain why the coefficient of the term that contains 𝑢𝑢𝑛𝑛−1𝑣𝑣 is 𝑛𝑛 in the expansion of (𝑢𝑢 + 𝑣𝑣)𝑛𝑛. 
 

9. Explain why the rows of Pascal’s triangle are symmetric.  That is, explain why 𝐶𝐶(𝑛𝑛, 𝑘𝑘) = 𝐶𝐶�𝑛𝑛, (𝑛𝑛 − 𝑘𝑘)�. 
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Lesson 5:  The Binomial Theorem 

 
Classwork 

Opening Exercise 

Write the first six rows of Pascal’s triangle.  Then, use the triangle to find the coefficients of the terms with the powers of 
𝑢𝑢 and 𝑣𝑣 shown, assuming that all expansions are in the form (𝑢𝑢 + 𝑣𝑣)𝑛𝑛.  Explain how Pascal’s triangle allows you to 
determine the coefficient. 

 

 

 

 

 

 

 

a. 𝑢𝑢2𝑣𝑣4  
 
 

 

 

b. 𝑢𝑢3𝑣𝑣2  
 

 

 
 

c. 𝑢𝑢2𝑣𝑣2  
 

 

 

 
d. 𝑣𝑣10  
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Example 1   

Look at the alternating sums of the rows of Pascal’s triangle.  An alternating sum alternately subtracts and then adds 
values.  For example, the alternating sum of Row 2 would be 1 − 2 + 1, and the alternating sum of Row 3 would be  
1 − 3 + 3 − 1. 

             
      1       
     1  1      
    1  2  1     
   1  3  3  1    
  1  4  6  4  1   
 1  5  10  10  5  1  

1  6  15  20  15  6  1 

a. Compute the alternating sum for each row of the triangle shown. 

 

 

 
 

 

 

 

 
 

 

 

b. Use the binomial theorem to explain why each alternating sum of a row in Pascal’s triangle is 0.  
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Exercises 1–2  

1. Consider the Rows 0–6 of Pascal’s triangle. 
a.  Find the sum of each row. 

              SUM 
      1         
     1  1        
    1  2  1       
   1  3  3  1      
  1  4  6  4  1     
 1  5  10  10  5  1    

1  6  15  20  15  6  1   
 
b. What pattern do you notice in the sums computed? 

 

 

 

 

c. Use the binomial theorem to explain this pattern. 
 

 

 

 

 
 

2. Consider the expression 11𝑛𝑛. 

a.  Calculate 11𝑛𝑛, where 𝑛𝑛 = 0, 1, 2, 3, 4. 

 

 
 

 

 

 

 
 

b. What pattern do you notice in the successive powers? 
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c. Use the binomial theorem to demonstrate why this pattern arises.   

 

 
 

 

 

 

d. Use a calculator to find the value of 115.  Explain whether this value represents what would be expected based 
on the pattern seen in lower powers of 11. 

 

 

 
 

 

 

Example 2  

We know that the volume 𝑉𝑉(𝑟𝑟) and surface area 𝑆𝑆(𝑟𝑟) of a sphere of radius 𝑟𝑟 are given by these formulas: 

𝑉𝑉(𝑟𝑟) =
4
3

𝜋𝜋𝑟𝑟3 

𝑆𝑆(𝑟𝑟) = 4𝜋𝜋𝑟𝑟2 

Suppose we increase the radius of a sphere by 0.01 units from 𝑟𝑟 to 𝑟𝑟 + 0.01.  

a. Use the binomial theorem to write an expression for the increase in volume. 

 
 

 

 

 

 
 

 

 

b. Write an expression for the average rate of change of the volume as the radius increases from 𝑟𝑟 to 𝑟𝑟 + 0.01. 
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c. Simplify the expression in part (b) to compute the average rate of change of the volume of a sphere as the 
radius increases from 𝑟𝑟 to 𝑟𝑟 + 0.01.  

 
 

 

 

 

 
 

 

d. What does the expression from part (c) resemble?  

 

 

 
 

 

 

 

 
e. Why does it make sense that the average rate of change should approximate the surface area?  Think about 

the geometric figure formed by 𝑉𝑉(𝑟𝑟 + 0.01) − 𝑉𝑉(𝑟𝑟).  What does this represent?  

 

 

 
 

 

 

 

 

f. How could we approximate the volume of the shell using surface area?  And the average rate of change for the 
volume? 
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Problem Set  
 
1. Consider the binomial (2𝑢𝑢 − 3𝑣𝑣)6. 

a. Find the term that contains 𝑣𝑣4. 

b. Find the term that contains 𝑢𝑢3. 
c. Find the third term. 

 

2. Consider the binomial (𝑢𝑢2 − 𝑣𝑣3)6.  

a. Find the term that contains 𝑣𝑣6. 

b. Find the term that contains 𝑢𝑢6. 
c. Find the fifth term. 

 

3. Find the sum of all coefficients in the following binomial expansion. 

a. (2𝑢𝑢 + 𝑣𝑣)10  
b. (2𝑢𝑢 − 𝑣𝑣)10 
c. (2𝑢𝑢 − 3𝑣𝑣)11 
d. (𝑢𝑢 − 3𝑣𝑣)11 
e. (1 + 𝑖𝑖)10 
f. (1 − 𝑖𝑖)10 
g. (1 + 𝑖𝑖)200 
h. (1 + 𝑣𝑣)201 
 

4. Expand the binomial �1 + √2𝑖𝑖�
6
. 

 

5. Show that �2 + √2𝑖𝑖�
20

+ �2 − √2𝑖𝑖�
20

 is an integer. 

 

6. We know (𝑢𝑢 + 𝑣𝑣)2 = 𝑢𝑢2 + 2𝑢𝑢𝑢𝑢 + 𝑣𝑣2 = 𝑢𝑢2 + 𝑣𝑣2 + 2𝑢𝑢𝑢𝑢.  Use this pattern to predict what the expanded form of 
each expression would be.  Then, expand the expression, and compare your results.  

a. (𝑢𝑢 + 𝑣𝑣 + 𝑤𝑤)2  
b. (𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐 + 𝑑𝑑)2 
 

7. Look at the powers of 101 up to the fourth power on a calculator.  Explain what you see.  Predict the value of 1015, 
and then find the answer on a calculator.  Are they the same?  

 

8. Can Pascal’s triangle be applied to �1
𝑢𝑢

+ 1
𝑣𝑣
�

𝑛𝑛
 given 𝑢𝑢, 𝑣𝑣 ≠ 0? 
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9. The volume and surface area of a sphere are given by  V = 4
3

πr3 and S = 4πr2.  Suppose we increase the radius of a 
sphere by 0.001 units from 𝑟𝑟 to 𝑟𝑟 + 0.001. 

a. Use the binomial theorem to write an expression for the increase in volume 𝑉𝑉(𝑟𝑟 + 0.001) − 𝑉𝑉(𝑟𝑟) as the sum 
of three terms. 

b. Write an expression for the average rate of change of the volume as the radius increases from 𝑟𝑟 to 𝑟𝑟 + 0.001. 

c. Simplify the expression in part (b) to compute the average rate of change of the volume of a sphere as the 
radius increases from 𝑟𝑟 to 𝑟𝑟 + 0.001. 

d. What does the expression from part (c) resemble? 

e. Why does it make sense that the average rate of changes should approximate the surface area?  Think about 
the geometric figure formed by 𝑉𝑉(𝑟𝑟 + 0.001) − 𝑉𝑉(𝑟𝑟).  What does this represent? 

f. How could we approximate the volume of the shell using surface area?  And the average rate of change for the 
volume?  

g. Find the difference between the average rate of change of the volume and 𝑆𝑆(𝑟𝑟) when 𝑟𝑟 = 1. 

 

10. The area and circumference of a circle of radius 𝑟𝑟 are given by 𝐴𝐴(𝑟𝑟) = 𝜋𝜋𝑟𝑟2 and 𝐶𝐶(𝑟𝑟) = 2𝜋𝜋𝜋𝜋.  Suppose we increase 
the radius of a sphere by 0.001 units from 𝑟𝑟 to 𝑟𝑟 + 0.001. 
a. Use the binomial theorem to write an expression for the increase in area volume 𝐴𝐴(𝑟𝑟 + 0.001) − 𝐴𝐴(𝑟𝑟) as a 

sum of three terms. 

b. Write an expression for the average rate of change of the area as the radius increases from 𝑟𝑟 to 𝑟𝑟 + 0.001.  

c. Simplify the expression in part (b) to compute the average rate of change of the area of a circle as the radius 
increases from 𝑟𝑟 to 𝑟𝑟 + 0.001. 

d. What does the expression from part (c) resemble? 

e. Why does it make sense that the average rate of change should approximate the area of a circle?  Think about 
the geometric figure formed by 𝐴𝐴(𝑟𝑟 + 0.001) − 𝐴𝐴(𝑟𝑟).  What does this represent? 

f. How could we approximate the area of the shell using circumference?  And the average rate of change for the 
area? 

g. Find the difference between the average rate of change of the area and 𝐶𝐶(𝑟𝑟) when 𝑟𝑟 = 1.  
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Lesson 6:  Curves in the Complex Plane 

 
Classwork 

Opening Exercise 

a. Consider the complex number 𝑧𝑧 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏. 
i. Write 𝑧𝑧 in polar form.  What do the variables represent? 

 

 

 

 
ii. If 𝑟𝑟 = 3 and 𝜃𝜃 = 90°, where would 𝑧𝑧 be plotted in the complex plane? 

 

 

 

 
iii. Use the conditions in part (ii) to write 𝑧𝑧 in rectangular form.  Explain how this representation corresponds 

to the location of 𝑧𝑧 that you found in part (ii). 

 

 

 

 
b. Recall the set of points defined by 𝑧𝑧 = 3(cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃)) for 0 ≤ 𝜃𝜃 < 360°, where 𝜃𝜃 is measured in 

degrees.   

i. What does 𝑧𝑧 represent graphically?  Why? 

 

 
 

 

 

ii. What does 𝑧𝑧 represent geometrically? 
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c. Consider the set of points defined by 𝑧𝑧 = 5 cos 𝜃𝜃 + 3𝑖𝑖 sin 𝜃𝜃. 

i. Plot 𝑧𝑧 for 𝜃𝜃 = 0°, 90°, 180°, 270°, 360°.  Based on your plot, form a conjecture about the graph of the 
set of complex numbers. 

 

 

 

 

 
 

 

 

 

 

 
 

 

 

 

 
 

ii. Compare this graph to the graph of 𝑧𝑧 = 3(cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃)).  Form a conjecture about what accounts 
for the differences between the graphs. 
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Example 1   

Consider again the set of complex numbers represented by 𝑧𝑧 = 3(cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃)) for 0 ≤ 𝜃𝜃 < 360°. 

𝜽𝜽 𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑(𝜽𝜽) 𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑(𝜽𝜽) (𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑(𝜽𝜽), 𝟑𝟑𝒊𝒊 𝐬𝐬𝐬𝐬𝐬𝐬(𝜽𝜽)) 

0    
𝜋𝜋
4

    
𝜋𝜋
2

    

3𝜋𝜋
4

    

𝜋𝜋    
5𝜋𝜋
4

    

3𝜋𝜋
2

    

7𝜋𝜋
4

    

2𝜋𝜋    
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a. Use an ordered pair to write a representation for the points defined by 𝑧𝑧 as they would be represented in the 
coordinate plane. 

 
 

 

 

b. Write an equation that is true for all the points represented by the ordered pair you wrote in part (a). 

 
 

 

 

 

 

 
 

c. What does the graph of this equation look like in the coordinate plane? 

 

 

 
 

Exercises 1–2 

1. Recall the set of points defined by 𝑧𝑧 = 5 cos(𝜃𝜃) + 3𝑖𝑖sin (𝜃𝜃).  

a. Use an ordered pair to write a representation for the points defined by 𝑧𝑧 as they would be represented in the 
coordinate plane. 

 

 

 

 
 

 

b. Write an equation in the coordinate plane that is true for all the points represented by the ordered pair you 
wrote in part (a). 
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2. Find an algebraic equation for all the points in the coordinate plane traced by the complex numbers  
𝑧𝑧 = √2 cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃). 

 
 

 

 

 

 

Example 2   

The equation of an ellipse is given by 𝑥𝑥
2

16
+ 𝑦𝑦2

4
= 1.   

a. Sketch the graph of the ellipse. 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

b. Rewrite the equation in complex form. 
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Exercise 3 

 The equation of an ellipse is given by 𝑥𝑥
2

9
+ 𝑦𝑦2

26
= 1. 

a. Sketch the graph of the ellipse. 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

b. Rewrite the equation of the ellipse in complex form. 
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Example 3  

A set of points in the complex plane can be represented in the complex plane as 𝑧𝑧 = 2 + 𝑖𝑖 + 7cos(𝜃𝜃) + 𝑖𝑖 sin(𝜃𝜃) as 𝜃𝜃 
varies. 

a. Find an algebraic equation for the points described. 

 

 

 

 

 
 

 

 

 

 
 

 

 

 

 
 

b. Sketch the graph of the ellipse. 
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Problem Set  
 

 Write the real form of each complex equation. 
a. 𝑧𝑧 = 4 cos(𝜃𝜃) + 9𝑖𝑖 sin (𝜃𝜃) 
b. 𝑧𝑧 = 6 cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃) 

c. 𝑧𝑧 = √5 cos(𝜃𝜃) + √10𝑖𝑖 sin (𝜃𝜃) 
d. 𝑧𝑧 = 5 − 2𝑖𝑖 + 4 cos(𝜃𝜃) + 7𝑖𝑖 sin( 𝜃𝜃) 

 

 Sketch the graphs of each equation. 
a. 𝑧𝑧 = 3 cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃) 
b. 𝑧𝑧 = −2 + 3𝑖𝑖 + 4 cos(𝜃𝜃) + 𝑖𝑖 sin (𝜃𝜃) 

c. (𝑥𝑥−1)2

9
+ 𝑦𝑦2

25
= 1 

d. (𝑥𝑥−2)2

3
+ 𝑦𝑦2

15
= 1 

 

 Write the complex form of each equation.  

a. 𝑥𝑥2

16
+ 𝑦𝑦2

36
= 1 

b. 𝑥𝑥2

400
+ 𝑦𝑦2

169
= 1 

c. 𝑥𝑥2

19
+ 𝑦𝑦2

2
= 1 

d. (𝑥𝑥−3)2

100
+ (𝑦𝑦+5)2

16
= 1 

 

 Carrie converted the equation 𝑧𝑧 = 7cos(𝜃𝜃) + 4𝑖𝑖 sin(𝜃𝜃) to the real form 𝑥𝑥
2

7
+ 𝑦𝑦2

4
= 1.  Her partner Ginger said that 

the ellipse must pass through the point �7cos(0), 4sin(0)� = (7,0) and this point does not satisfy Carrie’s equation, 
so the equation must be wrong.  Who made the mistake, and what was the error?  Explain how you know. 

 

 Cody says that the center of the ellipse with complex equation 𝑧𝑧 = 4 − 5𝑖𝑖 + 2cos(𝜃𝜃) + 3𝑖𝑖 sin(𝜃𝜃) is (4, −5), while 
his partner Jarrett says that the center of this ellipse is (−4,5).  Which student is correct?  Explain how you know. 

 

Extension: 

 Any equation of the form 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑦𝑦2 + 𝑑𝑑𝑑𝑑 + 𝑒𝑒 = 0 with 𝑎𝑎 > 0 and 𝑐𝑐 > 0 might represent an ellipse.  The 
equation 4𝑥𝑥2 + 8𝑥𝑥 + 3𝑦𝑦2 + 12𝑦𝑦 + 4 = 0 is such an equation of an ellipse. 

a. Rewrite the equation (𝑥𝑥−ℎ)2

𝑎𝑎2 + (𝑦𝑦−𝑘𝑘)2

𝑏𝑏2 = 1 in standard form to locate the center of the ellipse (ℎ, 𝑘𝑘). 

b. Describe the graph of the ellipse, and then sketch the graph. 

c. Write the complex form of the equation for this ellipse. 
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Lesson 7:  Curves from Geometry 

 
Classwork 

Exercise 

Points 𝐹𝐹 and 𝐺𝐺 are located at (0,3) and (0, −3).  Let 𝑃𝑃(𝑥𝑥, 𝑦𝑦) be a point such that 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 8.  Use this information to 

show that the equation of the ellipse is 𝑥𝑥
2

7
+ 𝑦𝑦2

16
= 1. 
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Problem Set 
 
1. Derive the equation of the ellipse with the given foci 𝐹𝐹 and 𝐺𝐺 that passes through point 𝑃𝑃.  Write your answer in 

standard form:  𝑥𝑥
2

𝑎𝑎2 + 𝑦𝑦2

𝑏𝑏2 = 1. 

a. The foci are 𝐹𝐹(−2,0) and 𝐺𝐺(2,0), and point 𝑃𝑃(𝑥𝑥, 𝑦𝑦) satisfies the condition 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 5. 

b. The foci are 𝐹𝐹(−1,0) and 𝐺𝐺(1,0), and point 𝑃𝑃(𝑥𝑥, 𝑦𝑦) satisfies the condition 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 5. 

c. The foci are 𝐹𝐹(0, −1) and 𝐺𝐺(0,1), and point 𝑃𝑃(𝑥𝑥, 𝑦𝑦) satisfies the condition 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 4. 

d. The foci are 𝐹𝐹 �− 2
3

, 0� and 𝐺𝐺 �2
3

, 0�, and point 𝑃𝑃(𝑥𝑥, 𝑦𝑦) satisfies the condition 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 3. 

e. The foci are 𝐹𝐹(0, −5) and 𝐺𝐺(0,5), and point 𝑃𝑃(𝑥𝑥, 𝑦𝑦) satisfies the condition 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 12. 

f. The foci are 𝐹𝐹(−6,0) and 𝐺𝐺(6,0), and point 𝑃𝑃(𝑥𝑥, 𝑦𝑦) satisfies the condition 𝑃𝑃𝑃𝑃 + 𝑃𝑃𝑃𝑃 = 20. 

 

2. Recall from Lesson 6 that the semi-major axes of an ellipse are the segments from the center to the farthest 
vertices, and the semi-minor axes are the segments from the center to the closest vertices.  For each of the ellipses 
in Problem 1, find the lengths 𝑎𝑎 and 𝑏𝑏 of the semi-major axes.  
 

3. Summarize what you know about equations of ellipses centered at the origin with vertices (𝑎𝑎, 0), (−𝑎𝑎, 0), (0, 𝑏𝑏), 
and (0, −𝑏𝑏). 

 

4. Use your answer to Problem 3 to find the equation of the ellipse for each of the situations below.  
a. An ellipse centered at the origin with 𝑥𝑥-intercepts (−2,0), (2,0) and 𝑦𝑦-intercepts (8,0), (−8,0). 

b. An ellipse centered at the origin with 𝑥𝑥-intercepts (−√5, 0), (√5, 0) and 𝑦𝑦-intercepts (3,0), (−3,0). 

 
5. Examine the ellipses and the equations of the ellipses you have worked with, and describe the ellipses with equation  

𝑥𝑥2

𝑎𝑎2 + 𝑦𝑦2

𝑏𝑏2 = 1 in the three cases 𝑎𝑎 > 𝑏𝑏, 𝑎𝑎 = 𝑏𝑏, and 𝑏𝑏 > 𝑎𝑎. 

 

6. Is it possible for 𝑥𝑥
2

4
+ 𝑦𝑦2

9
= 1 to have foci at (−𝑐𝑐, 0) and (𝑐𝑐, 0) for some real number 𝑐𝑐? 

 

7. For each value of 𝑘𝑘 specified in parts (a)–(e), plot the set of points in the plane that satisfy the equation  
𝑥𝑥2

4
+ 𝑦𝑦2 = 𝑘𝑘.  

a. 𝑘𝑘 = 1 

b. 𝑘𝑘 = 1
4
 

c. 𝑘𝑘 = 1
9
 

d. 𝑘𝑘 = 1
16

 

e. 𝑘𝑘 = 1
25

 

f. 𝑘𝑘 = 1
100
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g. Make a conjecture:  Which points in the plane will satisfy the equation 𝑥𝑥
2

4
+ 𝑦𝑦2 = 0?  

h. Explain why your conjecture in part (g) makes sense algebraically.  

i. Which points in the plane will satisfy the equation 𝑥𝑥
2

4
+ 𝑦𝑦2 = −1? 

 

8. For each value of 𝑘𝑘 specified in parts (a)–(e), plot the set of points in the plane that satisfy the equation  
𝑥𝑥2

𝑘𝑘
+ 𝑦𝑦2 = 1.  

a. 𝑘𝑘 = 1 
b. 𝑘𝑘 = 2 
c. 𝑘𝑘 = 4 
d. 𝑘𝑘 = 10 
e. 𝑘𝑘 = 25 

f. Describe what happens to the graph of 𝑥𝑥
2

𝑘𝑘
+ 𝑦𝑦2 = 1 as 𝑘𝑘 → ∞.  

 
9. For each value of 𝑘𝑘 specified in parts (a)–(e), plot the set of points in the plane that satisfy the equation  

𝑥𝑥2 + 𝑦𝑦2

𝑘𝑘
= 1.  

a. 𝑘𝑘 = 1 
b. 𝑘𝑘 = 2 
c. 𝑘𝑘 = 4 
d. 𝑘𝑘 = 10 
e. 𝑘𝑘 = 25 

f. Describe what happens to the graph of 𝑥𝑥2 + 𝑦𝑦2

𝑘𝑘
= 1 as 𝑘𝑘 → ∞.  
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Lesson 8:  Curves from Geometry 

 
Classwork 

Exercises 

1. Let 𝐹𝐹(0,5) and 𝐺𝐺(0, −5) be the foci of a hyperbola.  Let the points 𝑃𝑃(𝑥𝑥, 𝑦𝑦) on the hyperbola satisfy either 𝑃𝑃𝑃𝑃 −
𝑃𝑃𝑃𝑃 = 6 or 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 6.  Use the distance formula to derive an equation for this hyperbola, writing your answer in 

the form 𝑥𝑥
2

𝑎𝑎2 − 𝑦𝑦2

𝑏𝑏2 = 1. 

 

 

 

 

 
 

 

 

 

2. Where does the hyperbola described above intersect the 𝑦𝑦-axis? 
 

 

 

3. Find an equation for the line that acts as a boundary for the portion of the curve that lies in the first quadrant. 

 
 

 

4. Sketch the graph of the hyperbola described above. 
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Problem Set  
 

1. For each hyperbola described below:  (1) Derive an equation of the form 𝑥𝑥
2

𝑎𝑎2 − 𝑦𝑦2

𝑏𝑏2 = 1 or 𝑦𝑦
2

𝑏𝑏2 − 𝑥𝑥2

𝑎𝑎2 = 1.   
(2) State any 𝑥𝑥- or 𝑦𝑦-intercepts.  (3) Find the equations for the asymptotes of the hyperbola. 

a. Let the foci be 𝐴𝐴(−2,0) and 𝐵𝐵(2,0), and let 𝑃𝑃 be a point for which either 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 2 or 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 2.   

b. Let the foci be 𝐴𝐴(−5,0) and 𝐵𝐵(5,0), and let 𝑃𝑃 be a point for which either 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 5 or 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝐴𝐴 = 5.   

c. Consider 𝐴𝐴(0, −3) and 𝐵𝐵(0,3), and let 𝑃𝑃 be a point for which either 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 2.5 or 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 2.5.   

d. Consider 𝐴𝐴�0, −√2� and 𝐵𝐵�0, √2�, and let 𝑃𝑃 be a point for which either 𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 4 or  
𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃 = 2. 

 

2. Graph the hyperbolas in parts (a)–(d) in Problem 1. 

a.  

b.  

c.  
d.  

 

3. For each value of 𝑘𝑘 specified in parts (a)–(e), plot the set of points in the plane that satisfy the equation  
𝑥𝑥2 − 𝑦𝑦2 = 𝑘𝑘.  
a. 𝑘𝑘 = 4 
b. 𝑘𝑘 = 1 

c. 𝑘𝑘 = 1
4
 

d. 𝑘𝑘 = 0 

e. 𝑘𝑘 = − 1
4
 

f. 𝑘𝑘 = −1 
g. 𝑘𝑘 = −4 
h. Describe the hyperbolas 𝑥𝑥2 − 𝑦𝑦2 = 𝑘𝑘 for different values of 𝑘𝑘.  Consider both positive and negative values of 

𝑘𝑘, and consider values of 𝑘𝑘 close to zero and far from zero.  

i. Are there any values of 𝑘𝑘 so that the equation 𝑥𝑥2 − 𝑦𝑦2 = 𝑘𝑘 has no solution? 
 

4. For each value of 𝑘𝑘 specified in parts (a)–(e), plot the set of points in the plane that satisfy the equation  
𝑥𝑥2

𝑘𝑘
− 𝑦𝑦2 = 1.  

a. 𝑘𝑘 = −1 
b. 𝑘𝑘 = 1 
c. 𝑘𝑘 = 2 
d. 𝑘𝑘 = 4 
e. 𝑘𝑘 = 10 
f. 𝑘𝑘 = 25 
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g. Describe what happens to the graph of 𝑥𝑥
2

𝑘𝑘
− 𝑦𝑦2 = 1 as 𝑘𝑘 → ∞.  

 

5. For each value of 𝑘𝑘 specified in parts (a)–(e), plot the set of points in the plane that satisfy the equation  

𝑥𝑥2 − 𝑦𝑦2

𝑘𝑘
= 1. 

a. 𝑘𝑘 = −1 
b. 𝑘𝑘 = 1 
c. 𝑘𝑘 = 2 
d. 𝑘𝑘 = 4 
e. 𝑘𝑘 = 10 

f. Describe what happens to the graph 𝑥𝑥2 − 𝑦𝑦2

𝑘𝑘
= 1 as 𝑘𝑘 → ∞. 

 

6. An equation of the form 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑦𝑦2 + 𝑑𝑑𝑑𝑑 + 𝑒𝑒 = 0 where 𝑎𝑎 and 𝑐𝑐 have opposite signs might represent a 
hyperbola.  
a. Apply the process of completing the square in both 𝑥𝑥 and 𝑦𝑦 to convert the equation  

9𝑥𝑥2 − 36𝑥𝑥 − 4𝑦𝑦2 − 8𝑦𝑦 − 4 = 0 to one of the standard forms for a hyperbola:  (𝑥𝑥−ℎ)2

𝑎𝑎2 − (𝑦𝑦−𝑘𝑘)2

𝑏𝑏2 = 1 or  
(𝑦𝑦−𝑘𝑘)2

𝑏𝑏2 − (𝑥𝑥−ℎ)2

𝑎𝑎2 = 1.  

b. Find the center of this hyperbola. 
c. Find the asymptotes of this hyperbola. 

d. Graph the hyperbola. 

 

7. For each equation below, identify the graph as either an ellipse, a hyperbola, two lines, or a single point.  If possible, 
write the equation in the standard form for either an ellipse or a hyperbola.  
a. 4𝑥𝑥2 − 8𝑥𝑥 + 25𝑦𝑦2 − 100𝑦𝑦 + 4 = 0 
b. 4𝑥𝑥2 − 16𝑥𝑥 − 9𝑦𝑦2 − 54𝑦𝑦 − 65 = 0 
c. 4𝑥𝑥2 + 8𝑥𝑥 + 𝑦𝑦2 + 2𝑦𝑦 + 5 = 0 
d. −49𝑥𝑥2 + 98𝑥𝑥 + 4𝑦𝑦2 − 245 = 0 
e. What can you tell about a graph of an equation of the form 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑦𝑦2 + 𝑑𝑑𝑑𝑑 + 𝑒𝑒 = 0 by looking at the 

coefficients? 

 

Lesson 8: Curves from Geometry 
Date: 1/30/15 
 

S.50 

© 2015 Common Core, Inc. Some rights reserved. commoncore.org This work is licensed under a  
Creative Commons Attribution-NonCommercial-ShareAlike 3.0 Unported License.  

http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US
http://creativecommons.org/licenses/by-nc-sa/3.0/deed.en_US


 
 
  
  
 

    NYS COMMON CORE MATHEMATICS CURRICULUM M3 Lesson 9 
PRECALCULUS AND ADVANCED TOPIC 

Lesson 9:  Volume and Cavalieri’s Principle 

 
Classwork 

Exercises 1–3 

1. Let 𝑅𝑅 = 5, and let 𝐴𝐴(𝑥𝑥) represent the area of a cross section for a circle at a distance 𝑥𝑥 from the center of the 
sphere.  

 

“Sphere with Cross Section” by Theneb 314 is licensed under CC BY-SA 3.0 
http://creativecommons.org/licenses/by-sa/3.0/deed.en 

a. Find 𝐴𝐴(0).  What is special about this particular cross section? 

 
 

 

 

b. Find 𝐴𝐴(1). 

 

 
 

 

c. Find 𝐴𝐴(3). 
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d. Find 𝐴𝐴(4). 

 

 
 

 

e. Find 𝐴𝐴(5).  What is special about this particular cross section? 

 

 
 

 

2. Let the radius of the cylinder be 𝑅𝑅 = 5, and let 𝐵𝐵(𝑥𝑥) represent the area of the blue ring when the slicing plane is at a 
distance 𝑥𝑥 from the top of the cylinder.  

 

© Roberto Cardil, Matematicas Visuales 
http://www.matematicasvisuales.com 

a. Find 𝐵𝐵(1).  Compare this area with 𝐴𝐴(1), the area of the corresponding slice of the sphere. 

 

 

 

 

b. Find 𝐵𝐵(2).  Compare this area with 𝐴𝐴(2), the area of the corresponding slice of the sphere. 
 

 

 

 

c. Find 𝐵𝐵(3).  Compare this area with 𝐴𝐴(3), the area of the corresponding slice of the sphere. 
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3. Explain how to derive the formula for the volume of a sphere with radius 𝑟𝑟. 

 

© Joe Mercer 
http://www.ceemrr.com 
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Problem Set  
 
1. Consider the sphere with radius 𝑟𝑟 = 4.  Suppose that a plane passes through the sphere at a height 𝑦𝑦 = 2 units 

above the center of the sphere, as shown in the figure below. 

 

a. Find the area of the cross section of the sphere. 

b. Find the area of the cross section of the cylinder that lies outside of the cone. 

c. Find the volume of the cylinder, the cone, and the hemisphere shown in the figure. 
d. Find the volume of the sphere shown in the figure. 

e. Explain using Cavalieri’s principle the formula for the volume of any single solid. 

 

2. Give an argument for why the volume of a right prism is the same as an oblique prism with the same height. 

 

3. A paraboloid of revolution is a three-dimensional shape obtained by rotating a parabola around its axis.  Consider 
the solid between a paraboloid described by the equation 𝑦𝑦 = 𝑥𝑥2 and the line 𝑦𝑦 = 1.  

 
 

a. Cross sections perpendicular to the 𝑦𝑦-axis of this paraboloid are what shape? 
b. Find the area of the largest cross section of this solid, when 𝑦𝑦 = 1. 

c. Find the area of the smallest cross section of this solid, when 𝑦𝑦 = 0. 
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d. Consider a right triangle prism with legs of length 1, hypotenuse of length √2, and depth 𝜋𝜋 as pictured below.  
What shape are the cross sections of the prism perpendicular to the 𝑦𝑦-axis? 

 

e. Find the areas of the cross sections of the prism at 𝑦𝑦 = 1 and 𝑦𝑦 = 0. 
f. Verify that at 𝑦𝑦 = 𝑦𝑦0, the areas of the cross sections of the paraboloid and the prism are equal.  

g. Find the volume of the paraboloid between 𝑦𝑦 = 0 and 𝑦𝑦 = 1.  

h. Compare the volume of the paraboloid to the volume of the smallest cylinder containing it.  What do you 
notice?  

i. Let 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐 be the volume of a cylinder, 𝑉𝑉𝑝𝑝𝑝𝑝𝑝𝑝  be the volume of the inscribed paraboloid, and 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 be the volume 
of the inscribed cone.  Arrange the three volumes in order from smallest to largest.  

 

4. Consider the graph of 𝑓𝑓 described by the equation 𝑓𝑓(𝑥𝑥) = 1
2

𝑥𝑥2 for 0 ≤ 𝑥𝑥 ≤ 10.   

a. Find the area of the 10 rectangles with height 𝑓𝑓(𝑖𝑖) and width 1, for 𝑖𝑖 = 1,2,3, … ,10.  

b. What is the total area for 0 ≤ 𝑥𝑥 ≤ 10?  That is, evaluate:  ∑ 𝑓𝑓(𝑖𝑖) ⋅ Δ𝑥𝑥10
𝑖𝑖=1  for Δ𝑥𝑥 = 1. 

c. Draw a picture of the function and rectangles for 𝑖𝑖 = 1,2,3. 

d. Is your approximation an overestimate or an underestimate?  

e. How could you get a better approximation of the area under the curve?  

 

5. Consider the three-dimensional solid that has square cross sections and whose height 𝑦𝑦 at position 𝑥𝑥 is given by the 
equation 𝑦𝑦 = 2√𝑥𝑥 for 0 ≤ 𝑥𝑥 ≤ 4. 

a. Approximate the shape with four rectangular prisms of equal width.  What is the height and volume of each 
rectangular prism?  What is the total volume? 

b. Approximate the shape with eight rectangular prisms of equal width.  What is the height and volume of each 
rectangular prism?  What is the total volume? 

c. How much did your approximation improve?  The volume of the shape is 32 cubic units.  How close is your 
approximation from part (b)? 

d. How many rectangular prisms would you need to be able to approximate the volume accurately? 
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